- Babylonian Journal of Mathematics
Vol. 2024, pp. 132-151
DOI:https://doi.org/10.58496/BJM/2024/016; ISSN:3006-113X
https://mesopotamian.press/journals/index.php/mathematics

Research Article

Consequence for the Partition (9,9,3)

Estbraq Fleeh Hassan’ , Niran Sabah Jasim 2%, , Mohammed Yasin" 3, , Ahmad Issa , Samira moftah abo garar: >,

1 Ministry of Education, General Directorate of Education Baghdad, Karkh I, Baghdad, Iraq

2 Department of Mathematics, College of Education for Pure Science Ibn Al-Haitham, University of Baghdad, Baghdad, Iraq
3 Department of Mathematics, An-Najah National University, Nablus P400, Palestine

4 Karabik University, Faculty of Science, Department of Mathematics, Karabiik, Turkiye

5 Department of Mathematics, Faculty of Education, University of Bani Walid, Libya.

ARTICLEINFO ABSTRACT
Article History
ngzls\ézd 1‘21 gecg 22%221 Let F be a free modulg defined on the commutative ring R With. identity. Buchsbaum studied the
Accepted 13 Nov 2024 Weyl module resolution where the Weyl module ¥, ,,(¥) is the image of the Weyl map
Published 05 Dec 2024 d'y/u(F) for the skew-partition A/ ; where A runs over all partitions A = (A4, 2,, ..., A). There
Keywords are a number of classical formulas that express the formal character of the representation £, (F)

in terms of standard symmetric polynomials. Such formulas are also valid for the more general
representation modules {£,,, ()} associated to skew partition A/p; where p < A, where the set
of all irreducible polynomial representations of general linear group GL,,(F) of degree = is
described by the module {£, (F)}

For the partition (9,9,3) by applying the boundary maps we reduction the terms of the
characteristic-free of Weyl module resolution to the terms of the Lascoux resolution and prove

that the sequence of the reduction terms is exact.
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1. INTRODUCTION

The author in [1] described the resolutions B, of Weyl modules by writing down explicit projective resolutions of the two-
rowed modules. The existence proof of resolution for the similar problem with an arbitrary number of rows the researchers
in [2] gave that. While the existence of resolution of Weyl module whose terms are direct sums of tensor products of
divided powers proved by the authors in [3].

Hassan generalized the techniques in [4] for the partitions (3,3,3), and (4,4,3) in [5,6] respectively, also authors in [7-9]
studied the cases (8,7,3), (6,6,4;0,0), (7,7,4;0,0).

For the partition (9,9,3) the terms of Weyl module from characteristic-free resolution reduction to the terms of Lascoux
resolution and prove that the sequence of these terms is exact in this work.

2. RESOLUTION OF THE CHARACTERISTIC-FREE AND LASCOUX
The terms of the resolution for the partition (9,9,3), [4].

Res([9,9; 0D)®D:® ¥, 2.5y Res([9,9 + e + ;¢ + 1)®D5_,_,®

Ve is0eymes 2o yZE PV gRes([9+ e, + 1,9+, + Ley — €41) ® Da_o, ey 42) (1)
So

Yer0 25y Res([9,9 + € + 1€ + 1])®Dy_o_; = Z3,4 Res([9,10; 1))®D, S

*Corresponding author. Email: niraan.s.j@ihcoedu.uobaghdad.edu.iq


https://orcid.org/0009-0006-7259-2705
https://orcid.org/0000-0001-5340-3020
https://orcid.org/0009-0009-9394-5698
https://orcid.org/0000-0001-7495-3443
https://orcid.org/0000-0000-0000-0000
https://creativecommons.org/licenses/by/4.0/
https://mesopotamian.press/journals/index.php/BJM
https://doi.org/10.58496/BJM/2024/016
https://mesopotamian.press/journals/index.php/mathematics

Hassan et al, Babylonian Journal of Mathematics Vol. 2024, 132-151

2Py Res([9,11; 2)) @D, ®ZS 4 Res([9,12; 3)) @D,
and

Y 206026, ng‘;zﬂ)yg,filﬂ)zRes([() +e,+19+e,+1e,— ) ®
Ds_(eyters2) = Z524Z517Res([10,10; 0) @D, B2;3 4231 5Res ([10,11; 1))®D;;
where Z5,4 is the Bar complex:
a
0— Z3y _y>232 — 0,
gg)y is the Bar complex:
a a

0 — Z39239 _y“zsg)@ _y’ng) — 0,

gs)y is the Bar complex:

Zg)’y’zsz’y*
Oy 9% _3) % _3)
0 — Z5,423,42Z5y — @ — 2y — 25, — 0,
Z3oy 22
32YL3, Y

and Z;, 3 is the Bar complex:

0z
0 i Z31Z _)Z3l_> 0,
where x, ¢ and z stand for the separator variables, and the boundary map is 0, + d,, + 9.

Let Bar (M, A; S) be the free Bar module on the set S={ x, ¢, z}; where A is the free associative algebra generated by
Z,1, Z35, and Z3, and their divided powers with the following relations:

(@) & (b) _ (b)) (a) (@) & (b) _ (D) ()
23; 231 - 231 23; and ZZT Z31 - Z31 ZZ? '
And the module M is the direct sum of D, ® D, ® D, for suitable p, g, and +~ with the action of Z;,, Z3,, and Z3; and
their divided powers.
The terms of the characteristic-free resolution (4.3.1); where b, by, by, bs, by, bs, b, b, bg, by, ¢4, ¢, € Z* are:

o In dimension zero (X,) we have Dy®Dy®D;.

o In dimension one (X;) we have the sum of the following terms:
* ZZ(I;)xD9+b®D9—b®D3; where 1 < b <9.
* 23y Ds®Dy,,®D;_y; Where 1< b < 3.

o In dimension two (X,) we have the sum of the following terms:

) Zz(ll’l)xzz(’f)ngﬂm®Dg_|b|®D3; where 2 < |b| = by + b, < 9.
o 23,420 xDy,,®@D,_,®D,; Where 2 < b < 10.

o 224z xDy,,®D;;_,®D;; Where 3 < b < 11.

o 294z xD,y,,®D;,_,®Dy; Where 4 < b < 12,

. zg’z’l’yz?f;’z)y@g@@mw®D3_|,,|; where 2 < |b| = by + b, < 3.
20y 7. 2D,0®Dy.,®D,_y,; Where 1< b < 2.

]

In dimension three (X3) we have the sum of the following terms:
zz(’l’l’xzz(’l’ﬂxzz(’f)xzp%,,,|®Dg_|b,®7)3; where 3 < |b| =3, b; <9and b, > 1.
Zsot Z30 228 %Dy, ®Dyg_ 1 ®D2; Where 3 < |b| = by + b, < 10 and by > 2.
ZPyzEV 2 2Dy, 1y ®Dy1_ i ®D;; Where 4 < |b| = by + b, < 11 and b, > 3.
2329232920 ¥Dg,,®Dy1_,®D,; Where 3 < b < 11,

20y 280 x 78D £ Dy, 1) @Dy iy ®Dy; Where 5 < |b| = by + b, < 12and by > 4.
o 280y 2(D 2P Dy @Dy, ,®@Dy; Where ¢; + ¢, =3and 4 < b < 12.

® Z3,4 23,4 23,9De@D1,@Dy.

o 2334231520 %D104,®D19_,®D;; Where 1 < b < 10.
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204222 D10, @D, _,®Dy; Where 2 < b < 11.
Z32YZ3292312D10®D11®Dy.
In dimension four (X,) we have the sum of the following terms:

o 280220 x 289 22V xDy 1 ®Dy_ 1 ®Ds; Where 4 < |b| = Y&, b; < 9and by > 1.

Z3292 8 x 20D 228D 2D, 1) @Dy jp ®D,; Where 4 < |b] = Y3, b; < 10and b, > 2.

2Dy 2802209 2789 4Dy, 1, @Dy p ®Dy; Where 5 < |b| = X3, b; < 11 and b, > 3.

Z3y4 23292022 Do, 1 ®Dy 11 ®Dy; Where 4 < |b| = by + b, < 11;and by > 3.

Z@yzPV 27D 228D 4Dy 1 @Dia— 1| ®Dy; Where 6 < |b] = X3, b, <12 and b, > 4.

20y 28 4202202 4Dy | @D, 1, @Dy Where ¢, + ¢, =3,5< |bl = by +b, <12 and by > 4.
229 Z37Y 2392 £Dg,, @D 5, ®Dy; Where 4 < b < 12.
Z3,42315250 228 2D, 4 1p|®D1o- 15 ®Dy; Where 2 < |b| = by + b, <10 and by > 1.
2042228228 2D 15 ®D1y—p ®Dy; Where 3 < |b] = by + b, < 11and by > 2.
2374237423182 xD104,®D11_,®D,; Where 2 < b < 11.

o

o

In dimension five (X5) we have the sum of the following terms:

o 280220 x 789 2700 x 259 £ Dy, 1| ®Do_p®D; s Where 5 < |b| = X5, b; <9 and by > 1.
Z5y 2V 2209 220 6 20V 4Dy 1, @Dy 1p @D, Where 5 < |b] = Yi, by < 10 and by > 2,
ZPy 22z x 28D 2200 2Dy @Dy, ®Dy; Where 6 < |b| = Xi, by < 11 and by > 3.
o 230y ZsyZ 2200 220 1Dy, 1, @Dy ®D;; Where 5 < |b| = X3, b; < 11 and by > 3.

o 284z 220D 270D x 70 D, 1) ®Diy—p®Do; Where 7 < |b| = ¥i, b < 12 and by > 4.
20y 282 420 2202 2 709 4Dy ®Dyy_ iy ®Dy; Where ¢, + ¢, = 3,6 < |b| = X, b; < 12 and b, > 4.
23242374 Z329 20V 228D 2Dy 1y @Dy 5 ®Dy; Where 5 < |b| = by + b, < 12 and by > 4.
2329231520228 225D 4D o 11 ®D1o_1 @Dy Where 3 < [b] = X3, b; < 10 and b, > 1.
2942228220 228D 2D, 41y ®Di1—p|®Do; Where 4 < |b| = X3, b; < 11 and by > 2.
Z3242324 23182 278D 2D, 41| @Dr1—p®@Dy; Where 3 < |b| = by + b, < 11 and b, > 2.

o In dimension six (Xg) we have the sum of the following terms:

Z0 2782 5 709 4 700) 1 709 4 756) 1Dy 1| @D @Dy Where 6 < [b| = X, b; <9 and by > 1.

