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A B S T R A C T  
 

This study presents the fuzzy socle small two-Absorbing module and compares it to other fuzzy 

modules, including fuzzy small prime, fuzzy small two-Absorbing, and fuzzy two-Absorbing. 

Numerous aspects found during the investigation and discussion supported the new ideas, which 

fall within the fuzzy hollow, fuzzy chain, and fuzzy multiplication module classes. Discuss the 

connection between this concept and the fuzzy socle small two-Absorbing ideal. To create a 

new fuzzy socle small two-Absorbing, these findings are required. 

 
 

 

 

1. INTRODUCTION 

The definition of a fuzzy subset was initially given by Zadeh [1] in 1965. Rahman and Saikia [13] developed the idea of a 

fuzzy small sub-module. Assume that X is a fuzzy module of a T-module G and that P is a fuzzy sub-module of X. If P 

means that 𝑃 + 𝑆 ≠ 𝑋 for every suitable fuzzy sub-module S of X, then P is a fuzzy tiny sub-module of X. Hatam and 

Wafaa coined the idea of a fuzzy small prime sub-module [8]. If and only if fuzzy singleton is present, then fuzzy sub-

module P of fuzzy module X of T-module G is considered legitimate 𝑎𝑠  𝑜𝑓 T and 𝑥𝑣 ⊆ 𝑋 ,∀𝑠,𝑣 ∈ [0,1], with 〈𝑥𝑣〉 ≪ 𝑋 

and 𝑎𝑠𝑥𝑣 ⊆ P, implies either 𝑥𝑣 ⊆ P 𝑜𝑟 𝑎𝑠 ⊆ (P:𝑋). Additionally, the fuzzy Two-Absorbing sub-module was proposed by 

Wafaa and Hatam [3]: Assume A 𝑓𝑢𝑧𝑧𝑦 𝑠𝑢𝑏-𝑚𝑜𝑑𝑢le A T-module G's fuzzy module is 𝑈 𝑜𝑓 𝑋 if 𝑞𝑠𝑟𝑏𝑚𝑡 ⊆  𝑈, with 

each 𝑡, 𝑏, 𝑠 ∈  [0;  1], either 𝑞𝑠𝑚𝑡  ⊆  𝑈 or 𝑟𝑏𝑚𝑡  ⊆  𝑈, or 𝑞𝑠  𝑟𝑏  ⊆  [𝑈 ∶  𝑋] if 𝑚𝑡 is fuzzy. Wafaa and Hatam [8] also 

proposed a fuzzy small Two-Absorbing sub-module in (2018): Assume X is a f𝑢𝑧𝑧𝑦 𝑚𝑜𝑑𝑢𝑙𝑒 and a 𝑓𝑢𝑧𝑧𝑦 𝑠𝑢𝑏-𝑚𝑜𝑑𝑢𝑙𝑒 

𝐾 𝑜𝑓 𝑋 is named fuzzy small Two-Absorbing if 𝑞𝑠 𝑟𝑛 𝑚𝑡 ⊆ 𝑈,with 𝑞𝑠, r𝑛 𝑓𝑢𝑧𝑧𝑦 𝑠𝑖𝑛𝑔𝑙𝑒𝑡𝑜𝑛 𝑜𝑓 T and < 𝑚𝑡 >≪ 𝑋, thence 

that choice of 𝑞𝑠𝑚𝑡  ⊆  𝑃 or 𝑟𝑛𝑚𝑡  ⊆  𝑃 or 𝑞𝑠  𝑟𝑛  ⊆  [𝑃 ∶  𝑋] for each 𝑡, 𝑠, 𝑛 ∈  [0;  1].  
The fuzzy socle small Two-Absorbing module is a fuzzy extension of the fuzzy small prime module and fuzzy small 

Two-Absorbing module concepts. This article consists of two sections. We list a number of key words and traits that we 

will require in the first section. Part two examines the fuzzy Socle small Two-Absorbing module's outputs, outcomes, and 

a number of important aspects.Note that: The notations fzy ideal, fzy sub-module, fzy singleton, fzy Socle and fzy 

module represent the fuzzy ideal, fuzzy sub-module, fuzzy singleton, fuzzy Socle and fuzzy module. 

 
2. PRELIMINARIES  
This part covers the many foundational ideas and any preconditions they might have for the next section. 
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Definition 2.1[1]:  

Let I be an interval [0,1] of the real line (real number) and S be a non-empty set. A function from S into I is a fzy set A in 

S (a fzy subset of S).  

 

Definition 2.2 [5]: 

Assume 𝑥𝑢: 𝑆 → 𝐼 be a fzy set in S, defined by: 𝑥 ∈ 𝑆, 𝑢 ∈ 𝐼 so 

𝑥𝑢(𝑛) = {
𝑢 𝑖𝑓 𝑥 = 𝑛
0 𝑖𝑓 𝑥 ≠ 𝑛 

 , 𝑥𝑢 is named fzy singleton in S. 

