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ARTICLEINFO ABSTRACT
ArticleHistory A e . . H
Received 09 Nov 2023 In this research paper a new modification of Gauss-Seidel method has been presented for solving the
Accepted 15 Dec 2023 system of linear algebraic equations. The systems of linear algebraic equations have an important role
Published 10 Jan 2024 in the field of science and engineering. This modification has been developed by using the procedure

of Gauss-Seidel method and the concept of substitution techniques. Developed modification of Gauss-
Differential _difference Seidel method is a fast convergent as compared to Gauss Jacobi’s method, Gauss-Seidel method and
algebra successive over-relaxation (SOR) method. It works on the diagonally dominant as well as positive
definite symmetric systems of linear algebraic equations. Its solution has been compared with the Gauss
Jacobi’s method, Gauss-Seidel method and Successive over-Relaxation method by taking different
systems of linear algebraic equations and found that, it was reducing to the number of iterations and
errors in each problem.
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1. INTRODUCTION

Consider the general form of the system of linear algebraic equations as
AX =b Q)

whered = [ai,j] be a non-singular square matrix, X = [x;] and b = [b;], i, j = 1,2,3, ....,n [1-2]. Further, this system
of linear algebraic equations has categorized in two ways; homogeneous and non-homogeneous. If b = 0 in eq. (1), then it
is called a homogeneous system of linear equations otherwise hon-homogeneous system of linear equations. The concept
of system of linear equations was introduced by the famous mathematician Rene Descartes in the Europe in 1637 [3-5].

The system of linear algebraic equations has an important role for solving different physical problems of engineering and
science. It is widely used in mechanical systems, electrical circuits, transportation problems operational research, physics,
engineering, statistics and social sciences [6-9]. The physical problems of above fields have been solved by using direct
and indirect methods [7]. Among the direct methods, the Cramer’s rule, Gauss Elimination method, Gauss Jordan method,
and LU Decomposition method are well-known direct methods for solving the system of linear algebraic equations [4-5],
[10-11]; whereas, the Gauss Jacobi’s method, Gauss Seidel method and successive over relaxation method are best indirect
methods for solving a large system of linear algebraic equations [3],[12-14]. Actually, the indirect methods are iterative
methods which provide approximate solutions; these methods are powerful tools for solving a large system through the
computer programming. Large systems of linear equations can’t be easily solve by using direct methods because they
required more time and a lot of efforts [15], that is why, indirect methods means iterative methods are given more preference
for solving large systems of linear equations with the help of computer programming in a short time. There are not enough
numerical methods for solving every system of linear algebraic equations because the developed methods have some
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restrictions or specification for using and cannot be apply for every system of linear equations. The system of linear
equations has different types such as diagonally dominant, strictly diagonally dominant, ill-condition, well-conditioned,
consistent, inconsistent etc. [16]. The system of linear equations which have solution either unique or infinitely many are
known as consistent whereas the system which has no solution are known as inconsistent system of linear equations [3].
The Gauss Jacobi’s method and Gauss Seidel method are only applicable for solving diagonally dominant system of linear
equations; it means every iterative method is used for solving a specific type of system of linear equations. That is why,
different researchers and scholars have developed various numerical methods for solving system of linear equations and
they are also trying to develop new efficient and fast convergent methods. Previous developed iterative methods and their
working rules are discussed here.

1.1. Gauss Jacobi’s iterative method

Gauss Jacobi’s method is an old iterative method which is used for solving the diagonally dominant system of linear
algebraic equations [3], [12]. The working rule for Gauss Jacobi’s method is explained here by taking a 3 X 3 system of
linear algebraic equations satisfying the conditions of diagonally dominant.

a1 x+a,,y+a32=>b

az1X + Y + a3z = b, 2
a31X + a32y + a33Z = b3

Now, rearrange the system for x, y and z.

x=—(by —apy— a13z)\.
a1
1
y=—(by — ayx — ay32)
az2

1
z=—I(b;— a1 x—a
s (b3 31 32Y) J
The Gauss Jacobi’s method is an iterative method so; write the above formula in an iterative form as

n+1 _ 1 n n
X = a_u(b1 —apy" —ag3z")

1

yrt = 222 (by — az1x™ — az3z™) (3)
1

M = P (b3 — az;x™ — a32y")}

This is an iterative formula Gauss Jacobi’s method. Heren = 0,1, 2,3, ....