Z3y 202282 2209 5 200 2 205 4Dy @D 1, @D, Where 6 < |b] = X5, b; < 10 and by > 2.

20y 2800 x 782 1 703 1 700 1 709 4D 1 @Dy @Dy Where 7 < |b| = ¥, by < 11 and by = 3.

o 25,425,920V 2200 228 22" 2Dy, @Dy 1 @D, Where 6 < |b| = X, b; < 11 and b, > 3.

o 204 2V 220D 270D 20 2 209 4Dy @Dy, ®Dy; Where 8 < |b| = Y3, by < 12 and b, > 4.

o 280y z D 70 2 g0 4 703 1 700 4Dy 1| ®@D1z 1y ®Dy; Where ¢, + ¢, = 3,7 < |b| = N, b; < 12and b, > 4.
o 25,423,923 9 20 228D £ 209 xDy ) ®@Dyy_ iy ®Dy; Where 6 < |b| = 3, b; < 12 and b, > 4.

o Z3,42518Z00 228D 2200 2280 4D ) 1 ®Dio_1p @Dy Where 4 < |b| = i, b; < 10 and by = 1.

P02 202 3 709 2 280 4D o115 ®D111 @Dy Where 5 < [b| = &, b; < 11 and by > 2.

® Zég)%231zzz(1
o 23,4 T34 251220 xZ8D 220V 2D, 41, ®D11_ 1 ®Dy; Where 4 < |b| = X3, b; < 11 and by > 2.

o In dimension seven (X,) we have the sum of the following terms:

o 2803z xz D) 2z 00 x 209 2 200 x 20D 2Dy, 1, @Dy ®Ds; Where 7 < |b| = X7_, b; < 9 and by > 1.

o 23,y ZV 22 220D 220V 209 226 4Dy, 1, @D p| @D, Where 7 < |b| = X6, b; < 10 and by > 2.
o 2Dy ZI0V 702 70 4700 1 709 4 256) 4Dy 1p| ®@D11-1p ®Dy; Where 8 < |b| = X6, b; < 11 and b, > 3.
o 25,425,420V 2200 228D 2200 2285 £ Dy, 1, @Dy p @Dy Where 7 < |b| = Y2, b; <11 and b, = 3.
o 294y 2V 220D x 709 700 2 709 1 206 4Dy, 1| ®@D1a— iy ®Do; Where 9 < |b| = X6, b; < 12 and b, > 4.
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. Zé;l)yzgﬁ/g,ZZ(i’l)xZZ(l;Z)x2’2(1173)x2’2(11’4)x2’2(11’5)xD9+|b|®D12_|b|®D0; where ¢; + ¢, =3, 8<|b| =¥}, b; <12 and

b, = 4.
°Z z (b1) & (b2) ., o (D3) (bs) . —_ V4 )

32% 32%232%221 xZZ]_ xZZ]_ xZZl xD9+|b|®D12_|b|®D0, Where 7 S |b| - i=1 bl S 12 and b1 2 4’.
2329231520228 2209 6 200 2289 4D 1 ®Dio_ 1/ @Dy Where 5 < |b| = Y5, b; < 10 and by > 1.
204222802200 228 220 2289 4D, o 41| @D11-1p|®Do; Where 6 < |b| = ¥, b < 11 and b; = 2.
2324237425152 220D 220D x 28V D o 41 ®D11_ 1 @Dy Where 5 < |b| = Y&, by < 11 and by > 2.

o In dimension eight (Xg) we have the sum of the following terms:

Z0 5702 2709y 700 1 7)1 706 2 70D 2 208) Dy 1| @D ®Ds; Where 8 < |b] = X8, b; <9 and by > 1.

Zsoy 22282 2209 200 2209 1 200 287 4Dy 1 @D @D, Where 8 < |b] = ¥7_, by < 10 and by > 2.
20y 2803782 2703 700 2 2(89) 1 700 x 287 2Dy 4 1| @Dy 1p @Dy Where 9 < [b| = X7, b; < 11 and by > 3.
2329232420 2200 x 200 2280 x 709 756 1Dy, 1| @Dy 1y ®Dy; Where 8 < |b| = X6, b; < 11 and b, = 3.

20y 280220V 229 x 280 289 2 200 2207 2Dy, 1| @D15 1 ®Dg;where 10 < || = X7, b; < 12and b, > 4.
280472 700 1 7(02) 1 7 (09) 3 7 08) 17 (09 4 206 4D, 1| @ D12 1p|®Do; Where ¢; + ¢, =3, 9< |b| = X, b; <

12 and b; = 4.

o 23,423,423y Z P 220D £ 70D x 780 2 709 4Dy 1 ®Dyy_ iy ®Dy; Where 8 < |b| = X5, b; < 12 and b, > 4.

o 25,425,820 220D 220V x 20 £ 209 280 4D 4 1p|®D1o-1p ®Dy; Where 6 < |b| = X6, b; < 10 and by > 1.
o 2942522282 27" x 20 229 x 20O 2D, 4 1p|®D11- 15 ®Do; Where 7 < || = X6, b; < 11 and by > 2.
o 25,4 Z3,4251520 22 x 28D 2200 £ 29 2D 4 1p| @ D115 ®Do; Where 6 < [b| = X5, b; < 11 and by > 2.

o In dimension nine (Xy) we have the sum of the following terms:
® Z31X231X 231X 2918291 X 231X 291 X251 %251 D13@ Dy ®Dy,.
o 23,y 28V xZ8D 2200 2200 2 209 5 206 2 207 2229 2Dy, 1| @ D101 @D
where 9 < |b| = ¥%_, b; < 10 and b, > 2.
0 22020 52 ez 520 k200 52 20 5Dy ®D 11 ®D:
where 10 < |b| = X8, b; S( 11 and b; > 3.
b b b b b b b .
° Z3z%232%22(11)7522(12)xzz13)’522(14)”22(1S)xzz(16)xzz(17)x739+|b|®7311—|b|®D1,
where 9 < |b| = Y7, b; <11 and b, > 3.
* 2092 2 a2, e 22 2250 2 R 2, D1y @Drg- ) @D
where 11 < |b| = )7_; b; <12 and b, > 4.
20y Py 2 a2 n 2 k2D 52002 D, ®Di (B0
where ¢; + ¢, =3,11 < |b| =Y7_,b; <12 and b, > 4.
o 2oy yZayyZayyp 2V 20D 4 2(03) 5z 00 17 05) 4 76 oy @Dy, ®@Do;Where 9 < |b| < 12 and by > 4
32 32 32 21 21 21 21 21 21 9+|b| 12—|b| 0’ = = 1= 7
b b b b b b b
. Z32yZ31zZZ(11)sz(12)xZZ(13)xzz(l“)xzz(ls)xzz(lﬁ)xzz(f)xﬂlm|b|®D10_|b|®D1;

where 7 < |b| =¥7_,b; <10 and b, > 1.
b b b b b b b
° Zéi)’y’z3lzzz(11)xzz(12)xzz(13)xzz(14)xzz(15)xzz(16)xzz(17)xD10+|bl®7311—lbl®D0;
where 8 < |b| = ¥3_,b; <11 and b, > 2.

o 25,4 Z3,92512200 220 x 28D 2200 x 209 228 4D, 41 @ D11 p| ®@Do;where 7 < |b| < 11 and by > 2.
o In dimension ten (X;,) we have the sum of the following terms:
hd Z32y22(i)xzz1x2'21x2'21x221x221x221x221x221xD19®DO®D2.
d Z32yzz(i)xzz(i)xzz1x221sz1x221x221x221x221xD20®‘D0®D1.
o 23,425y Z 0220 2200 220V x 289 £ 200 2 2 2 200 x Dy 1y @Dy @D:;
where 10 < [b| = ¥%,b; <11 and b, > 3.
. Zg)y Zz(i)xananZZIsz1x221x221x221x221x2)21®D0®DO
o 20z 700 4 7 02) 1 7 (03) 50 4 29) 1 206 20D 2 20 4Dy, 1| @D 1 @ Do
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wherec; + ¢, =3,11 < |b| = X%, b, <12 and b, = 4.
b b b b b b b :
Z32y,Z32y,Z3Z/y,Zz(ll)xZZ(lz)x22(13)x22(14)x22(1S)xZZ(l"’)xZZ(17)xD9+|b|®7_)12_|b|®D0,
where 10 < |b| = X7, b; < 12 and b, > 4.
b b b b b b b b .
232%231522(11)’522(12)xzz(13)xzz(14)xzz(1S)xzz(16)’522(17)’522(18)’5@1%|b|®Dlo—|b|®D1:
where 8 < |b| = Y% ,b; <10 and b, > 1.
b b b b b b b b
Zzg)’y’ZS1ZZz(11)xzz(12)xzz(13)xzz(14)xzz(15)xzz(16)xzz(17)xzz(18)xD10+IbI®D11—IbI®DO;

where 9 < |b| =¥5_, b; <11 and b, > 2.

b b b b b b .

. Z32y,Z32y,Z31zZZ(11)xZZ(12)xZZ(l3)xZZ(l“)sz(lS)xZZ(lﬁ)xZZ(Z)xDlmIb|®7_)11_|b|®7_)0,
where 8 < |b| =¥7_,b; <11 and b, > 2.

o In dimension eleven (X;,) we have the sum of the following terms:
Z32Y23,Y Zz(f)xananZleZZ1x221x221x221x2.’21xD20®D0®D1.
o 2y z Dy g, X2y 225122518291 825122512221 Dg 41 ®D15_ 1 @Dy Where ¢, + ¢, = 3.
Zs2y’zs29’23z’y’zz(lil)xzz(iz)xzz(l;3)xzz(l1)4)xzz(l175)xzz(?6)xzz(l;7)zz(’;8)x99+|b|®7-)12—|b|®7-)o;
where 11 < |b| = Y8 , b, <12 and b, > 4.

b b b b b b b b .
o 2342518202200 £ 700 x 280 1 709 1 756) 1 707 1 28 2 2D 4D g 4151 ® D101 @Dy
where 9 < |b| = ¥7_, b; <10 and b, > 1.
2 (b (b b b b bg) (b7) (bg) (bg) .
* 23(2)%23152211)’02212)xzz(13)xzz(14)xzz(15)xzz(16 %25, %25, 225,” D104 ®D11-15 ®Do;

where 10 < |b| = Y7, b; < 11 and b, > 2.
b b b b b b b b .
2329237425182 2202 £ 209 x 780 2 709 1 706 1 787 1 709 2D p| ®D11— 15 @D
where 9 < |b| =¥, b; <11 and b, > 2.

o In dimension twelve (X;,) we have the sum of the following terms:

* Z32yZ32yZ32yZZ(i)xanZZ1x2'21x2'21x221x221x221x221x7)21®DO®Z)0.

