
*Corresponding author. Email: adamopoulos.ioannis@ac.eap.gr 

                      

 
 
 

Research Article 

Data-Driven Modeling and Scientific Computation: Methods for Complex Systems 

and Big Data  
 

Ioannis Adamopoulos 1,*, , Aida Vafae Eslahi 2, , Niki Syrou 3, , Klodian Dhoska 4, , Panagiotis Kyratsis 5, , Katarzyna Łyp-

Wrońska 6,  
 

1 Department of Public Health and Policies, School of Social Science, Hellenic Open University, Pátra, Greece. 

2 Medical Microbiology Research Center, QazvinUniversity of Medical Sciences, Qazvin, Iran. 

3 Department of Physical Education and Sport Science, University of Thessaly, Karies, Trikala, Greece. 

4 Department of Mechanics, Polytechnic University of Tirana, Tirana, Albania. 

5 Department of Product and Systems Design Engineering, University of Western Macedonia, Kozani, Greece. 

6 Faculty of Management, AGH University of Science and Technology, Krakow, Poland. 
 

A R T I C L E  I N F O 
 

Article History 

Received 08 Jun 2026 

Revised   20 Jul 2026 

Accepted 07 Aug 2026 

Published 06 Sep 2026 

 
Keywords 

Dynamic Mode 

Decomposition, 

Sparse Identification of 

Nonlinear Dynamics, 

Physics-Informed Neural 

Networks, 

Reduced-Order 

Modeling, 

Koopman Operator 

Theory, 

High-Performance 

Scientific Computing, 

High-Dimensional Big 

Data. 

 

A B S T R A C T  
 

The scientific computing field has shifted from using numerical solvers which solved equations to 
employing hybrid systems which combine physical principles with data-driven modeling techniques. The 
system shift derives from two interrelated problems because high-dimensional multi-scale nonlinear 
systems require inaccessible high-performance computing resources to perform detailed discretization 
and because sensors and simulations and data streams now generate huge amounts of data. The paper 
evaluates four essential components which form the foundation of contemporary data-based 
computational tools through Dynamic Mode Decomposition (DMD) and Singular Value Decomposition 
(SVD)-based Reduced-Order Modeling (ROM) and the Sparse Identification of Nonlinear Dynamics 
(SINDy) for equation discovery and Physics-Informed Neural Networks (PINNs) which incorporate 
conservation laws into the training loss function and scalable high-performance-computing (HPC) 
systems for processing scientific data in real-time. The mathematical frameworks which govern each 
method receive presentation together with numerical results from original experiments which used four 
benchmark systems: SINDy-based sparse recovery of the Lorenz-63 chaotic attractor and DMD-based 
modal decomposition of a synthetic two-frequency spatiotemporal field and POD-based reduced-order 
modeling of the viscous Burgers equation and PINN-based solution of the 1D heat equation benchmarked 
against a Crank–Nicolson finite-difference solver. At 5% multiplicative noise, SINDy recovers the 
governing Lorenz coefficients with a relative 𝑙2 error of 9.1× 10−2 while preserving exact sparse support, 
whereas DMD recovers both oscillation frequencies to within 0.05% even at 50% noise despite 
reconstruction error growing approximately linearly. POD compresses the Burgers solution manifold by 
85× at 99% energy capture. Our PINN attains a relative 𝑙2 error of 1.3× 10−3 with only 161 trainable 
parameters, while the Crank–Nicolson solver achieves 7.1× 10−6 in under 9 ms with certified second-
order convergence (observed order 2.000) — quantifying precisely the accuracy-per-unit-cost gap that 
motivates hybrid formulations. We conclude that data-driven methods offer decisive advantages in the 
many-query, partially-known-physics, and inverse-problem regimes, at the cost of interpretability and 
rigorous error certification, motivating physics-constrained architectures as the most promising direction 
forward. 

 
 
1. INTRODUCTION 

1.1 The Two Cultures of Scientific Computing 
For most of the twentieth century, scientific computing was synonymous with the numerical discretization of partial 

differential equations (PDEs): finite difference (FDM), finite element (FEM), finite volume (FVM), and spectral methods 
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converted continuum conservation laws — mass, momentum, energy — into large but well-structured algebraic systems 

whose convergence properties are rigorously characterized by classical numerical analysis (e.g., 𝑂(ℎ𝑝+1) convergence in 

the mesh size ℎ for a method of polynomial order 𝑝). These methods remain indispensable wherever governing equations 

are known precisely and boundary/initial conditions are well posed. Their central limitation is computational: resolving all 

dynamically relevant scales of a high-Reynolds-number turbulent flow, for instance, requires a number of degrees of 

freedom that scales as 𝑂(Re9/4) in three-dimensional direct numerical simulation, rendering many systems of engineering 

interest intractable even on current exascale hardware [10]. 
A new cultural framework has developed which studies systems with unknown governing equations by using unrestricted 
measurement and sensor and simulation data instead of validated PDE models. The field of data-driven scientific computing 
employs statistical inference and machine learning techniques together with dimensionality reduction methods to identify 
system dynamics from raw data according to reference [11]. The field presents its core intellectual framework through 
Brunton and Kutz [11] who developed it into an algorithmic system which DMD [3], [6], SINDy [1], and PINNs [2], [7] use 
for their operation. The field demonstrates through Brunton and Kutz [11] and the algorithms DMD [3], [6], SINDy [1], and 
PINNs [2], [7] that data analysis methods extract simple system models from complex data without needing complete 
physical system knowledge. The available physical knowledge can be incorporated into the system through either soft 
constraints or hard constraints which function as regularization methods to reduce the training data needed for effective 
model generalization. 

Figure 1 provides a diagram which shows how the two cultures relate to each other. 

 

Fig. 1. The physics-constraint spectrum. Rather than a binary opposition between “classical” and “machine-learning” methods, 

contemporary scientific computing occupies a continuum along which the strength of the imposed physical constraint trades off against data 
requirements, online computational cost, and interpretability. The methods analyzed in this paper (Sections 2.1–2.3) occupy the central band 

of this spectrum. 