For solving the given system of linear algebraic equations, take initial guesses as (x°,v°,z%) = (k, k, k)(where K is a
constant) for getting first approximate solution and again, use the solution set of first iteration as initial guesses for the
second approximate solution and so on.

1.2. Gauss-Seidel iterative method

Gauss Seidel method is the modification of Gauss Jacobi’s method [3], [12]. It uses the updated previous calculated value
for the second value in the every iteration. This method also works for the diagonally dominant system of linear algebraic
equations. The procedure of Gauss Seidel method is also explained here by taking a 3 x 3 system of linear algebraic
equations given by eq. (2) which is

a21x + azzy + a23Z = bz
a31x + a32y + a33Z = b3
Now, rearrange the system of linear for x, y and z.

a1 X +ay + a3z = bl]

x =—(by — a2y — a432)
a1

y =—(b; — az1x — ay327)
az; !

1
z=—(b; —az;x— a32y)J
ass
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Gauss Seidel method uses initial guesses and updated calculated value and its iterative formula is defined as
XM = L(bl — ay" —ag3z") l
aii

n+1 _ 1 n+1 n
y = a_zz(bz — a1X — ay3z")

(4)
1
Zn+1 — o~ (b3 _ a31xn+1 _ a32yn+1)J

This is an iterative formula for the Gauss Seidel method. The iterative formula is used for finding the solution of given
system of linear equation by assuming an initial guesses as (x°,y°,z%) = (k, k, k) where k is a constant and updated
calculated value for the solution in the first approximation. Similarly, assume the solution of first approximation as initial
guesses and proceed for the solution in the second approximation as above and so on.

1.3. Successive Over-Relaxation method (SOR method)
Successive over-relaxation method is an iterative method and a variant of Gauss Seidel method [12-13]. This method
accelerates the Gauss Seidel method by using relaxation factor w. The iterative formula for SOR method is defined as

P = (L= )P + o (b= Dyaiayx” = SpsiaynP), 1= 123, ®)

In this method if w = 1, then it simplifies the Gauss Seidel method and if 0 < w < 1 then it is called Successive under-
relaxation method and this method is convergent if w € (0, 2) [17].

2. RESEARCH METHODOLOGY

The algorithm of new developed method has been generated by using the concept of substitution method and the procedure
of Gauss-Seidel method. For the derivation, consider a 2 x 2 system of non-homogeneous linear equations in the form
ax + by = cl} 6

a,x + b,y = c, ©)
wherea,, a, by, b,, ¢;, ¢, are constants and x and y are variables. From 2" equation of eq. (6), the value of y is obtained

and then it is substituted in the first equation of eq. (6) and rearranged for x in the form

by bicy
x = aiby—bqa, [Cl b, ] @
Again, from the first equation of eq. (6), the value of X is obtained and then substituted inthe second equation of eq. (6) and
rearranged for y in the form

ay €102
y= a;by-bja; [CZ - a_l] (8)
Here eq. (6) and eq. (8) represent the exact solution of a given 2 x 2system of linear equations. Similarly, consider a 3 x 3
system of non-homogeneous linear algebraic equations in the form
ax+by+cz=d;
ax + by + ¢z = dy;. 9
azx + b3y + c3z = dj
From third equation of eq. (9), obtain the value of z.