® Z3oYZ318891%821X 2918291 %8 231X 291 %231 X291 %221 %231 XD @D ®D; .

* Zéi)yznzznx221x221x2'21x2'21x221x221x221x221x221x7)21®D0®Z)0.

* Z32yz32yz3lzzz(?1)xzz(?z)sz(If)xzz(?“)sz(?S)xzz(f6)x22(l177)x22(11’8)x22(l1’9)x7)10_Ib|®D11_|b|®DO;
where 10 < |b| = ¥7_; b; < 11 and by > 2.

Finally, in dimension thirteen (X;3) we have:
1 1 1 2 1 1 1 1 1 1 1 1 1
e 20yz0yz M 2@y gy z0xzWxz0xzPxz0x 2PV x20 %2V xD,, @D, @D,

The terms of the Lascoux complex are obtained by the determinantal expansion of the Jacobi-Trudi matrix of the partition
[1]. The positions of the terms of the complex are determined by the length of the permutation to which they correspond,
[4].

In the case of the partition (9,9,3) we get the following matrix:

DyF DgF DF
Di0F DyF D,F
D11F Dy F DsF
Then the Lascoux complex has the correspondence between its terms as pursues:
DyF ® DyF Q D3F < identity .
D1oF @ DgF Q@ D3F < (12).
DoF @ D1;F @ D,F « (23).
D10F @ D1oF ® D, F < (123).
D11F @ DgF Q D,F & (132).
D11F @ DoF Q D;F < (13).
Thus the resolution of Lascoux in the case of the partition (9,9,3) has the formulation:

D11F Q DgF ® D,F D1oF Q DgF ® D3F
D11T ®D9T ®D1:}:—) (‘B — (‘B — DC)T ®D9T ®1)3T
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DIUT ® DIUT ® DlT DQT ®D10T ® DZ?
3. THE CONSEQUENCE

As in [4], we exhibit the terms of the complex (2.1) as:

Xo =Ly = My,
Xy = LM,
Xy = LM,
X3 = L3OMs,

Xj =M ;for j=45,..,13,
where £, are the sum of the Lascoux terms and M, are the sum of the others.
Now, we define the map o;: M; —— £, such that

5L1LO °0; = 6]\/[1]\/[0
As follows:

. Zz(i)x(v) r—»% Z5120,,(v); where v € D;; ® D; ® Ds.

272 (V) = 3 Z,1x057 (v); where v € Dy, ® D ® Ds.
. ZZ(‘;)x(v) r—>% Zleaz(i)(v); where v € D;3 @ Ds @ Ds.
. Zz(i)x(v) r—>§ 221xa§‘1” (v); where v € Dy, ® D, ® Ds.
« Z0x(v) — 3 Z,12057 (v); where v € Dy5 ® Dy ® Ds.
« ZPx(v) 22,1207 (v); where v € Dy ® D; ® Ds.
. Zz(?)x(v) r—>% Zleaz(?(v); where v € D;; @ D; ® Ds.
« 232 (v) > 5 2y 2053 (v); where v € Dy ® Dy ® Ds.
° ngi)y(v) '_)% Z3,405,(v); where v € Dy ® Dy; ® D;.
« 234 @) = S Z3,y 055 (v); where v € Dy @ Dy, ® Dy

It is clear that o, satisfies (4.4.1), then we can define:
01:L; — Ly as 0; =64,
At this point, we are in a position to define
0,: L, —— Ly by 0, =0, + 0108,

Lemma (3.1):

The composition 3,3, equal to zero.
Proof:
0105(a) = 61,1, ° (8,,(@) + (0 © 8,00,)(@) )

= 07,10 °0c,0,(a) +6.,1,° (01 06,,)(a).

But &, © 01 = Sy, then we get:
010,(a) = 8,1, °0,2,(a) + Saryan, © Oy, (@)
By properties of the boundary map & we get:
6162 = 0

We need to define the map o,: M, —— L, such that
S, T 01° 80,00, = (51;21;1 +01° 51;2]\/[1) ° 0,
As follows:
© Z51%Z5,2(v) — 0; where v € D;; @ D;  Ds.
e 2P x2,,2(v) — 0 ; where v € Dy, @ D ® Ds.
e 25,222 2(v) — 0; where v € Dy, ® D ® Ds.
. zz(i)xzux(v) — 0; where v € D3 @ Ds ® Ds.
. anzz(i)x(v) — 0; where v € D3 @ Ds ® Ds.

O]

®)
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. Zz(i)xzz(i)x(v) — 0; where v € D;3 @ Ds ® Ds.

. Zz(i)xzmx(v) — 0; where v € D;, ® D, ® Ds.

2,122 2(v) — 0; where v € D;, ® D, ® Ds.

e 2922 x(v) — 0; where v € D,, ® D, ® Ds.

e 2P %7 x(v) — 0; where v € D,, ® D, ® Ds.

. Zz(i)xzmx(v) — 0; where v € D;5 @ D3 ® Ds.

. anzz(i)x(v) — 0; where v € D;5 @ D3 @ Ds.

. Zz(i)xzz(i)x(v) — 0; where v € D;5 @ D3 ® Ds.

e ZWx 2P x(v) — 0; where v € D;5 ® D; ® Ds.

e 2P x 7" x(v) — 0; where v € D;5 ® D; ® D

e 289x2,,2(v) — 0; where v € D1 ® D, ® D;.

. anzz(?x(v) — 0; where v € D1 @ D, @ Ds.

. Zz(i)xzz(i)x(v) — 0; where v € D1 @ D, ® Ds.

e 2P %75 x(v) — 0; where v € D,y ® D, ® D.

. Zz(‘;)xzz(?x(v) — 0; where v € D, @ D, ® Ds.

o Zz(i)xzz(i)x(v) — 0; where v € D, ® D, ® D,

. Zz(?xznx(v) — 0; where v € D;; ® D; ® Ds.

o anzz(?x(v) — 0; where v € Dy, @ D; @ Ds.

. Zz(i)xzz(?x(v) — 0; where v € D;; ® D; ® Ds.

. Zz(i)xzz(?x(v) — 0; where v € D;; ® D; ® Ds.

. Zz(i)xzz(i)x(v) — 0; where v € D,;; @ D;  Ds.

. Zz(i)xzz(?x(v) — 0; where v € D,;; @ D;  Ds.

e ZW 22 x(v) — 0; where v € D;, ® D; @ D;.

e 2%, x(v) — 0; where v € D;g @ Dy @ D;.

o 2,122 x(v) — 0; where v € D13 ® Dy @ Ds.

e 2P 27D x(v) — 0; where v € D;g ® Dy ® Ds.

e 20 x2P x(v) — 0; where v € D,y ® Dy ® Ds.

e 29229 x(v) — 0; where v € D,y ® Dy ® D.

. Zz(?xzz(i)x(v) — 0; where v € D13 @ Dy ® Ds.

e ZW 7 x(v) — 0; where v € D, ® Dy ® Ds.

e 2922 x(v) — 0; where v € D;g ® Dy ® Ds.

. Z32yzz(i)x(v) l—>§ Z3zyzz(i)x621(v); where v € D;; ® D; @ D,.
® Z32y22(‘;)x(v) H% Z32y22(?x62(?(v); where v € D;3 ® D & D.
. Z32y22(§)x(v) — % 232922(?9562(?(17); where v € Dy, ® Ds ® D,.
® Z32y22(i)x(v) = % Zszyzz(i)xaz(i)(v); where v € D;5 Q@ Dy @ D,.
® Zszy*zz(?x(v) = % Z32yzz(?x62(i)(v); where v € Dy ® D3 & D,.
o Z32/y,22(?)x(v) — i Z32yzz(i)x62(?(v); where v € D17 ® D, ® D,.
o Z32/y,22(3)x(v) — i Z32y,22(?x62(?(v); where v € D153 ® D; & D,.
o Z32y,22(10)x(v) — é Z3zyzz(i)x62(?) (v); where v € D19 ® Dy ® D,.
® Zs,yZ5,y(v) — 0; where v € Dy Q Dy, ® D;.

® Zéi)/yazz(i)x(v) H% (Z3zy*Zz(i)x631(V) - Z32y»Z31Z82(?(17)); where v € Dy, @ Dg & D;.
® Zéi)’y’zz(i)x(v) — % Z32’£4*Zz(?x621631(77) - iZ3zyZ31z62(i)(v); where v € D;3 @ D; & D;.
° Zéi)y’zz(i)x(v) = % Z3zyzz(?x62(i)631(v) - %232”9»23@82(?(17); where v € D1, @ Ds & Ds.
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. Zég)/y,zz(?x(v) — % Z32y22(f)x62(i)631(v) - %Z3zy231z82(?(v); where v € D;5 @ Ds ® D;.

. Zg)y,zz(?x(v) — ﬁ Z32/y,22(i)x62(‘;)631(v) - %Z32y,231z62(?(v); where v € Dy @ Dy ® D;.

. Zg)y,zz(?)x(v) — i Z32y2(2) 6(5)631(v) — §Z32y,231z62(?(v); where v € D1, ® D3 Q D;.

e 22429 x(v) - z32yz§?xa<6)a31(u) - %Z32y)231z62(?)(v); where v € Dy ® D, ® D;.