1.2 Traditional Numerical Pde Solvers Versus the Data-Driven Paradigm Shift 
Three structural differences distinguish the data-driven paradigm from classical numerical analysis. First, classical solvers 
are forward methods: given a fully specified operator and initial/boundary data, they compute a solution with certifiable, 
mesh-convergent error bounds. Data-driven methods are frequently inverse or hybrid problems: given (possibly noisy, 
possibly incomplete) observations of a system’s state, they must simultaneously infer structure (governing equations, 
coherent spatial modes, or a solution operator) and the solution itself. Second, classical methods pay their computational cost 
primarily online, at simulation time, whereas data-driven surrogates shift the bulk of computational expense offline into a 
training or decomposition phase, after which online evaluation is often several orders of magnitude cheaper — a property 
with direct consequences for control, real-time digital twins, and design optimization under a many-query setting [5]. Third, 
and most consequentially for scientific trust, classical solvers offer a well-developed apparatus of a priori and a posteriori 
error estimation; comparable guarantees for deep-learning-based surrogates remain an active and largely open research area, 
and constitute the central “black-box” critique addressed in Section 5. 
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2. LITERATURE REVIEW 

Modal decomposition methods have their roots in the Proper Orthogonal Decomposition (POD), an SVD-based technique 

for extracting energetically dominant coherent structures from turbulent flow fields. DMD, introduced to the fluid dynamics 

community by Schmid [3] and connected rigorously to Koopman operator theory by Rowley et al. [4] and Mezić [13], 

extended POD by additionally extracting temporal frequency and growth-rate information for each spatial mode, at the cost 

of an eigenvalue problem on a low-rank-truncated linear operator. The DMD framework was subsequently systematized, 

extended to controlled and noisy systems, and unified with data science more broadly in the monograph of Kutz, Brunton, 

Brunton, and Proctor [6]. 
The research field includes two main approaches which focus on identifying fundamental system equations and on 
developing linear operator approximation methods. SINDy which Brunton and Proctor and Kutz [1] developed as a sparse 
regression method for equation discovery uses a function library to identify nonlinear equations because most physical laws 
show minimal complexity when represented in the correct function space. The core concept of this method has expanded to 
include PDE discovery through PDE-FIND [12] and researchers now use autoencoder-based dimensionality reduction to 
discover both coordinates and governing equations from high-dimensional data [18]. The STLSQ algorithm [16] has been 
proven to produce valid results through its sequential thresholded least-squares method which serves as its foundation. 

Researchers now use a method which embeds actual physical boundaries into their deep neural network training systems. 

PINNs as defined by Raissi Perdikaris and Karniadakis [2] combine traditional supervised learning with an additional 

residual term which originates from the governing PDE and gets evaluated at collocation points through automatic 

differentiation. This approach has been extended to full multiphysics inverse problems using only sparse and noisy flow-

visualization data [14], and generalized theoretically in the review of Karniadakis et al. [7]. In parallel, operator-learning 

frameworks such as DeepONet [8] and the Fourier Neural Operator [9] generalize PINNs from single-instance PDE solving 

to learning entire solution operators, enabling near-instantaneous inference across families of PDE parameters after a single 

offline training phase. Finally, the practical deployment of all these methods at scale is inseparable from the co-evolution 

of exascale high-performance computing and big-data analytics infrastructure, as surveyed by Reed and Dongarra [10], 

and the broader integration of machine learning into fluid mechanics is reviewed by Brunton, Noack, and Koumoutsakos 

[17]. 

 

3. METHODOLOGICAL FRAMEWORK 

3.1 Dynamic Mode Decomposition and SVD-Based Reduced-Order Modeling 
Data arrangement. Consider a sequence of 𝑚 high-dimensional state snapshots {𝐱𝑘}𝑘=1

𝑚 , 𝐱𝑘 ∈ ℝ𝑛, sampled at a fixed 

interval 𝛥𝑡 from a (possibly nonlinear) dynamical system 𝐱̇ = 𝐟(𝐱). Two data matrices are formed: 

 𝐗 = [𝐱1, 𝐱2, … , 𝐱𝑚−1],  𝐗′ = [𝐱2, 𝐱3, … , 𝐱𝑚]. (1) 

Best-fit linear operator. DMD seeks the linear operator 𝐀 that best advances the state in a least-squares sense, 𝐗′ ≈ 𝐀𝐗, 

i.e. 𝐀 = 𝐗′𝐗†, where † denotes the Moore–Penrose pseudoinverse. For 𝑛 ≫ 𝑚, 𝐀 is never formed explicitly; instead, the 

economy SVD 𝐗 = 𝐔𝚺𝐕∗ is truncated to rank 𝑟 (retaining the 𝑟 dominant singular values), and the operator is projected 

onto the leading POD subspace: 

 𝐀̃ = 𝐔𝑟
∗𝐗′𝐕𝑟𝚺𝑟

−1 ∈ ℝ𝑟×𝑟 . (2) 

Spectral decomposition. The eigendecomposition 𝐀̃𝐖 = 𝐖𝚲 yields the DMD eigenvalues 𝜆𝑗 (diagonal of 𝚲) and the 

high-dimensional DMD modes 

 𝚽 = 𝐗′𝐕𝑟𝚺𝑟
−1𝐖. (3) 

Each mode 𝛟𝑗 oscillates and grows/decays at a continuous-time frequency 𝜔𝑗 = ln(𝜆𝑗)/𝛥𝑡, so that the state at any future 

time is reconstructed as 𝐱(𝑡) ≈ ∑ 𝑏𝑗
𝑟
𝑗=1  𝛟𝑗  𝑒

𝜔𝑗𝑡, with initial amplitudes 𝐛 = 𝚽†𝐱1. DMD is thus an equation-free, data-

only realization of Koopman spectral analysis for the special case of a linear (or linearized) evolution operator acting on 

the observable subspace spanned by the raw state variables [4], [13]. The complete algorithmic workflow is given in Figure 

2. 
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Fig. 2. Algorithmic workflow of exact DMD, annotated with computational complexity per step and the physical interpretation of the 

resulting spectrum. The critical design choice is the truncation rank 𝑟, which controls the bias–variance trade-off between under-resolving 

the dynamics and fitting sensor noise. 

Reduced-order modeling (ROM). More generally, given a Galerkin (POD) basis 𝚽 ∈ ℝ𝑛×𝑟  obtained from the SVD of a 
snapshot ensemble, the full-order state is approximated as 𝐱(𝑡) ≈ 𝚽 𝐚(𝑡) and projected onto the governing PDE/ODE to 

yield a low-dimensional surrogate 𝐚̇ = 𝚽𝖳𝐟(𝚽𝐚). This intrusive projection-based ROM framework, its stability and error-
bound theory, and its non-intrusive (data-only, operator-inference) variants are surveyed comprehensively by Benner, 
Gugercin, and Willcox [5]. 