d; as b3

zZ = C_3 - s —X — . —Y. (10)
From second equation of eq. (9), obtain the value of y.
%2 %, o
y—b2 bzx bzz (11)
From first equation of eq. (9), obtain the value of x.
X—Zl—ﬂy—cll (12)
1
Now, substitute eq. (10) and eq. (11) in the first equation of eq. (9). After substituting and rearranging it provides
= bacs _bidy cads | cabs , D1
" (a1bacz—biazcz—cibyaz) [ by c3 + c3 y+ by Z]. (13)
Similarly, substitute eq. (10) and eq. (12) in the second equation of eq. (9) and rearranging.After rearranging it becomes
_ aics dia; _ C2d3 c2a3 c1az
y= (aybac3—biazc3—cybzaq) 2= a, c3 T c3 X+ a, Z]' (14)
Now, substitute eg. (11) and eq. (12) in the third equation of eq. (9) and rearranging it. After rearranging, it becomes
= aaby _ %183 bsdy | b3az . Di1as
" (a1bacz—baasci—czbzaq) [ ap by + 7] X+ ay _'Y]- (15)

Finally, eg. (13), eg. (14) and eq. (15) can be written in an iterative formula as
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i bac3 bid; cid3 | cibz ;i | biCz _;
xl+1= 1____+_yl+_zl ]
(aybzc3—biazc3—cibzaz) by 3 3 2
i aics diaz  cadz | Caz C1dz
yrt = g — 223 2 Bylvl g A2 (16)
(a1bzc3—biazc3—czbzay) a; c3 c3 a;
i aib; diaz  bzd; | bzap ; biaz
ZI.+1 — [ _ __+_xl+1 +_yl+1
(aibzcz—byazci—cabzas) as by by ay

wherei =0,1,2,3, ...

Eq. (16) is a developed an iterative formula for finding the solution of eq. (9). Using same techniques, it can be expanded
for an x n system of non-homogeneous linear algebraic equations.

Initially, developed iterative formula requires an initial guesses i.e. (x°,v°,2%) = (k, k, k)where k is any constant.

Now, for the first iteration, put i = 0 in eq. (16) and use(x°,y°,z°%) = (k, k, k). Then

b,c bid, c¢d; c1b b;c
2C3 [1_12_13+163(k)+l1)2(k)]=m1y1
3 2

1

~ (arbycs — byazes — Clbzafl)c b, C3 AR ca
1+3 1%2 243 2%3 1%2
- (allzlzlcgz— bia,c; — C2b3a1()il[a: _bsaé2 _bsc;2 + C3 (:;z + a (k)] =h
7l = (a;byc3 — byazcy — cybsay) [d3 B a, B b, + b, (my) + a; (ll)] =%
Similarly, for the second iteration, plljtci =1ineq. (16) and;f;ziniticelldg:ess;i:s (xl,y;,li:) = (my, 1y, q;) then
xt = (a;byc5 — bé%; —c1byas3) [ ! _dbczl B Ccé * Ccz () + bcz a(‘h)] =M
yt= (a;byc5 — b1(112i3 — c2b3a1)[ 2 (1112 a 2633 + ;3 (mz) + ;12 (Ch)] =k
a;b dias; bid, bza bia
2t = (a;byc5 — b2(1132c1 —c,b3a,) [d3 a ;13 a 222 + 222 (mz) + ;13 (12)] ~ 1

and continue same procedure up to required accuracy.

3. CONVERGENCE CRITERIA

Developed modified algorithm is valid for a non-homogeneous diagonally-dominant system of linear algebraic equations
and for a positive definite, symmetric coefficient matrix.. It is fast convergent method as compared toGauss Jacobi’s
method, Gauss-Seidel method and SOR method.
Definition: A system of non-homogeneous linear equations is said to be in diagonally dominant [12], [18] if it satisfies the
condition

layi] = lagz| + lags| + -+ + |ag|

lazz| = |az| + |azs| + -+ + |aznl

lazs| = |az| + |azz| + -+ + |ag,l (17)

|ann| 2 |an1| + |an2| +ot Iann—ll
where a;;,i,j = 1, 2,3,....n, are coefficients of variables used in the system of linear equations.