. Z(z)yz(lo)x(v) — % Z32y)22(i)x6(7)831(v) - i,‘ngzyZmza(g)(v); where v € D14 ® D; ® D,.
. Z(Z)yz(n)x(v) = Z32y)22(i)x6(8)631(v) - —Z3zyZ31Z6(10)(v); where v € D,y & Dy ® D;.
. ngz)yzg,zy,(v) — 0, Where v €Dy ® D1, ® Dy.

e 25,420y (V) — 0; where v € Dy ® Dy, @ Do.

. Z(g) (4)x(v) — = Z32/y)22(?x6(2)(v) —Z32y22(?x6(2)6(2)(v) - Zgzyzmzam d5,(v); where vED;;Q

Dg & Do.

® Zég)’y’zz(i)x(v) '_’% Zsz’y’zz(i)xazlam(v) - _Z32’y’22(? 62(2)6(2)(17) - —Z32yz31Z621 032 (v);where v €Dy, ®

D; Q Dy.

b Z(3) (6)5‘5(17) — Z3zyzz(?x6(2)6(2)(v) Z32y,22(?x6(4)6(2)(v) - Z32”£4*2:31Z021 03, (v);where

D15 @ Ds @ Dy

. Zé ZZ(Z)x(v) —— Z3zyzz(? 62(?6(2)(17) Z32y,22(? 62(?6(2)(17) - —Z3ZyZ31z621 03, (v);where
D16 @ Ds Q Dy

) Z(3) (S)x(v) —— Z32y22(f)x6(4)6(2)(v) Z32y22(i)x6(6)6(2)(v) - —Z32y231z621 03, (v);where
Dy7 ® Dy @ Dy.

. Z(3) (9).’/\5(17) — L Z3zyzz(?xa(5)a(2)( ) —

D15 @ D3 @ Dy

ZEEZ y)Z(lo)x(v) — = Z32yzz(i) 62(?)6(2)(17) Z32y,22(?x62(?6(2)(v) - —Z32y231z621 03, (v);where

D19 ® D; & Dy.

. Z(3)/y)Z(11)x(v) — Ezmyzﬁ)xa(”a(”(v) Ralpes Z32/y,22(i xaz(? 03,05, (v); where v € Dyy @ D; ® Dy

o Z(3)y)Z(12)x(v) — Ezmyzﬁ)xa@a(” (v); where v € D,; @ Dy Dy

* Zéz)’y*znz(v) — §Z32%Z315632(U)? where v € Dy ® Dy; ® D,

2
7séz3zyz§§)xa(7)a<2)( ) — Zznyzglzaz(*j)an(v);where

Proposition (3.2):

The map o, defined above satisfies (3.2).
Proof:

We can see that for some terms:

° (5M2£1 +0,0 6M2M1)(221x221x(v)); where v € D;; ® D; ® Ds
=07 (ZZZ(i)x(v)) — Z5120,,(v) = 222195621(17) — Z5120,,(v) = 0.

. (5M2L1 +00 5M2M1) (Zz(i)xznx(v))' where v € D, Q@ Dg ® D4
= 0, (3252 (v) - 23 20,1 (1)) = 2,120 (v) — 22,205 (v) = 0.

L] (6]‘/[2[1 + 0_1 o 6]‘/[ Ml) (Zz(i)xz(s)x(v)), Where v E D14 ® D4_ ® D3
=0 (1022(?35(17) Zz(i)xam(v)) =2 Zle6(4)(v) — —221x8(4)(v) =0.

. (6M2£1 +0 0 6M2M1) (Z32yzéi)x(v)); where v € D, @ D, ® D,

=0 (Zz(i)xan(v) + Zz(i)xam(v)) - Z32y6(3)(v) 2219“32(?632(77) + %22194621631('7) - Zaz’y’az(i)(v)-
And

(51;21;1 +o0p0 51;2M1) (ézgzy»Zz(i)xan(v))

v E

v E

AS

v E

v E
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= §U1 (Zz(i)xaman(v) + Zz(i)xam(v)) + izz1xa31321(v) - Z32y62(i)(v)
1

= 52219562(?632(17) + %22195621631(17) - Z32y6§i)(v).

¢ (83,2, + 01 ° 63,00,) (2329251 V% () ); where v € Dyy ® Dy ® D,

= Zz(io)xan(v) + 0y (Zz(?)xam(v)) - Zzz’y*az(io)(v) = %2215562(?)631(77) - Zsz’yvaz(?) ().
And

(8,2, + 010 81,00,) (lezsz%zz(?xa(g)(v))

= 20200, () + 01 (£ 2802000, (1)) + £ 2212051050 () - 212900051 ()
Zz1x621 93, (v) — Zszy*a(lo)(v)-

* (8ryc, + 01 ° 8y, ) (Z324 23,4 (v)); Where v € Dy @ Dy @ Dy
=01 (2 23(??}(")) — Z3,403,(v) = 2232%632(77) — Z3,403,(v) = 0.

o (82,0, + 01 ° Saeyany) (Zg)yzﬁ)x(v)) ; where v € D;, ® Dy ® D,

=0 (2(3) 6(2)(17) + Z(Z)x632631(v)) + 221x6(2)(v) -0 (23( 6(3)(17))

= ‘Zz1 6(2)6(2)(77) +5 221x621632631(v) + 221x6 ‘) - %232%632621 ().

And

(5L2L1 +op0 5L2M1) (§Z32/y,22(i)x631(v) - §Z32y,231562(i)(v))

=0 (1zz(i)xa3za31(v)) + lZ21x631631(v) - 1221xaz(?a31(v) -0y (123(?@6216(2)(17)) += zlea?f;)a(z)(v) +
‘232%6316 ') = 221xa§§)a(2)(v) +3 22195621632631(77) + 221x6(2)(v) - ‘Z32%632621 ().

o (6M2L1 +0 0 ‘SMle) (Z(Z) ul)x(v)) where v € D,y ® Dy ® D,
= Z{1V203 ) + 25" 203,05, (v) + 01 (27205 () — 23 405}° W)) = 25,2050 (v) — 2 Z3405,05 P ().
And
(8cy2, + 010 8iy00,) (oos Z32 9257 2053 031 (V) — = Z3, 9251505 (v)
L1 T 01 °00,0 ) | Jos #32% x 31V 11 °32%431%80,, "V
= 2220 05,0,,(v) + 0 ( PAQITILRIC) (v)) L 25,205,00005,(v) -

—zszya( 0§ S)agl(v)—al(—zg(?wmaém)(v))+ 220305 ) + = 235405105, (v)

4—95

Zz1 62(51;)6(2)(1})——232/%632 5" ),

* (8rtyz, + 01 ° 8acynr;) (z(?yzny(v)); where v € Dy ® D;, ® D,
=0, (3234 w) — 23 y05,v) )= 0.

¢ (8r0,, + 01 ° 6r0,00,) (259230 2(v)) ; where v € D3 ® Ds ® D,
=0 (2(4) 6(3)(17) + Z(3) 6(2)631(17) + Z(Z)x6326(2)(v)> + 221x8 (17) - o ( ZS)y,E)M)(v))
= 22,1205 053 (V) + £ Z,, %053 0 2)631(1]) + = Z51205,03,057 (v) +
221966(3)(17) - Z32’2’*6(4)6(2)(”) Z32’y*az1 032031 — —Z32y6(2)6(2)(v)
And
(5L2L1 +o0,0 5L2M1) ( Zsz”y)zz(i)xam(”) - —Z32/gbzz(i)x6(2)a(2)(v) - ‘Z32’!4’ZS1Z621 632(17))
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= 0, (12220,,0D ) + 1 25,2050 ) — 1 2,907 0P ) -

20, (237 205,0 03 W) + 250,105,085 (v)) — 3 Z21205,057 05 (v) +

Z32y,6(4)6(2)(v) ( Zs(?’y*ana asz(”))"‘ =Zy1% 6(2)6(3)632(v)+ 5232%63162(?632(”)
= 22,1205 053 (V) + £ 21 %057 053 831 (V) + 5 2512051 03,057 (v) +

2y 20D () =2 zgzya(‘”a(”(v)— ~ 23,4053 032031 — 5 Z329057 05 (0).

¢ (81,2, + 010 Br,00,) (25592517 2(v) ); where v € D,; ® Dy ® D,

= Z(lz) 6(3)(17) + z§}1>xa(2)a31(v) + Z(lo)xa326(2) W)+ 0y (Z(g) 6(3)(17) —zg)yag}” (v))
= $Z2ax00 057 (v) — £ 25,05, 057 ).

And

(6L2L1 +to0 6£2M1) (135
2 8 2

= —20%0{005,05) @) + oy ( —

= 2212037 030 (0) —  Zaz 05”0 ().

292D x0{00 ) )

ZPx 6(7)6316(2)(17))+E221x631621)6(2)(v) —Z5,405 057 057 (v)

¢ (830,, + 01 B2,00,) (255 9Z312() ); Where v € Dy, ® Dyy ® Dy

=0 (Zg(g)%am(v)) - 221756353)(17) — 0y (Zg)%am(v)) = §Z32y;63(?621(v) - Zuxag) (v) _% Z3,403,051 (V).

And
1
(5,52,51 +o0,0 5L2M1) <—Z32%Z31Za32(17))

=0, ( 32 %621632(77)) - ‘22175632 632(17) - —2-'32@631632(17)
= _Zsz%asz 0,1 (v) — 221756(3)(17) - Z32ya32031(v)

Now by employ &, we can also define:
03:L3 —>L2 as 63 =6£3£2+0-2°6£3M2

Lemma (3.3):
The composition 3,05 equal to zero.
Proof:
0,03(a) = (5L2L1 (@) + (oy 0 51:21\/[1)(“)) ° (51:3,52 (@) + (oz° 5L3M2)(ﬂ))
= (8r,z, ©Oryr,)(@) + (8p,z, © 020 8,00,)(@) + (01 ° 8p,, © 02 © Opunr,)(@).
But 6.,, ©0, +01°8,0, ©02 = Oy, + 01 ° Spgyar, SO WeE get:
0,03(a) = (8,2, © 6,1,)(@) + (Ongy, © Orane,) (@) + (01068, ©6,,,,)(a)
(0,0 5M2M1 ° 5L2M2)(¢1)-
By properties of the boundary map § we get:
0,05 =0

We need the definition of a map a5: M3 —— L4 such that
Oy, T 020000, = (51;31;2 + 030 5L3M2) ° 03

As follows:

® Z51%Z5,xZ5,2(v) — 0; where v € Dy, ® Dg & Ds.
. Zz(i)xzuxznx(v) — 0; where v € D;3 ® D ® Ds.
o 2,222 22, 2(v) — 0; where v € D;3 ® Ds ® Ds.
25,122,222 x(v) > 0; where v € D;3 ® Ds ® Ds.