3.2 Sparse Identification of Nonlinear Dynamics (SINDy) 
SINDy [1] discovers a parsimonious governing equation 𝐱̇ = 𝐟(𝐱) directly from a time series of state measurements. Given 

the state trajectory matrix 𝐗 ∈ ℝ𝑚×𝑛 and its (numerically or analytically computed) time derivative 𝐗̇ ∈ ℝ𝑚×𝑛, a library of 

𝑝 candidate nonlinear functions is constructed, 

 𝚯(𝐗) = [ 𝟏  𝐗  𝐗⊗2  𝐗⊗3  sin(𝐗)  ⋯ ] ∈ ℝ𝑚×𝑝, (4) 

and the dynamics are expressed as a linear-in-coefficients regression 

 𝐗̇ = 𝚯(𝐗) 𝚵,  𝚵 ∈ ℝ𝑝×𝑛. (5) 

Because most physical laws involve only a small number of active terms relative to the size of a generic function library, 

𝚵 is expected to be sparse, and is estimated by solving the regularized problem 

 𝚵 = argmin
𝚵

  ∥ 𝐗̇ − 𝚯(𝐗)𝚵 ∥2
2+ 𝜆 ∥ 𝚵 ∥0/1, (6) 

in practice via the Sequential Thresholded Least Squares (STLSQ) algorithm, detailed in Figure 3. Zhang and Schaeffer 

[16] establish convergence guarantees for STLSQ under standard incoherence and noise conditions. 
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Fig. 3. The SINDy pipeline. The key structural insight is that the regression is linear in the unknown coefficients 𝚵 even though the model is 

nonlinear in the state, which reduces nonlinear system identification to a convex-adjacent sparse-regression problem solvable by iterative 

thresholding. 

Extensions to PDE discovery (PDE-FIND) replace the state-space library with a library of partial-derivative terms evaluated 
on spatiotemporal data [12], and the SINDy-autoencoder framework of Champion et al. [18] jointly learns a low-dimensional 
coordinate transformation and a sparse dynamical model for high-dimensional systems where no obvious low-dimensional 
state is directly observed. 

3.3 Physics-Informed Neural Networks (PINNs) 
PINNs [2] approximate the solution of a system of PDEs, generically written as 

 𝒩[𝐮](𝐱, 𝑡) = 0, 𝐱 ∈ 𝛺,  𝑡 ∈ [0, 𝑇], (7) 

with a neural network 𝐮𝜃(𝐱, 𝑡), whose partial derivatives with respect to inputs are obtained exactly via automatic 

differentiation rather than discretized on a mesh. The residual operator 𝒩 is instantiated from the governing conservation 

laws; for example, the incompressible Navier–Stokes equations impose 

 𝒩mom[𝐮, 𝑝] = 𝜌 (
∂𝐮

∂𝑡
+ 𝐮 ⋅ ∇𝐮) + ∇𝑝 − 𝜇∇2𝐮,  𝒩cont[𝐮] = ∇ ⋅ 𝐮, (8) 

enforcing conservation of momentum and mass, respectively, while an energy-conserving thermal system would 

additionally impose 𝜌𝑐𝑝(∂𝑡𝑇 + 𝐮 ⋅ ∇𝑇) − 𝑘∇2𝑇 − 𝑞̇ = 0. Training minimizes a composite loss over 𝑁𝑑 labeled data points, 

𝑁𝑓 interior collocation points, and 𝑁𝑏 boundary/initial points: 

 ℒ(𝜃) =
1

𝑁𝑑
∑ ∥
𝑁𝑑
𝑖=1 𝐮𝜃(𝐱𝑖 , 𝑡𝑖) − 𝐮𝑖 ∥2

2

⏟

data misfit

+
𝜔𝑓

𝑁𝑓
∑ ∥
𝑁𝑓
𝑗=1

𝒩[𝐮𝜃](𝐱𝑗, 𝑡𝑗) ∥2
2

⏟

physics residual

+
𝜔𝑏

𝑁𝑏
∑ ∥
𝑁𝑏
𝑘=1 ℬ[𝐮𝜃](𝐱𝑘, 𝑡𝑘) ∥2

2

⏟

boundary/initial condition

, (9) 

where ℬ denotes the boundary/initial condition operator and 𝜔𝑓 , 𝜔𝑏  are loss-balancing weights. The full computational 

architecture is depicted in Figure 4. 
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Fig. 4. PINN computational architecture. The distinguishing feature relative to generic supervised regression is the physics-residual pathway 

(right), in which conservation laws are evaluated by exact automatic differentiation of the network output and penalized at unlabeled 

collocation points, allowing accurate reconstruction from remarkably sparse and noisy observations [14]. 

The generalization of this idea to operator learning — training a network once to map an entire family of inputs (initial 
conditions, boundary data, or PDE coefficients) to their corresponding solution fields — is realized by DeepONet [8], based 
on a universal approximation theorem for nonlinear operators, and by the Fourier Neural Operator [9], which parameterizes 
the integral kernel of the solution operator in Fourier space. Karniadakis et al. [7] provide the unifying theoretical review of 
this physics-informed learning paradigm. 

3.4 Scalable Big-Data Architectures for Real-Time Scientific Streaming 
The methods above must ultimately be deployed against data volumes and velocities that exceed single-workstation 

capacity. Reed and Dongarra [10] argue that the historically separate cultures of HPC (tightly coupled, low-latency, 

message-passing simulation) and big-data analytics (loosely coupled, fault-tolerant, throughput-oriented) must converge 

for data-driven scientific computing to scale. The resulting layered architecture is shown in Figure 5. 
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Fig. 5. Five-layer reference architecture for scalable data-driven scientific computing. The decisive algorithmic substitution occurs at layer L3, where 

batch SVD at 𝑂(𝑛𝑚2) is replaced by incremental/streaming updates at 𝑂(𝑛𝑟) per snapshot, making online modal decomposition feasible without ever 
materializing the full snapshot matrix in memory. 

4. SCIENTIFIC EXPERIMENTS, RESULTS, AND VISUALIZATIONS 

4.1 Conceptual Pipeline: Data Ingestion → Dimensionality Reduction → Physics-Guided Learning → 

Validation 

 

Fig. 6. Conceptual data-to-decision pipeline, mapping raw multi-modal scientific data through low-rank compression, physics-constrained 

model learning, and quantitative/physical validation, with diagnostic branches and an online feedback path supporting streaming re-training. 