4. RESULTS AND DISCUSSION
In this section, results of proposed method are compared with the Gauss Jacobi’s method, Gauss Seidel method and
Successive over-relaxation method by using Dev C++ programing.
Example#1: Solve [6], [8], [12] the system of linear equations
10x; — 2x, — X3 — x4 = 3

_le + 10x2 — X3 — Xy = 15
—X1 — Xy + 10x3 - 2x4 =27
—X1 — Xy — ZX3 + 10x4 =-9

Solution:
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TABLE I (8). SOLUTION OF EXAMPLE 1

Iterative Methods Approximate Solution Exact solution No of Absolute Required
iterations Errors Accuracy%
Gauss Jacobi’s X =1 X, =1, =2;x3 = 22 0,0,0,0 0.0000000001
method X, = 2; 3;x,=0
X3 =3;
x, =0
Gauss Seidel X =1 X =1, = 25 %5 = 12 0,0,0,0, 0.0000000001
method X, = 2; 3;x%,=0
x3 =13,
x, =0
Proposed method x,=1; x1=1,x,=2;x3 = 6 0,0,0,0 0.0000000001
X, = 2; 3;x,=0
X3 = 3X,

= 2.88353¢7020

In the table 1(a), the numerical solutions of system of linear algebraic equations using Gauss Jacobi’s method, Gauss Seidel
method and proposed method have been presented. The Gauss Jacobi’s method, Gauss Seidel method and proposed method
show the almost same solution as exact solution within 22, 12, 6 number of iterations respectively.In the above table 1(a);
the solutions are obtained at 0.0000000001 percentage accuracy with the initial guess as zeros (means all values of x are
taken as zero). From the above table; it is clear that the proposed method performed almost same solution as exact solution
within less number of iterations as compared to Gauss Seidel method and Gauss Jacobi’s method. The absolute errors of
last iteration of each method are mentioned in the table and these results have been obtained by using Dev C++ software.

TABLE | (b). SOLUTION OF EXAMPLE 1

Relaxation Approximate Solution of SOR Exact solution No of Absolute Errors Required
factor w METHOD iterations Accuracy%
w=105 | x;=1; X, =1,x,=2;x; = 12 Errorx; =0 0.0000000001
X, =2; 3;%,=0 Errorx, =0
x3 =3; Error x; =0
Xy = 7.21904e7015 Errorx, =
1.516¢7011
w=115 | x; =1; x1=1,%,=2;x3 = 17 Errorx; =0 0.0000000001
X, =2; 3;%,=0 Errorx, =0
x3 =3; Error x; =0
x, = 1.09646¢7013 Errorx, =
8.40623e¢7011
w=125 | x;,=1; x1=1,%,=2;x3 = 22 Errorx; =0 0.0000000001
X, =2; 3;%,=0 Errorx, =0
x3 =3 Errorx; =0
xy = 1.03417¢7913 Errorx, =
5.17086e¢7011
w=15 x; =1, x1=1,%,=2;x3 = 44 Errorx; =0 0.0000000001
X, =2; 3;x,=0 Errorx, =0
x3 =3 Errorx; =0
x4 = 3.27366¢7013 Errorx, =
9.82997¢7011
w=175 | x; =1, x1=1,%,=2;x3 = 110 Errorx; =0 0.0000000001
X, =2; 3;x,=0 Error x, = 0
x3 =3 Errorx; =0
X, = —4.07241e7013 Errorx, =

9.50229¢7011
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Table 1(b) represents the numerical analysis of the SOR method of example 1. In this table, the numerical solutions of SOR
method are obtained by choosing different values of relaxation factor in the iterative formula of SOR method and found
that SOR method taking same number of iterations as taken by Gauss Seidel method; which is shown in the table 1(a),
whereas; it takes more iterations as compared to proposed method for obtaining solution. The solutions of SOR method
calculated at w = 1.05, w = 1.15,w = 1.25, w = 1.5 andw = 1.75 with the initial guesses as zeros (means all variables
initially considered as zeros) and required accuracy percentage as 0.0000000001 represent in the table 1(b) have been
compared with the solution of proposed method represent in the table 1(a) and found that the proposed method shows less
number of iterations and more accuracy than the all SOR solutions represent in the table 1(b). The second and fifth columns
of table 1(b) show the solutions of SOR method and absolute errors respectively obtained in the number of iteration written
in the fourth column of table 1(b).