(4)
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. Zz(i)xzmxzmx(v) — 0; where v € D;, ® D, ® Ds.

. Zuxzz(i)xzﬂx(v) — 0; where v € D;, ® D, ® Ds.
2,122,220 x(v) +— 0; where v € Dy, ® D, @ D;.

e 2P x2Px7, £(v) — 0; where v € D,, ® D, ® Ds.
e 2Px2,, 222 x(v) — 0; where v € Dy, ® D, @ D;.
. Zuxzz(i)xzz(i)x(v) — 0; where v € D;, ® D, @ Ds.
. Zz(i)mexZle(v) — 0; where v € D;s ® D3 ® Ds.

. Zuxzz(i)xzﬂx(v) — 0; where v € D;s ® D; & Ds.

* 2,122, 22D x(v) +— 0; where v € D;5 ® D3 @ D;.

e 2Px2PxZ,,2(v) — 0; where v € D;5 ® D; ® Ds.
e 23x2,, 222 x(v) — 0; where v € D;5 ® D3 @ D;.
. Zz(i)xzz(i)xzﬂx(v) — 0; where v € D5 ® D3 @ Ds.
. Zz(i)xzmxzz(i)x(v) — 0; where v € D5 ® D3 @ Ds.
o 2,222 22 x(v) — 0; where v € D;5 @ D3 @ Ds.
. anzz(?xzz(i)x(v) — 0; where v € D5 @ D3 ® Ds.
e 2P x2® x 7 (1) — 0; where v € D;5 ® D; ® Ds.
e 2x2,,22,,2(v) — 0; where v € D4 ® D, ® Ds.
2,223 %25, 2(v) — 0; where v € Dy @ D, @ Ds.
2,122,220 x(v) — 0; where v € Dy @ D, @ Ds.

e 2P x2P 473 (1) — 0; where v € Dy ® D, ® Ds.
e 2P 223 x 7 (1) — 0; where v € D,y ® D, ® D.
e 2Px2P 17 x(v) — 0; where v € D,y ® D, ® D.
. Zz(i)xzz(?xznx(v) — 0; where v € D14 ® D, ® Ds.
e 29x2,,22P x(v) — 0; where v € D;s @ D, ® Ds.
« 2,220 22 x(v) — 0 ; where v € D, @ D, @ Ds.
e 2P xz2MxZ,,2(v) — 0; where v € D;s @ D, ® Ds.
e 2Px72, 22" x(v) — 0; where v € D;s @ D, ® Ds.
2,222 22D x(v) — 0; where v € D;s @ D, ® Ds.
e ZWx2PxZ,,2(v) — 0; where v € D;s @ D, ® Ds.
e 2Wx2,, 22 x(v) — 0; where v € D, @ D, @ D;.
2,122 222 x(v) — 0; where v € D;s @ D, ® Ds.
. mezz(i)xzz(i)x(v) — 0; where v € Dy; @ D; @ Ds.
o 2,223 220 x(v) — 0; where v € D;;, ® D; @ D;.
e 23x2,, 22D x(v) — 0; where v € D;, ® D; @ D;.
e 23x2Wx2,,2(v) — 0; where v € D;, ® D; @ D;.
. Zz(i)xzmxzz(i)x(v) — 0; where v € Dy; @ D; @ Ds.
. Zz(i)xzz(i)xzmx(v) — 0 ;where v € D;; ® D; ® Ds.
e 2322, 22P x(v) — 0; where v € D;, ® D; ® Ds.
e 2P 23 x 73 x(v) — 0; where v € D,, ® D, ® Ds.
e 29223 x 7P x(v) — 0; where v € D,, ® D, ® Ds.
e 29223 x 2P x(v) — 0; where v € D,, ® D, ® Ds.
e ZW 22 x 23 x(v) — 0; where v € D;; @ D; @ Ds.
e 2Pz x 2P () — 0 ; where v € D;; @ D; @ Ds.
e 2P 22 % M x(v) — 0; where v € D;; @ D; @ Ds.
. anzz(i)xzz(i)x(v) — 0; where v € D;; Q D; ® Ds.
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. anzz(i)xzz(i)x(v) — 0; where v € D;; ® D; ® Ds.
. Zz(i)xzmxzz(i)x(v) — 0; where v € D;; ® D; ® Ds.
e 2P 225 x2,,2(v) — 0; where v € D, ® D; ® D;.
e 29x2,, 222 x(v) — 0; where v € D;; ® D; @ D;.
e 23x2Px2,,2(v) — 0; where v € D, ® D; @ D;.
. Zz(i)mexZle(v) — 0; where v € D;; @ D; ® Ds.

. ZuxZZ(?xZle(v) — 0; where v € D;; @ D; ® Ds.

. Zuxzmxzz(?x(v) — 0; where v € D;; @ D; ® Ds.
2,122 22 x(v) +— 0; where v € Dyg ® Dy @ D;.
e 2Wx2,, 22 x(v) — 0; where v € Dy3 ® Dy @ D;.
e ZWx2Wx2,,2(v) — 0; where v € D, ® Dy ® Ds.
e 2P 223 x 7 (1) — 0; where v € D, ® Dy ® Ds.
e 2P x2W x 7P £ (1) — 0; where v € D, ® Dy ® Ds.
e 20x2W x 2P (1) — 0; where v € D, ® Dy ® Ds.
e 2Px2Px W x(v) — 0 ; where v € Dy ® Dy ® Ds.
e 2Wx2Px 2P x(v) — 0; where v € D, ® Dy ® Ds.
e 2Wx2Px 2P x(v) — 0; where v € D, ® Dy ® Ds.
e 29223 x 2P £ (1) — 0; where v € D, ® Dy ® Ds.
e 29x2P x 7P £ (1) — 0; where v € D, ® Dy ® Ds.
e 2P 228 x 2P (1) — 0; where v € D, ® Dy ® Ds.
e 2P x2P x 7 x(v) — 0; where v € D, ® Dy ® Ds.
. anzz(?xzz(i)x(v) — 0; where v € D13 ® Dy ® Ds.
. anzz(i)xzz(i)x(v) — 0; where v € D13 & Dy ® Ds.
e 2%, 223 x(v) — 0; where v € Dyg @ Dy @ Ds.
e 20x28 x2,,2(w) — 0; where v € D, ® Dy ® Ds.
e 29x2,, 22 x(v) — 0; where v € Dyg @ Dy @ Ds.
e 29x2P x2,,2(v) — 0; where v € D, ® Dy ® Ds.
o 2,122 222 x(v) +— 0; where v € D;3 @ Dy @ D;.
o 2,223 228 x(v) +— 0; where v € Dyg @ Dy @ D;.
e 289%2,, 222 x(v) — 0; where v € Dyg @ Dy @ Ds.
e 2%z x2,,£(w) — 0; where v € D, ® Dy ® Ds.
e 2P x2,, 228 x(v) — 0; where v € Dyg @ Dy @ Ds.
e 2P x2&x2,,2(v) — 0; where v € D, ® Dy ® Ds.
e 20 xZ,,2Z,,2(v) — 0; where v € D;g ® Dy ® Ds.
2,122 22Z,,2(v) — 0 ; where v € Dyg @ Dy @ D;.
o 2,122,227 x(v) — 0; where v € Dyg ® Dy @ Ds.

e 20,42 x2,,2(v) — 0; where v € D;, @ D, ® D,
o 25,422 222 2(v) — 0; where v € D;; ® D @ D,.
. Z3zyzz(i)x221x(v) — 0; where v € D3 ® Dg Q D,
. Z3zyzz(i)x221x(v) — 0; where v € Dy, ® Ds Q D,.
e 22,420 x23 2(v) — 0; where v € Dy, @ Ds @ D,.
o 25,423 222 2(v) — 0; where v € D, ® Ds @ D,.
o 25,423 22,,2() — 0; where v € D;5s ® D, ® D,.
o Z5,42ZP 222 2(v) — 0; where v € D;s ® D, @ D,.
e 22,4222 2(v) — 0; where v € D;s @ D, @ D,.
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e 22,4222 2(v) — 0; where v € D;s @ D, @ D,.

. Z3zyzz(?x2’21x(v) — 0; where v € D ® D3 Q D,.

e 25,4222 P 2(v) — 0; where v € Dy @ D3 @ D,.

e 22,4222 2(v) — 0; where v € Dy @ D3 @ D,.

e 22,4222 x(v) — 0; where v € Dy @ D3 @ D,.

. Z3zyzz(i)xzz(‘;)x(v) — 0; where v € D1y @ D3 ® D,.

. Z3zyzz(?x2’21x(v) — 0; where v € D;; ® D, Q D,.

. Z3zyzz(?xzz(i)x(v) — 0; where v € Dy; @ D, ® D,.

e 25,4222 x(v) — 0; where v € D;; ® D, ® D,.

e 25,4222 2(v) — 0; where v € Dy; ® D, ® D,.

e 22,4222 2(v) — 0; where v € Dy, ® D, ® D,.

. Z3zyzz(i)xzz(‘;)x(v) — 0; where v € Dy; @ D, ® D,.

. Z3zyzz(?x2’21x(v) — 0;where v € D3 @ D; ® D,.

e 20,4222 2(v) — 0; where v € Dy ® D; @ D,.

. Z32y22(?x22(i)x(v) — 0; where v € D;g ® D; ® D,.

. Z32y22(i)xzz(i)x(v) — 0; where v € D;g ® D; ® D,.

. Z32y22(?x22(i)x(v) — 0; where v € D;g ® D; ® D,.

e 20,4222 2(v) — 0; where v € D3 ® D; @ D,.

e 20,4222 2(v) — 0; where v € Dy ® D; @ D,.