4.2 Case Study I — Sparse Equation Discovery on the Lorenz-63 Chaotic Attractor 
The Lorenz system [15], 

 𝑥̇ = 𝜎(𝑦 − 𝑥),  𝑦̇ = 𝑥(𝜌 − 𝑧) − 𝑦,  𝑧̇ = 𝑥𝑦 − 𝛽𝑧, (10) 

with the classical chaotic parameters 𝜎 = 10, 𝜌 = 28, 𝛽 = 8/3, is the standard benchmark for nonlinear system 

identification because its right-hand side is quadratic and sparse in a low-order polynomial basis, yet its trajectories are 

chaotic and highly sensitive to initial conditions. We integrated the system from 𝐱0 = (−8,8,27) over 𝑡 ∈ [0,20] at 𝛥𝑡 =
0.005 using an adaptive Runge–Kutta scheme (tolerance 10−10), then applied SINDy with a degree-2 polynomial library 

(𝑝 = 10 candidate terms: 1, 𝑥, 𝑦, 𝑧, 𝑥2, 𝑥𝑦, 𝑥𝑧, 𝑦2, 𝑦𝑧, 𝑧2) and STLSQ (𝜆 = 0.15) to recover 𝚵 from state measurements 

corrupted by additive Gaussian noise at increasing levels, isolating regression error from numerical-differentiation error by 

supplying the analytically evaluated derivative 𝐗̇ paired with the noisy state library 𝚯(𝐗noisy). 
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Fig. 7. Phase-space visualization of the Lorenz-63 identification experiment. (a) The full 𝑡 ∈ [0,20] training trajectory traces the classic two-

lobed strange attractor, providing the state-space coverage on which the sparse regression is performed. (b) The ground-truth validation 

trajectory over the shorter horizon 𝑡 ∈ [0,4]. (c) The trajectory generated by forward-integrating the SINDy model identified from data 

corrupted with 5% measurement noise, overlaid on the ground truth. The identified model reproduces the attractor geometry faithfully — 

both lobes, the correct scale, and the correct switching structure — even where pointwise trajectory tracking has diverged, illustrating that 

the recovered model is structurally correct despite chaotic sensitivity. 

 

Fig. 8. Component-wise trajectory comparison 𝑥(𝑡), 𝑦(𝑡), 𝑧(𝑡) for the ground-truth Lorenz system versus SINDy models identified at 2% 

and 5% measurement noise. All three trajectories are visually indistinguishable for approximately 𝑡 ≲ 1.5, after which the positive leading 

Lyapunov exponent (≈ 0.9 for these parameters) amplifies the small residual coefficient error exponentially, producing lobe-switching 

decorrelation. This is a property of the dynamics, not a failure of the identification: it bounds trajectory-level predictability for any model of 

a chaotic system estimated from noisy data. 
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Fig. 9. Recovered sparse coefficient matrix 𝚵 compared against ground truth. (a) The true Lorenz coefficient matrix, with 7 non-zero entries 

out of 30. (b) SINDy recovery from noise-free data reproduces both the exact sparsity pattern and the coefficient values (−10.00, 28.00, 

10.00, −1.00, −2.67, 1.00, −1.00) to numerical precision. (c) At 5% noise, the correct support is still recovered with coefficients accurate 

to roughly two significant figures (−9.76, 25.35, 9.79, −2.64, 0.99, −0.94), with one small spurious constant term (−0.33) surviving 

thresholding in the 𝑧̇ equation. Exact support recovery under substantial noise is the central practical claim of the SINDy framework, and it 

is confirmed here. 

TABLE I. SINDY RECOVERY ACCURACY ON THE LORENZ-63 SYSTEM AS A FUNCTION OF MEASUREMENT NOISE (COMPUTED; 

𝑝 = 10-TERM QUADRATIC LIBRARY, STLSQ THRESHOLD 𝜆 = 0.15). 

Noise (% of state std.) Coefficient ℓ2 error Trajectory rel. RMSE (𝑡 < 4) Active terms recovered (true = 7) 

0.0 % 6.3 × 10−16 8.8 × 10−7 7 

0.5 % 4.2 × 10−4 3.2 × 10−2 7 

1.0 % 1.1 × 10−3 4.8 × 10−2 7 

2.0 % 7.6 × 10−3 2.0 × 10−1 8 

5.0 % 9.1 × 10−2 6.2 × 10−1 7 

 

Fig. 10. (a) Log–log scaling of SINDy error with measurement noise. The coefficient error tracks an approximately quadratic reference slope 

at low noise before steepening beyond 2%, consistent with the transition from a regime where thresholding cleanly separates true from 

spurious terms to one where noise-induced coefficient perturbations approach the threshold magnitude 𝜆. The trajectory error sits roughly 

two orders of magnitude above the coefficient error at all noise levels — the quantitative signature of chaotic error amplification. (b) 

Sparsity of the identified model: the correct 7-term support is recovered at every noise level except 2%, where one spurious term survives. 

4.3 Case Study II — Dynamic Mode Decomposition of a Synthetic Two-Frequency Field 
To isolate DMD’s spectral-identification accuracy under controlled conditions, we constructed a synthetic complex-valued 

field on 𝑥 ∈ [−15,15] (𝑛𝑥 = 400) and 𝑡 ∈ [0,8𝜋] (𝑛𝑡 = 200) composed of two spatially localized, temporally oscillating 
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modes with distinct frequencies 𝜔1 = 2.1 and 𝜔2 = 3.7 rad/s and non-overlapping spatial envelopes. Complex Gaussian 

noise was added at increasing fractions of the signal’s standard deviation, and rank-2 DMD was applied to the noisy data 

matrix. 

 

Fig. 11. Space–time visualization of the DMD experiment at 30% additive noise. (a) The clean two-mode field exhibits the interference 

pattern produced by superposing two spatially separated structures oscillating at incommensurate frequencies. (b) The noisy measurement 
actually supplied to the algorithm, in which the coherent structure is substantially obscured. (c) The rank-2 DMD reconstruction recovers the 

underlying coherent field, demonstrating that low-rank truncation acts as an effective denoiser when the signal singular values separate 

cleanly from the noise floor. (d) The absolute reconstruction error field is spatially concentrated where the two modal envelopes overlap and 

their amplitudes are least well determined. 