Example#2: solve [9], [19] the system of linear equations
4x, —x, — x4, =0
—X, +4x; — X3 — x5 =5
—Xy +4x3— x5 =0
—X; +4x,— x5 =6
—Xy — X4 +4x5 — x5 = —2
—X3— X5+ 4x, =6

Solution:
TABLE Il (a). SOLUTION OF EXAMPLE 2
Iterative Methods Approximate Solution | Exact solution | No of iterations Absolute Errors Required Accuracy%o
Gauss Jacobi’s method =1 x =1 32 Error x; = 1.19209¢7005 0.00001
X, =2 X, =2 Errorx, =0
x;=1 X3 = Error x;= 1.19209¢7°05
X4 =2 X, =2 Error x,= 0
x5 =1 Xs = Error xg= 2.38419¢7°05
Xg =2 Xe =2 Error x¢=0
Gauss Seidel method X =1 X, = 18 Error x; = 5.96046¢7°%¢ 0.00001
X, =2 X, =2 Error x, = 1.19209¢ 795
x;=1 X3 = Error x;= 5.96046¢ 006
Xy =2 Xy = Error x,= 1.19209¢7°05
x5 =1 Xs = Error xs= 1.19209e~°05
Xg =2 Xg = Error x¢=0
Proposed method x =1 x, =1 8 Error x;, = 5.96046¢00¢ 0.00001
X, =2 X, = Error x, = 1.19209¢79%5
x;=1 X3 = Error x;=0
X, =2 X, = Error x,= 0
x5 =1 X5 = Error xs= 0
Xg =2 Xg = Error x¢= 0

The numerical solutions of Gauss Jacobi’s method, Gauss Seidel method and proposed method have been presented in the
table 2(a). All these three solutions sets are obtained at 0.00001 percentage accuracy with the initial guesses as zeros (means
all values of x are taken as zero initially). The Gauss Jacobi’s method, Gauss Seidel method and proposed method showthe
same solution sets as exact solution set within the 32, 18 and 8 numbers of iterations respectively. The proposed method
reduces to the number of iterations and produce quickly solutionsas compared to Gauss Jacobi’s method and Gauss Seidel
method. In this table, the errors column shows the absolute errors of the solution set in the last iteration of corresponding
methods. These solution sets have been obtained by using Dev C++ software.

TABLE Il (b). SOLUTION OF EXAMPLE 2

Relaxation Approximate Solution Exact No of Absolute Errors Required
factor w of SOR method solution iterations Accuracy%
w=1.10 x, =1 x =1 12 Error x;, = 1.19209e705 0.00001
X, =2 X, =2 Error x, = 1.19209¢79°5
x3=1 x3=1 Error x; = 5.96046¢°0°

Xy =2 X4 =2 Error x, = 1.19209¢79%5
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x5 =1 x5 =1 Error xs= 5.96046¢~°0°
Xg = Xg = Error x,=0
w=1.15 x =1 x =1 10 Error x; = 6.55651e79%5 0.00001
X, =2 X, =2 Error x, = 4.76837¢7905
x; =1 x3=1 Error x; = 1.19209¢790%
X, =2 X, =2 Errorx, =0
x5 =1 xs=1 Error xs= 1.19209e7°05
Xg =2 Xg = Error x,=0
w=125 X = X, = 13 Error x, = 5.96046e % 0.00001
Xy = X, = Error x, = 4.76837¢7°05
X3 = X3 = Error x; = 2.98023¢7905
X4 = X4 = Error x,=0
Xg = X5 = Error x5 = 1.19209¢7905
Xg = Xg = Error x,=0
w=15 x =1 x; =1 26 Errorx; =0 0.00001
X, = X, = Error x, = 1.19209¢7005
X3 = X3 = Error x; = 1.19209¢795
Xy = X4 = Error x,= 0
X5 = X5 = Error x5 = 5.96046¢7906
Xg = Xg = Error x, = 0
w=175 X, = X = 62 Errorx; =0 0.00001
X, = X, = Error x, = 1.19209¢795
X3 = X3 = Error x; = 5.96046¢°0¢
Xy = X, = Error x,= 0
Xs = X5 = Error x5 = 1.19209¢79%5
Xg = Xg = Error x = 0