¢ 20,420 %251 2(v) — 0; Where v € Dyg ® Dy ® D,

. Z32y22(?x22(?x(v) — 0; where v € Dy ® Dy ® D,.

. Z32y22(?x22(i)x(v) — 0; where v € Dy ® Dy ® D,.

. Z32y22(?x22(§)x(v) — 0; where v € Dy ® Dy ® D,.

. Z3zy)Zz(§)xZZ(i)x(v) — 0; where v € D1y ® Dy ® D,.

. Z3zy)Zz(‘;)xZZ(?)x(v) — 0; where v € D1y ® Dy ® D,.

e 20,4222 2(v) — 0; where v € Dyy @ Dy @ D,.

. z32yz§?xz§?x(v) — 0; where v € D1y ® Dy ® D,.

® Zszgzszyzz(i)x(v) — _§232%Z31z221x621(17); where v € Dy; Q@ Dg @ D
¢ 202922y Z P x(v) > — %Zﬂyzmzzmxaé?(v); where v € D;; ® D, ® D;.
® Zszﬁzszyzz(i)x(v) = _%232%23152215“62(?(17); where v € D14, ® Dg ® Ds.
. Z32yz32yzz(?x(v) — —%Zﬂyznzzuxaz(?(v); where v € D1 ® Ds Q D;.
. Z32yz32yzz(z)x(v) — —%Zﬂyznzzuxaz(?(v); where v € D1 ® D, Q D;.
. Z32yz32yzz(§’)x(v) — —izﬂyznzzuxaz(?(v); where v € D1, ® D3 Q D;.
. Z32yz32y22(3)x(v) — —iz”yzuzzuxag?(v); where v € D13 ® D, Q D;.
. Z32yz32yzz(io)x(v) — —ﬁzﬂyznzznxaz(?(v); where v € Do & D; ® D;.
. 2329232@22(1%(17) — —%Zwyzmzzmxaz(?(v); where v € D,, ® Dy & D;.
e 2Py 73 22, 2(v) — 0; where v € D;; ® D, ® D;.

e 2Py 722, 2(v) — 0; where v € Dy, ® D ® D;.

e 2Dy 73 22 x(v) — 0; where v €D, ® Dy ® D;.

e 2P 472 %2, 2(v) — 0; where v € D;5 ® Ds ® D;.

e 2Dy 7z 22 x(v) — 0; where v € D;5s ® Ds ® D;.

e 2Dy 73 223 x(v) — 0; where v € D5 ® Ds ® D

e 2P 47922, 2(v) — 0; where v € D5 ® D, ® D;.
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e 2Dy 75 22® x(v) — 0; where v €D, ® D, ® D,.
« 242 %2 x(v) — 0; where v € D;s ® D, ® D;.
. Z(Z)yz(g)xz(4)x(v) — 0; where v € D4 ® D, ® D;.
e 2Py 7z x2, 2(v) — 0; where v € D;, ® D; ® D;.
e 2Dy 7922 x(v) — 0; where v €D, ® D; ® D.
e 2Py 72 223 x(v) — 0; where v €D, ® D; ® D,.
. Z(Z)yz(g)xz(s)x(v) — 0; where v € D;; @ D3 Q D;.
e 2Dy 7z x2® x(v) — 0; where v €D, ® D; ® D,.
e 2Py 78 22, 2(v) — 0; where v € D3 ® D, ® D;.
. Z(Z)yzmxz(z)x(v) — 0; where v € D1 ® D, ® D;.
e 2Dy 79223 x(v) — 0; where v €D,y ® D, ® D,.
« 20423 %20 x(v) — 0; where v € ;g ® D, ® D;.
e 22423 22® 2(v) — 0; where v € D,y ® D, ® D;.
. Z(z)yz(4)xz(5)x(v) — 0; where v € D13 ® D, ® D;.
e 2Py 79 %2, 2(v) — 0; where v € D1y @ D; ®@ D;.
e 2P 478 x2® x(v) — 0; where v € D,y ® D; @ D;.
« 2042 x2x(v) — 0; where v € D;y ® D; ® D;.
. Z(z)yzmxzmx(v) — 0; where v € Do ® D; ® D;.
. Z(Z)y)ZZ(‘;)xZ(B)x(v) — 0; where v € D19 ® D; & D;.
« 204222 P x(v) — 0; where v € D;s ® D; ® D;.
. Z(z)yz(s)xz(s)x(v) — 0; where v € Do ® D; ® D;.
e 2Py 70927, x(v) — 0; where v € D,y ® Dy ® D;.
e 2Dy 79 x2® x(v) — 0; where v € D,y ® Dy ® D;.
e 2Dy 73 228 x(v) — 0; where v € D,y ® Dy ® D;.
. Z(z)yz(s)xzmx(v) — 0; where v € D,y @ Dy & D;.
e 2P 47 22D x(v) — 0; where v € D,y ® Dy ® D;.
e 20420 22® x(v) — 0; where v € D,, ® Dy ® D;.
e 2Py 75 22 x(v) — 0; where v € D, ® Dy ® D;.
e 224290223 x(v) — 0; where v € D,, ® Dy ® D;.
® ZoyyZayyZ1 (V) — 0; Where v € Dy ® Dy, ® Dy
hd Z(Z)/y,z32yz(4)x(v) = 2232’9)231522195621631(77) -

izwyzmzzuxaz(?an(u) where v € D3 @ Dg ® Dy.

1

M Zéz)y’z32y’z x(v) — 5232’9)23152219502(?031(”) - %‘232’9)23152219562(?632(”); where v € Dy, @ D; @ D,.
1

b Z(Z)/y,znyz x(v) — 5232’9)23152219502(?031(77) - %232%23152219562(?632('7); where v € D;5 ® Dg ® Do.

1
M Z(Z)/y,znyz x(v) — 5232y)2313221x02(‘1})031(v) -
d Z(z)%Zn%Z x(v) — iZ3zy*z31527219502(?031(17) -
M Z(Z)/y,znyz x(v) — 232’9)231322195621 031 (v) —

d Z(z)’%z32’%z(10)x(v) = 52329*23@22195621 031 (v) —
1
° 23(2)’9*232’9*2(1 )x(v) — 5232923132219562(?631(17) +

:—Oz3zyz31z221x62(?632(v); where v € D, ® Ds @ Dy.
iZ32y,Z31Z221x02(?632(v)' where v € D,, ® D, ® D,.
Z32yz31z221x621 0,(v); where v € D13 ® D3 Q Dy.
5232#231322175621 03, (v) ; where v € D1 ® D, ® D
$Z32y»231z221x02(?)032(v); where v € Dy & Dy & Dy.

d Z(z)’%z32’%z(12)x(v) = L27329*23152219562(?)631(U)' where v € Dy; @ Dy ® Dy.

d Z32’%Z(2)
o Z32yZ(2)

(4)95(17) = ——Z3zyZ31Zz21x621 932 (v); where v € Dy3 @ Dg ® Dy.
(S)x(v) — __232%231Z221x621 632(1]) Where v E D14 ® D7 ® DO

o Z32’y)z(2)’y)z(6)x(v) — — 10 Z32%Z31Z221x621 632(1]), Whel’e v E Dls ® D6 ® Do.
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* 24 Z3 Y25 2 (0) > — =239 251 52512007 05, (v); where v € Dy ® Ds @ Do

¢ 25,42P 47 x(v) — —2—11232y,z3lz221xa§§>632(v); where v € Dy, ® D, ® D,

¢ 25,4204z x(v) — —%Z3Zy231z221x62(?632(v); where v € D3 ® D3 ® D,

e 25,42P 42002 (v) — —;Zzgzyzmzznxag?an(v); where v € Dyo ® D, & D,.

e 25,42P 4z 2(v) — 0; where v € D,y ® D; @ D,.

. Z3zyZ§2 y,Z(iz)x(v) — 0 ; where v € Dy; @ Dy ® D,.

e ZG Y2 xZ515(0) o — 1 2359231821205 031 (V) — == Z329.Z31 52512053 95, (v) ; Where v € Dy, ® D, ® D
« ZG Y2 %Z510(0) > — =25y Z312Z51%05 031 (V) — —= Z3,4.Z31 22212057 03, (v); Where v € Dy5 ® Dy ® Do
. z“@z(‘”xz(z)x(v) — — lZ32y)2!31z2,'21x62(i)631(17) — %Z3ZyZ3lzZux62(i)632(v) ;where v € Dy ® Dg & Dy
. Z(g)yz(ﬁ)xzmx(v) — — Z32fy)Z31z221x82(?831(v) — %Z32y23lzzmx62(i)632(v); where v € D1, @ Ds ® D,.
° Z(S)yz(s)xz(z)x(v) — — gz3zfy)Z31z221x82(?831(v) — %Zny)Zmzzuxaz(i)an(v) ; where v € Dig @ Ds Q Dy.
. Z(g)/y)Z“)xZ(S)x(v) — — 2232y231z221x62(?631(v) - §Z32y,231z221x62(?632(v); where v € D16 ® D @ Dy.

o 2(3)%2(7)7522195(”) — _ﬁz32’yvz31zzz1xaz(i)a31(v) - %232’%2315221’562(?632(77) ;Where v € D;; ® Dy ® Do.
° 2(3)';}»2(6)962(2)90(17) — — 2232’%23152219562(?)631(17) - 1_]-8232y231Z221x62(i)632(v); Where v E D17 ® D4, ® Do.
° 2(3)yz(5)xz(3)x(v) — — EZ3ZyZ315221x62(?631(v) — 32324{;231z221x62(?632(v) ; where v € Dy, @ D, ® Dy
° 2(3)’%22(;1:) Zz(i)x(v) — __Z3zy2315221x621 631(17) - _232’%231Z221x621 632(1]) Where v E D17 ® D4 ® DO
o 2(3)%22(3)7522195(”) — __232%231522195621 d3:(v) — Z32yZ31z221x621 032 (v); where v € D13 @ D3 @ D,.
° 2(3)’%22(1) Zz(i)x(v) — — 2;32%231‘822175621 631(17) 105 Z32%Z31Z221x621 632(17) Where v E D18 ® D3 ® Do.
° 2(3)';}»22(? Zz(i)x(v) — __2;32@2315221.75621 631(17) - _Z32yZ31Z221x621 632(1]) Where v E D18 ® D3 ® DO