 

Fig. 12. DMD spectral diagnostics. (a) DMD eigenvalues plotted in the complex plane against the unit circle. At all four noise levels the 

eigenvalues remain essentially on the unit circle (|𝜆| ≈ 1), correctly identifying both modes as neutrally stable oscillations with no spurious 

growth or decay — a stringent test, since noise-induced bias typically manifests as artificial damping. (b) The extracted spatial modes 

|𝜙𝑗(𝑥)| correctly recover the two distinct localized envelopes, one centered near 𝑥 = −4 and the other near 𝑥 = 2, matching the 

construction. (c) The singular value spectrum falls from 𝑂(101) to the machine-precision floor immediately after the second mode, 

confirming the exact rank-2 structure and justifying the truncation choice. 

TABLE II. DMD FREQUENCY-RECOVERY AND RECONSTRUCTION ACCURACY VERSUS ADDITIVE NOISE LEVEL (COMPUTED). 

Noise level Est. 𝜔1 (true 2.100) Est. 𝜔2 (true 3.700) Mean frequency error (%) Reconstruction rel. ℓ2 error 

Clean 2.1000 3.7000 0.000 % 6.9 × 10−14 

15 % 2.0995 3.7006 0.020 % 2.9 × 10−2 

30 % 2.1014 3.7008 0.045 % 8.3 × 10−2 

50 % 2.1010 3.6999 0.027 % 1.98 × 10−1 
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Fig. 13. The central diagnostic result of the DMD experiment: a sharp dissociation between two quantities of interest. Frequency estimation 

error (right axis, blue) remains essentially flat below 0.05% across the entire noise range, because eigenvalues are determined by the 

geometry of the dominant rank-2 subspace, which isotropic noise perturbs only weakly. Reconstruction error (left axis, red) grows 

approximately linearly with noise, because full-field reconstruction additionally depends on mode amplitudes and the initial-condition 

projection 𝐛 = 𝚽†𝐱1, which are far more noise-sensitive. Practical implication: an experimentalist may trust DMD-derived frequencies 

and growth rates from noisy PIV or sensor data far beyond the noise level at which the reconstructed field itself becomes unreliable. 

4.4 Case Study III — POD/ROM of the Viscous Burgers Equation 
The synthetic field of Section 3.3 was constructed to have exact rank 2. Realistic systems do not: their singular values 

decay smoothly, and the achievable compression is a genuine empirical question. We therefore solved the viscous Burgers 

equation, 

 𝑢𝑡 + 𝑢𝑢𝑥 = 𝜈𝑢𝑥𝑥 ,  𝑥 ∈ [0,1] (periodic), 𝜈 = 0.005, (11) 

with initial condition 𝑢(𝑥, 0) = sin(2𝜋𝑥) + 0.5sin(4𝜋𝑥), using a pseudo-spectral spatial discretization (𝑛𝑥 = 256 Fourier 

modes) and explicit fourth-order Runge–Kutta time integration (𝛥𝑡 = 2 × 10−4) to 𝑇 = 1, collecting 201 snapshots. The 

nonlinear advection term steepens the initial profile toward a viscous shock, generating precisely the broadband spatial 

content that makes low-rank approximation non-trivial. 

 

Fig. 14. (a) Space–time evolution of the Burgers solution 𝑢(𝑥, 𝑡), showing nonlinear steepening into a viscously regularized shock followed 

by diffusive decay. (b) Snapshot profiles at five times, illustrating the progressive front sharpening that broadens the spatial spectrum. (c) 

The four leading POD modes: mode 1 captures the dominant large-scale structure, while successive modes encode progressively finer-scale 

corrections localized near the shock — the classical hierarchical structure of an energy-ordered basis. 
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Fig. 15. POD compression analysis of the Burgers solution manifold. (a) The singular value spectrum decays geometrically over roughly 

five orders of magnitude across the first 30 modes — the realistic behavior absent from the idealized rank-2 case of Figure 12(c). (b) 
Cumulative energy capture, with standard engineering thresholds marked. (c) Rank-truncation projection error decreases monotonically and 

near-exponentially with retained rank, providing the quantitative basis for selecting 𝑟 in a ROM. 

TABLE III. POD ENERGY CAPTURE AND RANK-TRUNCATION ERROR FOR THE BURGERS SOLUTION MANIFOLD (COMPUTED; 

FULL ORDER 𝑛 = 256). 

Rank 𝑟 𝜎𝑟 Energy fraction Cumulative energy Rank-𝑟 rel. ℓ2 error 

1 1.139 × 102 85.232 % 85.2324 % 3.84 × 10−1 

2 4.283 × 101 12.057 % 97.2891 % 1.65 × 10−1 

3 1.734 × 101 1.976 % 99.2654 % 8.57 × 10−2 

4 8.660 × 100 0.493 % 99.7583 % 4.92 × 10−2 

5 4.843 × 100 0.154 % 99.9125 % 2.96 × 10−2 

6 2.873 × 100 0.054 % 99.9668 % 1.82 × 10−2 

8 1.094 × 100 0.008 % 99.9950 % 7.07 × 10−3 

10 4.248 × 10−1 0.001 % 99.9992 % 2.74 × 10−3 

15 4.020 × 10−2 ≈ 0 % 99.999993 % 2.63 × 10−4 

20 3.975 × 10−3 ≈ 0 % 100.000000 % 2.61 × 10−5 

TABLE IV. ACHIEVABLE ROM COMPRESSION AT STANDARD ENERGY-CAPTURE THRESHOLDS (COMPUTED). 

Energy threshold Required rank 𝑟 Compression ratio vs. 𝑛 = 256 

99 % 3 85.3 × 

99.9 % 5 51.2 × 

99.99 % 8 32.0 × 

99.9999 % 13 19.7 × 

The main economic value of reduced-order modeling appears through these numerical values because a 3-mode ROM 
captures 99% of the solution energy at  compression and six-nines accuracy needs only 13 out of 256 degrees of freedom. 
The projected ROM solves an -dimensional system instead of an -dimensional one and the major expense of an explicit time 
step depends on the number of state dimensions which results in direct online acceleration for multiple queries according to 
[5]. 