TABLE Il (c). SOLUTION OF EXAMPLE 2 USING SOR METHOD

Value of 1.05 1.10 1.11 1.12 1.13 1.35 1.14 1.15 1.25 15 1.75
Relaxation
factor w
No. of 15 12 11 9 9 10 10 10 13 26 62
iterations

The numerical solution of SOR method at different values of relaxation factor, exact solution, and numbers of iterations
carried out by SOR method, corresponding absolute errors of last iteration and required accuracy percentage have been
presented in the Table 2(b). From the table 2(b) and table 2(c); it is observed that the SOR method takes more number of
iterations for getting solution as the relaxation factor w approaches to 2 and the SOR method uses more number of iterations
as the relaxation factor w approaches to 1 from the relaxation factor w = 1.13. It provides required solution with least
number of iterations using the value of relaxation factor w = 1.13 and 1.12. These all solution sets present in table 2(b)
and calculated for table 2(c) at different value of w take more iteration as compared to the proposed method which is present
in the table 2(a).

Example#3: Solve [20] the system of linear equations

10x, — 8x, = —6
—8x; +10x, —x3 =9
—x, + 10x; = 28
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Solution:
TABLE Ill (). SOLUTION OF EXAMPLE #3
Iterative Approximate Solution Exact solution | No of iterations Absolute Errors Required Accuracy%
Methods
Gauss Jacobi’s x; = 0.999995 x, =1 59 Error x; = 0.000101328 0.0000000001
method X, =2 X, =2 Error x, = 0.000345707
x3 =13 x3 =3 Error x;=0
Gauss Seidel x; = 0.999995 x; =1 31 Error x; = 0.0002563 0.0000000001
method X, =2 X, = Error x, = 0.000214577
x3 =13 x3 =3 Error x;=0
Proposed x =1 x =1 6 Error x; = 5.96046¢7°0¢ 0.0000000001
method X, =2 X, =2 Errorx, =0
x3 =3 x3=3 Error x;=0

The numerical solutions, no. of iterations and errors are obtained by using Gauss Jacobi’s method; Gauss Seidel method
and proposed method have been presented in the table 3(a). The Gauss Jacobi’s method and Gauss Seidel method almost
shows the same solution set as exact solution within the 59 and 31 numbers of iterations respectively whereas, the proposed
method shows same solution set as exact solution within only 6 numbers of iterations. In this problem all solution sets are
obtained with 0.0000000001 percentage accuracy and the initial guesses used for each method are zeros (it means all value
of x are zero initially). Fifth column of the table 3(a) shows the absolute errors of each method obtained in the last iteration.
Overall, it is observed from the table 3(a); the proposed method shows less number of iterations and performed very quickly
solutions as compared to Gauss Jacobi’s method and Gauss Seidel methods.

TABLE Il (b). SOLUTION OF EXAMPLE # 2

Relaxation Approximate Solution of | Exact solution | No of iterations Absolute Errors Required Accuracy%

factor w SOR method

w=110 x; = 0.999997 x, =1 25 Error x; = 0.000214577 0.0000000001
X, =2 X, =2 Error x, = 0.000166893
x3 =3 x3=3 Error x;=0

w=1.15 x; = 0.999998 x, =1 22 Error x; = 0.000196695 0.0000000001
X, =2 X, =2 Error x, = 0.000143051
x3 =3 X3 = Error x;=0

w=1.25 x; = 0.999999 x, =1 15 Error x; = 0.000149012 0.0000000001
X, = X, =2 Error x, = 8.34465e7°05
x3 =3 X3 = Error x;=0

w=15 X, = x, =1 26 Error x; = 5.96046¢~00¢ 0.0000000001
Xy = X, =2 Errorx, =0
X3 = x3 =3 Error x;=0
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TABLE Il (c). SOLUTION OF EXAMPLE #3 USING SOR METHOD

Value of 1.05 1.10 1.15 1.20 1.23 1.24 1.25 1.26 1.27 1.30 15
Relaxation
factor w
No. of 29 25 22 20 17 16 15 14 15 16 26
iterations