° Z?EZ /y)ZZ(i) Zz(i)x(v) > _?Z3zy231Z221x621 631(17) - —2329231,82215\?021 632(1]) Where v E DlS ® @3 ® @0
° 2(3)’%22(;1:) Zz(i)x(v) — —22'32@2312221?(1621 631(17) - _232’%231Z221x621 632(1]) Where v E D18 ® D3 ® DO

° Z?EZ ’y)Zz(i)x221x(U) _Z32y231Z221x621 631(17) _Z32y'231Z221x621 632(17) Where v E D19 ® @2 ® @0
o Z(g)%zz(?) Zz(?x(v) = _‘232%23152215“621 031 (v) — _2:32”54*231322175621 03,(v); where v € D1 @ D, ® D,.
o Z(g)%zz(? Zz(?x(v) = = 2329*23152215“621 031 (v) — Z32%Z312221x021 03, (v); where v € D1g @ D, ® D,.
o Z(g)%zz(i) Zz(‘;)x(v) = _‘232%23152215“621 031 (v) — _2:32”54*231322175621 03,(v); where v € Dig @ D, ® D,.
o Z(g)%zz(i) Zz(?x(v) = _‘232%23152215“621 031 (v) — —Z3zyZ31z221x621 03,(v) ; where v € D19 ® D, ® D,.
° Z(S)’y»zz(i) Zz(?x(l?) — __232/%2315221%621 631(17) - _Z32yZ31Z221x621 632(U) Where v E D19 ® DZ ® DO
o Z(g)%zz((i) Zz(?x(v) = __232%23152215“621 031 (v) — —2:329*231322175621 03,(v); where v € D,y ® D; ® D
o Z(g)%zz(?) Zz(?x(v) = _‘232%23152215“621 031 (v) — Z32/y,Z31z221x621 03,(v); where v € D,y ® D; ® D,.

o Z(g)%zz(i) Zz(?x(v) = __2329*231522175621 031 (v) — 4 Z32%Z312221x021 032(v); where v € D,y ® D; @ D
° Z(S)’y»zz(i) Zz(i)x(l?) — __232/%2315221%621 631(17) - Z32’y)Z31Z221x621 632(7]) Where v E DZO ® D]_ ® DO
o Z(g)%zz(i) Zz(?x(v) = __2329*231522175621 031 (v) — — Z32’y*z312221x021 032(v); where v € D,y ® D; ® D
o 2(3)’51)22(? Zz(i)x(l?) — ——Z3z’y»Z31Z221x621 631(17) - Z32%Z31Z221x621 632(1}) Where % E Dzo ® Dl ® DO
. 2(3)yz(10)x221x(v) Z32yZ3lzZZIx621 ds,(v) — Z32y,Z31z221x621 03, (v); where v € Dy,g @ D; Q Dy.
° 2(3)922(;’) Zz(i)x(v) — ——Z32yZ31z221x621 d;3,(v) ; Where v €Dy ® Dy Q Dy

° 2(3)922(‘1‘) Zz(?)x(v) — ——Z324,lZ31z221x621 03, (v) ; where v € Dy; Q Dy ® D,

° 2(3)922(? Zz(i)x(v) — ——Z32yZ31z221x621 03, (v) ; where v € Dy; & Dy Q D,

® Zég)y’zz(i) Zz(i)x(v) = _?2329*231222195621 031(v) ; where v € D,y ® Dy ® D
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o z(”yz(”xz(”x(v) — —%Znyznzznxaz(?)@?,l(v) ;where v € Dy; @ Dy ® D
o Z(3)/y,Z(6)xZ(6)x(v) — —EZ3ZyZ31z221x62(2)631(v) ;where v € Dy; @ Dy ® D
o Z(3)yz(1°)xz(2)x(v) — ——Z32yZ31z221x621 031 (v) ; where v € Dyy @ Dy Q Dy,
o Z(3)yz(ll)x221x(v)(v) +— 0;where v € Dy; @ Dy @ D,.
o Z32y231z22i)x(17) — §Z32y)Z31z2'21x821(v); where v € D, ® Dg Q D,.
. Z32y231z22(i)x(17) — %Z3zy)Z31z221x82(?(v);Where v€D;QD;, ®Dy.
. Z32y231z22(i)x(17) — 1—10232yZ31Z221x82(?(v);where V€D, Q@ Dy Q Dy
o Z32/y,Z3lzZZ(§)x(v) — %Z32y,Z31z221x62(‘;)(v);Where v EDis @ Ds ® D;.
o Z32/y,Z3lzZZ(?x(v) — %Z32y,Z31z221x62(i)(v);Where VE D ®D, R D;.
o Z32/y,Z3lzZZ(Z)x(v) — %Z32y,Z31z221x62(?(v);Where vE€Dy; @ D; ® Ds.
o Z32/y,Z3lzZZ(?)x(v) — iZ324_/,,2'31z,’Z21x@2(?(v)'Where vEDg®D, ®D;.
. Z32yz3lzz x(v) — — Z32yz315221x621 (v);where v € D1y & D; ® Dy
. Z32yZ3lzZZ(1 )x(v) — 5523zyz3lz221x621 (v);where v € D,y ® Dy Q D,.
® ZoyyZ3, 42313 (v) — O;where v € Dy ® Dy; ® Dy
e 20423222 x(v) — §Z3zyz31z221x631(v);Where v € D1, ® Dy @ Dy.
Zéi)yznzzz(i)x(v) = 2232’%2315221”621631(17) - i2"32%23152217562(?632(U); where v € D;3 ® Dg & D
o Z(Z)y)ZMZZZ(‘;)x(v) — 1Z32y231Z221x621 3, (v) — Z32y;Z31z221x62(i)632(v); where v € D1, ® D; @ Dy
o Z(Z)y)ZMZZZ(l)x(v) — — Z32y23lzznx621 d5,(v) — Z32y,Z31Z221x62(‘;)632(v); where v € D;: ® Dg ® Dy
o Zéz)y)anZ x(v) — 1SZ3ZyZ31ZZZIx621 3, (v) — —Z32y,Z31Z221x62(i)632(v)' where v € D;6 ® D ® Dy
e 28425132 x(v) — iznyzmzznxaz(i)an(v) - azuyzmzznxau 03, (v); where v € Dy; @ D, ® D,
o Zéz)y)anZ x(v) — — Z32y231z221x621 05, (v) + Z3ZyZ31Z221x621 d35,(v) ; where v € D13 @ D3 @ D,.
e 2947220 x() — —Z32yz31z221x621 03, (v) + Z32yz31z221x621 d3,(v); where v € D1 ® D, ® D,.
© 204231527 (V) > — Z3,92312201 205 031 (V) + 7= 2524231522, 205; 03, (v); where v € Dy @ D; ® Dy
0 20423220 2(v) — 30232yz31z221x621 631(v),where v € Dy; @ Dy ® Dy
Proposition (3.4):

The map o5 defined above satisfies (3.3).
Proof: We can see that for some terms:

* (Oatyz, + 02 © Oreyne, ) (2212221225, 2(v) ); where v € Dy, ® Dy @ D5
=0, (220225, 2(v) — 2 2,102 2(0) + 2312251205, (v) ) = 0.

o (6M3L2 +0,0 6M3MZ) (ZleZZ(i)xZZ(i)x(v)); where v € D5 ® D3 ® D3
=0, (4 ZWxZP x(v) — 10 2y 220 x(V) + 25122 20 (v)) = 0.

. (6M3£2 + 0,0 6M3M2) (2324,1232@;22(?%(1])); where v € D, @ Dg ® D,
=03 (2 Z(i)y)Z(S)x(v) - Z32y22(i)x632(v)) - Z32yzz(i)x631(v) + 0y (232’9’232%62(? (U))

2 1
= —5232y221 x631(v) - 5232%231362(?(77) -3 232%‘22(?’5321332(17)-
And

1
(51;31;2 +o0,0 5L3M2) <_ §Z32y»Z31Z221x621(v))

1 1 1 2
=03 (5221752217563%)621(”)) 3 Z32/y)22(i)x632621(v) + ) (§Z32’9’232’9’62(?621(U)) 3 Z32%Z31562(?(V)



Hassan et al, Babylonian Journal of Mathematics Vol. 2024, 132-151

1 2 1
= _5232”4’22(?95631(77) - 5232%231362(?(17) -3 Z32y,22(i)x821832(17).

° (5M3£2 toy° 6]‘/[3]‘/[2) (232%232’9’22(11)75(17)) ; where v € Dyg ® Dy ® Dy

=03 (2 Zég)/y,zz(il)x(v)) - Z32yZ§11)x632(v) - UZ(Z3ZyZ§1O)x631(v) + 232%232’%62(11)(‘7))
1 2

=- gzsz’y*zz(i)xaz(?)asl(v) - HZ32’9)231Z62(10) ).

And

1
(5L3L2 +0y0 5L3M2) <— —Z32yZ31z221x62(2)(v))
1 1
=0 ( 221?52217563(?6(9)(17)) ~ 0 Z32y22(?x6320(9)(v) + o <;Z32y,232y62(?6(9) (v)) - — Zgzyzﬂza(m)(v)
2
=— E,zg,zy,zg)xaz“p031(u) — = Z3%Z5 2059 (1),

¢ (Bryz, + 02 ° Oreye,) (239257 2 2512(v) ); where v € Dy; ® D, ® Dy
=0, (2(3)x221x6(2)(v) + Zz(i)x221x632631(v) + 221x221x6(2)(v) 4 Zg)yzg)x(v) + ZQ) (3)90621(1]))

* (8ryz, + 02 © Saeynr, ) (23242324 Z3,4(v)); Where v € Dy @ Dy, ® D,
=02 (2 Zs(é)’y’zsz%(v) -2 Zszyzzg)%(v) + 232%232%632(17)) =0

¢ (Bryz, + 020 Or0yo0,) (25392324257 2(v) ); where v € D3 ® Dy ® D,
=0, (3 Zgz)yzz(?x(v) — Zéi)yzz(‘;)xan(v) — z_,fﬁ)yzz(i’xa_,,l(v) + Z_,Ei)yzg,zya(‘” (v))
= %Z?)Z’yZ(Z) 6(2)(17) - Z32y;ZZ(i) az(i)a(Z)(v) - —Z32y»Z31Z(3m 632(17) E Zngyzzzi)x621a32631(v) +

5232%2315321 031 (v).
And

(8cyc, + 02 © 8r306,) (5 2522518221 %021 051 (v) — i232y,231z221x62(i)632(v))
p) (—2221952219603(;)021631(1])) + % 232923 %03,0,105, (V) + 0, (%232’9/’232%62(?621631(17)) +
= Z304%231205105,05, (v) +
( meZleag 6(2)632(17)) - i Z32922(?x63202(?632(v) +
02 (‘232?/’232%3 21)532(77)) - < 232’9)231362162(?632 ()
—Z32yz(2) 6(2)(17) - —Zszy*zz(i) 62(?6(2)(17) - 22329*231362(?632(”) - % Z32y,22(?x621032031(v) +
32#2313621 931 ().