4.5 Case Study IV — PINN versus Crank–Nicolson FDM on the 1D Heat Equation 
To place PINNs on the same quantitative footing as the other methods, we implemented a physics-informed neural network 

entirely from scratch in NumPy, with analytically derived gradients rather than a machine-learning framework’s 

automatic differentiation, and verified those gradients against central finite differences to a relative error of 8.5 × 10−11 

— confirming the implementation is exact before any scientific conclusions are drawn from it. The benchmark problem is 

 𝑢𝑡 = 𝛼𝑢𝑥𝑥, 𝛼 = 0.1, 𝑥 ∈ [0,1],  𝑡 ∈ [0,1], (12) 
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with 𝑢(𝑥, 0) = sin(𝜋𝑥) and 𝑢(0, 𝑡) = 𝑢(1, 𝑡) = 0, whose exact solution 𝑢(𝑥, 𝑡) = sin(𝜋𝑥)𝑒−𝛼𝜋
2𝑡 provides an 

unambiguous error reference. The network is a single hidden layer of 𝐻 tanh units, 𝑢𝜃(𝑥, 𝑡) = ∑ 𝑤𝑗𝑗 tanh(𝑎𝑗𝑥 + 𝑏𝑗𝑡 +

𝑐𝑗) + 𝑑, for which 𝑢𝑡 and 𝑢𝑥𝑥 are available in closed form, trained by Adam on 𝑁𝑓 = 2000 interior collocation points, 200 

boundary points, and 200 initial-condition points. The identical problem was solved by a Crank–Nicolson finite-difference 

scheme with a tridiagonal banded solver. 

 

Fig. 16. PINN solution of the 1D heat equation. (a) The exact analytical solution. (b) The PINN prediction, visually indistinguishable from 

(a). (c) The pointwise absolute error field, peaking at approximately 2.7 × 10−3 and distributed smoothly across the interior rather than 

concentrating at boundaries — indicating that the boundary and initial-condition penalty terms are adequately weighted relative to the 

residual term. (d) Spatial profiles at 𝑡 = 0, 0.5, and 1.0, confirming that the network captures both the sinusoidal spatial structure and the 

exponential temporal decay. 

 

Fig. 17. (a) Decomposition of the composite PINN loss during Adam optimization. The physics-residual term ℒ𝑓, the boundary term ℒ𝑏, and 

the initial-condition term ℒ0 each decrease by several orders of magnitude, with the residual term dominating the total in the late training 

phase — the expected signature of a well-balanced loss in which the network has satisfied the data-like constraints and is refining PDE 

consistency. (b) Relative ℓ2 error versus trainable parameter count. Accuracy improves from 𝐻 = 10 to 𝐻 = 40, but the 𝐻 = 80 network 

trained at the same learning rate is markedly worse, a non-monotonicity discussed below. 

TABLE V. PINN ACCURACY VERSUS NETWORK WIDTH, AND THE EFFECT OF OPTIMIZER STEP SIZE (COMPUTED; 6000 ADAM 

ITERATIONS, 𝑁𝑓 = 2000). 

Hidden units 𝐻 Trainable parameters Learning rate Final loss Relative ℓ2 error Training time (s) 

10 41 5 × 10−3 1.98 × 10−3 8.50 × 10−3 7.2 

20 81 5 × 10−3 2.44 × 10−4 2.44 × 10−3 7.9 

40 161 5 × 10−3 2.18 × 10−4 1.67 × 10−3 24.1 

80 321 5 × 10−3 7.07 × 10−2 1.31 × 10−1 49.4 

80 321 2 × 10−3 9.40 × 10−5 1.37 × 10−3 54.2 

80 321 1 × 10−3 2.61 × 10−4 2.33 × 10−3 35.6 

The three 𝐻 = 80 rows deserve emphasis, because they isolate a phenomenon that is frequently obscured in the PINN 
literature. At the learning rate that was optimal for smaller networks, the widest network fails catastrophically, degrading 
accuracy by nearly two orders of magnitude. Reducing the step size to  recovers the expected behavior and yields the best 
final loss of the entire study. The failure is therefore an artifact of nonconvex optimization, not of approximation capacity. 
The method differs completely from traditional numerical analysis because it produces worse results when the discretization 
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becomes more detailed. The "no mesh-convergence guarantee" warning exists as a physical measurement system which 
shows that PINN accuracy results depend on the way optimizer settings get adjusted. 

TABLE VI. CRANK–NICOLSON FDM MESH CONVERGENCE AND CPU COST ON THE IDENTICAL PROBLEM (COMPUTED; 𝑛𝑡 = 𝑛𝑥, 

FINAL TIME 𝑇 = 1). 

𝑛𝑥 ℎ Relative ℓ2 error Observed order CPU time (s) 

10 0.10000 7.33 × 10−3 — 0.00046 

20 0.05000 1.83 × 10−3 2.003 0.00046 

40 0.02500 4.57 × 10−4 2.001 0.00092 

80 0.01250 1.14 × 10−4 2.000 0.00176 

160 0.00625 2.86 × 10−5 2.000 0.00385 

320 0.00313 7.14 × 10−6 2.000 0.00870 

 

Fig. 18. (a) Crank–Nicolson mesh convergence, tracking the 𝑂(ℎ2) reference line with an observed order of exactly 2.000 across every 

refinement level — the certified, monotone, theoretically predicted convergence that constitutes the principal epistemic advantage of 

classical discretization. (b) Accuracy versus computational cost for both methods on the identical problem. The FDM solver reaches 

7.1 × 10−6 relative error in 8.7 ms; the PINN reaches 1.3 × 10−3 in 21.8 s. On this single, smooth, low-dimensional forward problem with 

fully known physics, the classical solver is superior by roughly two orders of magnitude in accuracy and four in wall-clock time. 

The evaluation of this result requires detailed analysis because it does not represent a general conclusion. The heat equation 
which operates on a single one-dimensional interval area represents the best operational domain for classical methods 
because it involves minimal spatial complexity and generates well-behaved solutions and requires only one evaluation of the 
known equation. The PINN system operates without visible benchmark results because it automatically solves inverse 
problems and unknown parameters and processes complex geometric shapes and sparse noisy data and learns operator 
parameters which generalize across different parameter sets[8],[9]. The PINN method delivers its full performance potential 
only during simulation scenarios which conventional solvers cannot solve. The PINN method becomes cost-effective only 
during simulation scenarios which conventional solvers fail to solve. 
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4.6 Cross-Method Comparison 

 

Fig. 19. Noise robustness across the data-driven methods studied, plotted on common axes. DMD frequency estimation (green) is nearly 

noise-invariant; SINDy coefficient recovery (red) degrades steeply but from an extremely low base; DMD field reconstruction (blue) 

degrades most gracefully in relative terms but starts and ends highest. No single method dominates: the appropriate choice depends on which 

quantity of interest the application actually requires. 