Table 3(b) and table 3(c) represent the complete analysis of SOR method. All solution sets of example 3; obtained
by SOR method with corresponding absolute errors, number of iterations and relaxation factors have been
presented in the table 3(b). These all solution sets are very close to exact solution of example 3 but, the appropriate
solution set is obtained by choosing a suitable value of relaxation factor that is w = 1.25 as shown in the table
3(b);which also minimizes the error and takes less number of iteration. So, at w = 1.25 the SOR method produce a
good solution of example 3. For more accurate solution the analysis has carried out by taking different value of
relaxation factor in the SOR method as shown in the table 3(c) and found that w = 1.26is abest appropriate
relaxation factor for finding the best solution using SOR method. Finally, the best obtained solution set has been
compared with the solution set obtained by proposed method and observe that the proposed method uses only 6
numbers of iterations for same solution set with minimum absolute errors whereas the SOR method uses minimum
14 numbers of iterations for the same solution. Hence, from the table 3(a), table 3(b) and table 3(c); it is clear that
the proposed method is a best method for solving system of linear algebraic solutions. In the table 3(b) and table
3(c), the initial guesses and required accuracy percentage are same as table 3(a).

Example#4: Solve [20] the system of linear equations

4x; —x, =1
=Xy +4x; —x3 =2
—Xy +4x3— x4 =2
—X3+4x4 — x5 =2

—2x4 +4x5 =2

Solution:
The exact solution set is
(%1, x5, X3, X4, X5) = (0.464088, 0.856354, 0.961326, 0.98895, 0.994475)

TABLE IV (a). SOLUTION OF EXAMPLE #4

Iterative Approximate Solution No of Absolute Errors Required Accuracy%
Methods iterations
Gauss x; = 0464088 24 Error x; = 1.05669¢7038 0.0000000001
Jacobi’s x, = 0.856354 Errorx, =0
method x5 = 0.961326 Error x;=0
x, = 0.98895 Error x,= 0
x5 = 0.994475 Error xs=0
Gauss Seidel x; = 0.464088 13 Error x; = 9.1894¢79%° 0.0000000001
method x, = 0.856354 Error x, = 5.96046¢7006
x3 = 0.961326 Error x; = 5.96046¢°0°
x, = 0.98895 Error x,= 0
x5 = 0.994475 Error x;=0
Proposed x; = 0.464088 5 Error x; = 0.000110269 0.0000000001
method x, = 0.856354 Errorx, =0
x; = 0.961326 Error x; = 2.38419¢7005
x, = 0.98895 Error x,= 0

x5 = 0.994475 Error x;=0
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Methods’ name, approximate solutions,no. of iterations, absolute errors and required accuracy percentage used in each
method have been presented in the table 4(a). For this problem; the Gauss Jacobi’s method, Gauss Seidel method and
proposed method use 24, 13 and 5 numbers of iterations for obtaining solution sets with 0.0000000001 percentage accuracy.
These solution sets almost are same as the exact solution set.In this table, the fifth column shows the absolute errors obtained
in the last iteration of each method and these all results have been obtained by using Dev C++ software. The initial guesses
have been used for this problem are zeros (means all variables considered as zero initially).