1
3

° (5M3Lz toy0 5M3M2) (Z 32 ’9)232%2(12)95(17))' where v € Dy; ® Dy Q Dy
=0, (3254237 xv)) - Z§§)yz(“)xagz(v> = 0,(2 9253 203, () + 23 4 Za,905,7 )

zgzszﬁzz(i)xa(s)a(z)(v) += 2329*2315621 631(17)
And

(8cyz, + 02 °8230,) (uo,zﬂyzmzzuxa21 631(17))
=0, (—imemeaé)a 631(17)) + — Z3ZyZ(2)x8328§2)631(v) -

(110232/5;232@,62(? 080, () + 7o z3zyz31zama§‘i>am(v) = 1 25,420x00P v) +
HZ3zyzglz621 631(17).



Hassan et al, Babylonian Journal of Mathematics Vol. 2024, 132-151

* (8atyz, + 02 ° Oaeyne,) (Z32yZ(2) (4)x(17)) where v € D13 ® Dg ® D,

=0, (3 Z(S) (4)x(17) Zsz%zz(?xa@)(v) Zgz’y’zz(i)xaszam(v) -
Z30y 253 205Y (0) + Zayy 253 y o) (v))

= —§Z32/yy22(i)x6(2)6(2)(v) Z32/y;Z31Z321 93, (v) — §Z32fy»22(i)x621632631(v).

And

(5L3L2 +0y0° 5L3M2) <_3232%23152217582(?632(”))

= 02 ( Zle221xa3§)6(2)632(v)> - = Z32’y&z(2)x63262(i)632(v) +

02 (5232’32232%6 632(17)) -3 Z32%Z31Z82162(i)632(17)
2
= —§Z32y,22(?x62(?6(2)(v) Z32yZ31z621 d5,(v) — —Z32y221 205,035,031 (V).

(5M3L2 + 0,0 5M3Mz) (Z32yZ( yZ(lz)x(v)) ; where v € D,; @ Dy, ® D,
=02 (3 Zg(i)yz(mx(v)) - Z32y2(12)x63(§) (v) - 2’32({42(11)90632631(17) -
-z Z(10) 6(2) z Z(Z) 6(12) _ —Z Z(Z) 6(8)6(2) _ Z Z(Z) 6(8)6(2) =0
0, (23,42, 2057 (V) + 23,4 2354 ) 32YL,y1 X @) 32YLy X @) =0.

135

(6M3L2 + 0,0 6M3M2) (2'3(2 yZz(i)xan(v)); where v € D, @ D; ® D,

= 0-2 (221 xZZIxa(Z)(U) + Z(S)x221xa§§)a31(v) + Zz(i)x221x6326§i)(v) +
221;\5221;\:6351)(17) - Z3( Zz(i)x(v) + Zéz yzz(f)xam(v))

= = 223,423 20,0 ) — £ 23,423 203005 (W) — 2 23,425,200

= 32Y X031 ) 32Y 21 ) 32423130, 03,(V)
_gzzz’yfzz(i)xan 632631(17) - 3232’%2315621 631(17).

And

-1 1
(51:31:2 +oy0 5L3M2) (_232%23152219562(?631(”) - Ezsz’yﬂzuzznxaz(i)an(v))

= 0'2 ( 22196221%632)6(2)631(17)) - Z32yz xa3202(i)a31(17) +

( Z32yZ32/y,6(2)6(2)631(v)) s Z32y,Z31562162(i)631(v) +
0, (—221952219563(2)6 : 632(17)) _1—18 Zszy*zz(i)xawaz(i)aw(v) +

1
( Z32yZ32/y,62(i)6(3)632(v)) T Z32/y;Z31Za2162(i)632(v)
——Z32yZ xama(z)(v) - _Z32yz(2)xa(3)6(2)(v) - —Z32%Z313621 032 (v)
_gzszﬁzz(?xaz% 032031 (v) — 32329*2315621 031 (v).

(5M3Lz toy0 5M3M2) (Zg)y,z(ll)xzux(v))' where v € Dy; ® Dy @ Dy
= Zz(il)x221xa?53) (17) + Z(lo)x221xa 631(17) + Z(g)x221x632631) (17) +
0,( 28 22,20 (w) — 12 Zmyz(lo)x(v) + 23y 2520, () = 0.

¢ (Bryz, + 02 ° Orgyo,) (22292312257 2(v) ) where v € D, ® Dy ® D,
=02 (Zzg)’y’zz(i)x(v) - Zz1xzz(i)xa3(§)(v) + Z32/y)22(i)x632(v) -
Z32y232962(f)(v)) + Z32y»Z31z62(?(v) = %2,'32@22(?%631(17) + 2232’9»231562(?(17) + %Zgzyazz(i)xauan(v)-
And
(5L3L2 +oy0 5L3MZ) (§Z32”!’/’Z315221x621(”))
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= 02( 221x221x632 621(17)) +z Z32y221 x632621(v) < Zsz’y*zszy*au 621(17)) + = 2334231505105, (V)
1
= 5232%221 anl(v) + 5232’9)2315621)(17) + §Z32’El’zz1 x321a32(v).

° (6M3L2 +oy0 5M3M2)(232’y*232y231z(17)); where v € D;y ® Dy; ® Dy
=0, (2 Zzg)’y’zslz(v) —2Z3,92Z3,2(v) + Z32%Z32’y)631(”)) =0.

° (5M3Lz +0,0 5M3Mz)( 32 yZmzZ x(v)) where v € D;, Q@ Dg ® D,
= 02( anz(z) 6(2)(’7) + Zz(i) Zz(i)xasz(v) + Zg)/y,zgzya(g)(v) + Z32yZ31z6 (V))

= 5232%221 x632631(17) + §Z32%Z315621a31(17)-
And

(5L3L2 +0y0° 5L3M2) (1232/54231,8221;\4631(17))

= 02( 221x221x632 831(17)) +z 232%221 203,03, (V) — ( Z32yZ32y621 631(v)) + - Z3,4231%0,103,(v)
= %2:32%221 203,03, (V) + 5232%2313621031(17)-

¢ (8152, + 02 ° Or0yp,) (255923152512 (v)) ; where v € Dy ® Dy ® Dy
=03 (9 Zég)’y)z(IZ)x(V)) Zz1xzz(11)xag(§)(v) + Z(Z)%z(lz)xan - 0'2(2(2)%2:32#62(12)(77) + Z(Z)#Zmza(ll)(v))
= = Z5u2; %053 057 (0) + 5 2529231205, 95, (v).
And
(8c,z, + 02 °620,) (izzzyzslzzuxaz(?an(U))

=03 ( 221;\:22155632)6(9)631(17)) +— Z32%Z xa3262(2)631(v) -

( Z32yZ32y6§i)6(9)631(v)) + 232’9’231562162(2)631(77)
—EZ32yZZ(i)x62(§)6(2)(v) +3 232#2315621 631(17)

Eventually, we define the boundary maps in the complex:
7] a a
0 Ly —— Ly —— L —— Ly (5)

where 8, is the operation of indicated polarization operators, d,, d, and d; defined as follows:
° 61(22175(17)) = 621(17), Where v E Dl(] ® Ds ® D3.
 0,(Z3,4(v)) = 03,(v); where v € Dy ® Dy ® D,.
1
o 62(2'32922(?96(17)) =3 Z5120,103,(V) + Z51x031 (V) — 2329’62(?(77); where v € D;; ® Dg Q D,.

® 0,(Z3,423:5(v)) = % Z3,405,0,, (V) — Zuxag(?(v) — Z3,14031(v); where v € Dy ® D1y ® D;.
® 03(25,423132,12(V)) = Z32/y)Zz(i)x632(v) + 23,423,150, (v); where v € D3 ® Dy Q D;.

Theorem (3.5):
The complex (3.4) is exact and in characteristic-zero gives a resolution of K 5y (F).
Proof:
First, we prove the exactness of the complex
d3 02

0 L L, L.
Since one component of the map d; is a diagonalization of D, into D; ® D, it is clear that d5 is injective. To prove the
exactness at £,.
For this, we need to show that:
If v € ker (d,) then 3w € L5 such that d;(w) = v.
If 0,(v) = 0then3 (a,b) € L;M; such that
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é(a,b) = (v,0) € L,®M,, but

6(a,b) =6.,.,(@)+6,,00,(@) + Oaryr, (B) + gy, (B). SO e get:
Or,r,(@)+0p,0,(B) = v

and

81,0, (@) + 8,00, (b) = 0

(6)
(7)

Now if wr = a + o5(b) we can see that d;(w) = v in fact
05(a) = 8r,r,(a) + 05 0 8,0, (a), and

093(03(b)) = Oy, (D) + 02 © Sapuar, (b)), SO

63(“ + 03(b)) =03(a) + 63(0'3(b))

= 8p,r,(@)+05 06,00, (a) + Opryr, (D) + 02 © Spruae, (b)
= 01,0, (@) + 83030, (0) + 0 © (8,06,(@) + By, (D) ).

Hence from (1) and (2), we get 05 (w) = v ; where w = a + 0;(b).
This proves the exactness at £,.

As the same way we can prove the exactness at £;.
Finally, we get the complex:

d3 02 01
0 Ly L, Ly Ly K9,03) (F)—0,

is exact.
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