TABLE VII. CONSOLIDATED COMPARISON OF THE FOUR METHODOLOGICAL FAMILIES. ENTRIES MARKED (MEASURED) ARE 

COMPUTED IN THIS PAPER UNDER THE CONDITIONS STATED IN SECTIONS 3.2–3.5; ENTRIES MARKED (LITERATURE) REFLECT 

ESTABLISHED COMPLEXITY ORDERS AND QUALITATIVE TRENDS DOCUMENTED IN THE CITED REFERENCES AND SHOULD BE 

READ AS ORDER-OF-MAGNITUDE CHARACTERIZATIONS. 

Method Online computational 

complexity 

Measured accuracy (this work) Robustness to noise Data requirement 

Standard FDM 

(Crank–

Nicolson) 

𝑂(𝑛𝑥) per step 

(tridiagonal); full solve per 

query 

(measured) 7.1 × 10−6 rel. ℓ2 in 8.7 

ms; observed order 2.000 

N/A (deterministic solve) None — equations must 

be fully known 

DMD / SVD-

ROM 

𝑂(𝑛𝑚2) offline SVD, 

𝑂(𝑛𝑟) streaming; 𝑂(𝑟) 
online per step 

(measured) reconstruction 6.9 ×
10−14 (clean) → 0.198 (50% noise); 

frequency error < 0.05% throughout 

High for spectra; moderate for 

full-field reconstruction 

Moderate–high (dense 

time-resolved snapshots) 

POD-ROM 

(Burgers) 

𝑂(𝑛𝑚2) offline; 𝑟-dim. 

online system 

(measured) 8.6 × 10−2 at 𝑟 = 3 

(85 × compression); 2.7 × 10−3 at 

𝑟 = 10 

Inherits SVD’s low-rank 

denoising 

Snapshot ensemble 

spanning the operating 

regime 

SINDy 𝑂(𝑚𝑝2) regression; 

algebraic RHS evaluation 

online 

(measured) coefficient error 6.3 ×
10−16 (clean) → 9.1 × 10−2 (5% 

noise); exact support recovery 

Moderate — both regressors 

and targets are noise-corrupted 

Low–moderate; requires 

or estimates derivatives 

PINN Training 𝑂(epochs ×𝑁𝑓 ×

net FLOPs); inference one 

forward pass 

(measured) 1.3 × 10−3 rel. ℓ2, 161 

parameters, 21.8 s training 

(literature) Favorable 

vs. classical inverse methods 
on sparse/noisy data [2], [7], 

[14] 

Low for data term 

(residual needs no labels); 
dense collocation 

sampling 

Operator 

learning 

(DeepONet / 

FNO) 

Heavy offline training; 

near-instant inference 

across a PDE family 

(literature) Competitive across 

parametric families [8], [9] 

(literature) Architecture-

dependent 

High (many solved 

instances for training) 
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4.7 Method-Selection Guidance 

 
Fig. 20. Practical method-selection decision tree synthesizing the quantitative results of Sections 3.2–3.6. The dominant branching criteria are (i) whether 

governing equations are available, (ii) whether the query count justifies an offline investment, and (iii) whether the problem is forward or inverse. 

5. DISCUSSION 

5.1 Accuracy versus Computational Efficiency 
The experiments in Section 3 make the accuracy–efficiency trade-off concrete rather than merely qualitative. Section 3.5 

provides the sharpest instance: on a smooth, low-dimensional, fully specified forward problem, Crank–Nicolson achieves 

7.1 × 10−6 relative error in 8.7 ms while a PINN achieves 1.3 × 10−3 in 21.8 s. Any claim that neural surrogates 

“outperform” classical solvers must therefore be scoped precisely: they do not, on this class of problem, and the burden of 

justification falls on identifying the structural feature — high dimension, unknown parameters, irregular geometry, sparse 

data, or many-query amortization — that changes the calculus. 
DMD, SINDy, and POD-ROM amortize essentially all computational cost into a one-time offline decomposition, after which 
online evaluation is algebraic. Table 4 quantifies the payoff: 99% energy capture at 85 × state compression. This is why 
reduced-order models are the default in design optimization, uncertainty quantification, and real-time control [5]. The cost 
is an approximation error bounded by how well a rank-𝑟 or degree-𝑑-polynomial ansatz captures the true system, plus — as 
Figure 13 makes explicit — a differential noise sensitivity across different quantities of interest. 

A second, subtler finding concerns the reliability of the efficiency claim. Table 5 shows PINN accuracy is non-monotone in 
network width at fixed optimizer settings, with a catastrophic failure at 𝐻 = 80 that is entirely an optimization artifact. 
Classical numerical analysis has no analogue of this pathology: refining a mesh never degrades a convergent scheme. 
Reported PINN performance is therefore conditional on hyperparameter search in a way that FEM/FDM performance is not, 
and honest cost accounting for neural surrogates should arguably include the tuning budget, not merely the final training run. 

5.2 Generalization, Extrapolation Limits, and Sparse/Noisy Big Data 
All four families share a common Achilles’ heel: their guarantees are essentially interpolatory, not extrapolatory. A DMD 

or SINDy model provides no guarantee of validity outside the regime of the training data’s attractor or parameter range. 

Lorenz-63 illustrates this sharply and instructively: Figure 9 shows the governing equations recovered with exact sparse 

support even at 5% noise, yet Figure 8 shows trajectories decorrelating after 𝑡 ≈ 1.5. The model is correct; the predictions 

still diverge. The separation between structural and trajectory accuracy represents a basic principle which applies to chaotic 

systems and no amount of improved identification can eliminate it. The evaluation of chaotic-system models requires 
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assessment of invariant statistics which include attractor dimension and Lyapunov spectra and long-run distributions 

instead of using pointwise trajectory error. 
The method PINNs encounters a similar challenge with extrapolation because the residual loss function restricts solution 
patterns to the recorded space-time area yet lacks sufficient control for areas beyond this domain. Handling genuinely sparse 
and noisy big-data regimes therefore favors ensembles and uncertainty-aware variants — bootstrap-aggregated SINDy, 
DMD with total-least-squares debiasing for sensor noise, and Bayesian PINN formulations — over any single deterministic 
fit, since noise-driven variance increasingly dominates the error budget as noise rises, exactly as observed in the accelerating 
error growth at the high-noise end of Tables 1 and 2. 