TABLE IV (b). SOLUTION OF EXAMPLE #4

Relaxation Approximate Solution of SOR No of Absolute Errors Required Accuracy%
factor w method iterations
w=1.05 x; = 0.464088 10 Error x; = 1.19209¢7%5 0.0000000001
x, = 0.856354 Error x, = 5.96046¢°0°
x3 = 0961326 Errorx; =0
x, = 0.98895 Error x, =0
x5 = 0.994475 Error xs = 0
w=110 x; = 0.464088 9 Error x, = 8.9407¢7006 0.0000000001
x, = 0.856354 Errorx, =0
x5 = 0.961326 Error x; = 5.96046¢7°0¢
x, = 0.98895 Error x, = 5.96046e¢7°0¢
x5 = 0.994475 Error x5 = 0
w=115 x; = 0.464088 10 Error x; = 1.49012¢7005 0.0000000001
x, = 0.856354 Error x, = 2.38419¢7905
x5 = 0.961326 Error x; = 5.96046e¢7°0¢
x, = 0.98895 Error x, = 5.96046e7°0¢
x5 = 0.994475 Error xs=0
w=1.25 x; = 0.464088 12 Error x; = 2.38419¢7005 0.0000000001
x, = 0.856354 Error x, = 9.53674¢7°0°
x3 = 0.961326 Error x; = 2.38419¢7905
x, = 0.98895 Error x, = 2.98023¢7°0°
x5 = 0.994475 Error x5=0
w=15 x; = 0.464088 23 Error x; = 2.68221e7005 0.0000000001
x, = 0.856354 Error x, = 1.19209¢79%5
x3 = 0.961326 Error x; = 4.76837¢7°0°
x, = 0.98895 Error x, = 1.19209¢79%5
x5 = 0.994475 Error x;=0
w=175 x; = 0.464088 59 Error x; = 1.49012¢7005 0.0000000001
x, = 0.856354 Error x, = 5.96046¢7°0¢
x; = 0.961326 Error x; = 5.96046e~°°¢Error x, =
x, = 0.98895 5.96046¢7006
x5 = 0.994475 Error x5=0
TABLE Il (c). SOLUTION OF EXAMPLE #3 USING SOR METHOD
Value of 1.06 1.07 1.08 1.10 1.13 15 1.75
Relaxation
factor w
No. of 9 8 8 9 10 23 59
iterations

Table 4(b) and table 4(c) show the complete numerical analysis of SOR method. In table 4(b); the values of relaxation
factor have been chosen randomly as w = 1.05, w = 1.10, w = 1.15, w = 1.25,w = 1.5and w = 1.75 and found that
the SOR method takes 10,9, 10, 12, 23 and 59 numbers of iterations respectively for getting the solution set. In table
4(b); all solution sets have been calculated by assuming initial guesses as zeros (it means all variable initially taken
as zeros) and required accuracy percentage 0.0000000001. The fourth column of table 4(b) represents the absolute
errors calculated in the last iteration by SOR method. From table 4(b), it is noticed that the SOR method provides an
accurate solution set at w = 1.10 but, for getting more accurate solution set, it is further analyzed for the different
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value of relaxation factor near w = 1.10 and found that the SOR method performed more accurate solution set at
w = 1.07 with minimum number of iterations and absolute errors. Finally, the more accurate solution set obtained
by SOR method has been compared with the solution set of proposed method given in the table 4(a) that the
proposed method performed more accurate solution set with less numbers of iterations and absolute errors.

From these four examples; it is clearly observed that the proposed method is fast convergent as compared to Gauss Jacobi’s
method, Gauss Seidel method and Successive over-Relaxation (SOR) method.

5. CONCLUSION

In this research paper a new modification of Gauss Seidel method has been presented for solving non-homogeneous linear
system of algebraic equations. This modification has been proposed by using the procedure of Gauss Seidel method and
substitution techniques. Initially, each value of unknown or variablehas obtained from the corresponding number of
equation by arranging it (it means rearrange equation no. 1 for x; and rearrange equation no. 2 for x, and so on), then these
values have been substituted in each equation and rearrange them for variables as Gauss Seidel method. The propose method
is used for solving diagonally dominant and positive definite symmetric systems of linear algebraic equations and this
method produced very quickly results as compared to Gauss Jacobi’s method, Gauss Seidel method and SOR method. The
propose method shows the same solution as Gauss Seidel method within the almost half number of iterations of the Gauss
Seidel method and same solution as Gauss Jacobi’s method within the almost % number of iterations of the Gauss Jacobi’s
method. This proposed method is best for solving a large number of systems of linear algebraic equations with less number
of iterations and such numerical methods have a great importance in solving system of linear equations appearing in the
different field of science and engineering. The validity of solution set of proposed method has been tested by comparing
the results with Gauss Jacobi’s method, Gauss Seidel method and SOR method and it is also verified by using MATLAB
software. For this work; a number of problems have been tested and found that the proposed method is a fast convergent
method as compared to Gauss Jacobi’s method, Gauss Seidel method and Successive over-Relaxation method.
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