5.3 The “Black-Box” Critique and Physics-Constrained Interpretability 
A recurring objection to deep-learning-based scientific surrogates is their opacity. The methods surveyed here are best 

understood as occupying the constraint spectrum of Figure 1 rather than a binary interpretable/black-box split. SINDy 

operates as the most restricted method because Figure 9 shows a clear interpretation of a matrix which contains seven non-

zero elements linked to physical terms that follow established scaling laws. DMD exists between two extremes because its 

modes and eigenvalues reveal physical meaning through Figure 12 which demonstrates the recovery of both spatial patterns 

and frequency information. The linear operator which generates these results stands as a data-fit model that approximates 

nonlinear system behavior but preserves Koopman observability according to formal requirements [4], [13]. 
PINNs are the least constrained a priori, but the explicit embedding of the residual 𝒩[𝐮] in the loss is itself a strong, 
mathematically explicit physical constraint absent from generic supervised learning — and its effect is directly measurable: 
Figure 17(a) shows the residual loss driven down by orders of magnitude, meaning the trained network satisfies the heat 
equation pointwise across the domain to a quantifiable tolerance, not merely at the training data. This constraint can be 
strengthened further from a soft penalty to a hard architectural guarantee (for example, enforcing ∇ ⋅ 𝐮 = 0 exactly through 
a stream-function parameterization). Interpretability is thus an engineerable design variable, not an immutable property of 
“neural” versus “classical” methods. 

6. CONCLUSION AND FUTURE DIRECTIONS 
This paper has surveyed and, throughout, empirically validated the core methodological pillars of modern data-driven 

scientific computing. Our computational experiments establish four principal findings. First, SINDy recovers the exact 

sparse support of the Lorenz-63 system at every noise level tested up to 5%, with coefficient error growing from 

6.3 × 10−16 to 9.1 × 10−2; trajectory error nonetheless grows two orders of magnitude faster, quantifying the irreducible 

limit that chaos imposes on pointwise prediction regardless of model correctness. Second, DMD exhibits a pronounced 

dissociation between highly noise-robust spectral identification (frequency error below 0.05% at 50% noise) and noise-

sensitive full-field reconstruction (relative error 0.198 at the same noise level), a distinction of direct practical consequence 

for experimentalists. Third, POD compresses the Burgers solution manifold by 85 × at 99% energy capture and 32 × at 

99.99%, quantifying the economic basis of reduced-order modeling on a genuinely high-rank nonlinear PDE. Fourth, on a 

smooth forward problem with fully known physics, a Crank–Nicolson solver outperforms a verified PINN implementation 

by roughly two orders of magnitude in accuracy and four in wall-clock time — while that same PINN exhibits non-

monotone accuracy in network width traceable entirely to nonconvex optimization, a failure mode with no classical 

analogue. 
The collected data indicates that the results show complementary strengths instead of competing abilities. Certified mesh-
convergent solvers serve as the official tool for cases when all governing equations are known and only one solution is 
needed. The multiple-query systems with partial physics knowledge and inverse problems and real-time applications depend 
on data-driven and physics-based methods for their operation. 

Several open challenges remain central. Ultra-high-Reynolds-number turbulence continues to exceed the effective rank 
captured by linear DMD/POD truncation — the geometric decay of Figure 15(a) becomes far shallower as the Reynolds 
number rises, eroding the compression ratios of Table 4 — motivating hybrid closures that couple a coarse-grained ROM 
with a learned sub-grid-scale correction. Operator learning [8], [9] offers the most direct route to amortizing PDE solution 
cost across families of boundary conditions, geometries, and parameters, but rigorous discretization-invariance and error-
certification theory remains far less mature than the classical numerical-analysis literature. Uncertainty quantification — 
Bayesian SINDy, ensemble DMD, Bayesian PINNs — becomes necessary as these methods move toward safety-critical 
digital twins, and our Table 5 result argues that this uncertainty budget must include optimizer-induced variance, not merely 
data noise. Finally, quantum scientific computing offers a longer-horizon prospect for the linear-algebraic core of these 
methods (quantum SVD/eigensolvers for DMD, quantum-accelerated sparse regression for SINDy), though practical 
quantum advantage at scientifically relevant problem sizes remains an open empirical question rather than an established 
capability. The convergence of these threads — physics-constrained learning, scalable HPC infrastructure, and rigorous 
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uncertainty quantification — constitutes the most promising trajectory for data-driven modeling to mature from a powerful 
empirical toolkit into a scientifically certifiable computational discipline. 
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Appendix A — Reproducibility Statement 
All quantitative results in Tables 1–6 and all data appearing in Figures 7–19 were computed by the authors; no values are 

cited from secondary sources or estimated. The computational environment was Python 3.12 with NumPy 2.4.4, SciPy 

1.17.1, and Matplotlib 3.10.8. 

Experiment Method Verification performed 

Lorenz-63 / SINDy (Sec. 

3.2) 

solve_ivp RK45, rtol/atol = 10−10; 

STLSQ, 𝜆 = 0.15 

Exact recovery of known coefficients at zero noise (6.3 × 10−16) 

Synthetic field / DMD 

(Sec. 3.3) 

Exact DMD via economy SVD, rank 2 Machine-precision reconstruction on clean data (6.9 × 10−14); exact 

frequency recovery 

Burgers / POD (Sec. 3.4) Pseudo-spectral, 𝑛𝑥 = 256; RK4, 𝛥𝑡 = 2 ×
10−4 

Solution bounded (max|𝑢| = 1.299), confirming stable integration 

Heat equation / PINN (Sec. 

3.5) 

Single-hidden-layer tanh network, analytic 

gradients, Adam 

Gradient check vs. central finite differences: relative error 

8.5 × 10−11 

Heat equation / FDM (Sec. 

3.5) 

Crank–Nicolson, tridiagonal banded solve Observed convergence order 2.000 against 𝑂(ℎ2) theory 

The PINN gradient verification deserves particular emphasis: because the network’s spatial and temporal derivatives were 

derived by hand rather than obtained from an automatic-differentiation framework, agreement with central finite differences 

to eleven significant figures is what licenses treating the reported PINN errors as properties of the method rather than of a 

possible implementation defect. 
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