If 𝑥 = 0 and 𝑢 = 1, then 01(𝑛) = {
1 𝑖𝑓 𝑛 = 0
0 𝑖𝑓 𝑛 ≠ 0 

  

 

Definition 2.3 [2] 

Assuming that P is a fzy set in S, the set 𝑃𝑡 =  {𝑥 ∈  𝑆; 𝑃(𝑥)  ≥  𝑡} For all 𝑡 ∈ 𝐼, is named a level subset of P, if P is a fzy 

set in S. In the ordinary sense, P𝑡 is a subset of S; remember that.. 

 

Definition 2.5 [12] 

Suppose D is a T-module. A T-module's fzy module is a fzy set X of D.  if  

1- 𝑋 (𝑛 − 𝑚)  ≥ 𝑚𝑖𝑛 (𝑋 (𝑛), 𝑋 (𝑚), ∀ 𝑛, 𝑚 ∈  𝐷}. 

2- 𝑋(𝑟𝑛)  ≥  𝑋 (𝑛) ∀ 𝑛 ∈  𝐺 𝑎𝑛𝑑 𝑟 ∈  𝑇.  

3- 𝑋(0)  = 1. 

 

Definition 2.6 [9] 

Let X and P be two fzy 𝑚𝑜𝑑𝑢𝑙𝑒𝑠 𝑜𝑓 T-module D If 𝑃 ⊆  𝑋, then P is a fzy sub-module 𝑜𝑓 𝑋.  

 

Proposition 2.7 [2] 

Make a T-module of D's fzy set P. The level subset 𝑃𝑙 , 𝑙 ∈  𝐼 then is a 𝑠𝑢𝑏-𝑚𝑜𝑑ule 𝑜𝑓 D 𝑖𝑓 P 𝑖𝑠 𝑎 fzy 𝑠𝑢𝑏-𝑚𝑜𝑑ule 𝑜𝑓 𝑋 

where X is an fzy 𝑚𝑜𝑑𝑢𝑙𝑒 𝑜𝑓 𝑎 T-MODULE D 

 

Definition 2.8 [12] 

A fzy 𝑖𝑑𝑒𝑎  of a rin D T is defined as a fzy −𝑠𝑢𝑏𝑠𝑒𝑡 𝐾 if ∀𝑛, 𝑚 ∈ 𝑇∶  
1) 𝐾(𝑛 − 𝑚)  ≥  𝑚𝑖𝑛 {𝐾(𝑛), 𝐾(𝑚)} 

2) 𝐾(𝑛𝑚)  ≥  𝑚𝑎𝑥 {𝐾(𝑛), 𝐾(𝑚)} . 
Definition 2.9 [12] 

Two fzy 𝑠𝑢𝑏-𝑚𝑜𝑑ules 𝑜𝑓 𝑎 fzy 𝑚𝑜𝑑𝑢𝑙𝑒 𝑋 should be P and S. (𝑃 ∶ 𝑆) represents the residual quotient of P and S, which 

is the fzy 𝑠𝑢𝑏𝑠𝑡 𝑜𝑓 T defined as: 

(𝑃 ∶  𝑆)(𝑟)  =  𝑠𝑢𝑝{𝑙 ∈  [0: 1]: 𝑟𝑙𝑆 ⊆ 𝑃}, ∀ 𝑟 ∈  𝑇.𝑇ℎ𝑎𝑡 (𝑃 ∶  𝑆)  =  {𝑟𝑡: 𝑟𝑡𝑆 ⊆  𝑃; 𝑟𝑡  is a fzy -singleton of T}.  

I𝑓 S =<  𝑥𝑘  > ,𝑡ℎ𝑒𝑛 (𝑃 ∶<  𝑥𝑘  >)  =  {𝑟𝑡: 𝑟𝑡  𝑥𝑘 ⊆  𝑃: 𝑟𝑡  𝑖𝑠 𝑎 𝐹𝑧𝑦 − 𝑠𝑖𝑛𝑔𝑙𝑒𝑡𝑜𝑛 𝑜𝑓 𝑇}. 

 

Proposition 2.10 [10] 

Assume that P and S are two fzy sub-modules of fzy module X of a T-module  D. (𝑃 ∶ 𝑆) is therefore a fzy ideal of T. 

 

Definition 2.11 [12] 

Assume that P and Q are two fzy sub-modules of  D, which is a T-module. The definition of an addition is 𝑃 + 𝑄. by:  

(𝑃 +  𝑄)(𝑢)  =  𝑠𝑢𝑝 {𝑖𝑛𝑓 {𝑃(𝑒), 𝑄(𝑔)} 𝑤𝑖𝑡ℎ 𝑢 =  𝑒 + 𝑔, ∀ 𝑢, 𝑒, 𝑔 ∈  𝐺}. Moreover, 𝑃 +  𝑄 is a fzy sub-module of a 

T-module  D.  

 

Corollary 2.12 [9] 

For every fzy singleton , 𝑡𝑘of T, 𝑡𝑘  𝑛𝑙  =  (𝑟𝑥)𝜆,, where λ = min{l, k}, if X is a fzy module of a T-module  D and  𝑛𝑙⊆ X. 

 

Definition 2.13 [7] 

If and only if X contains only petty fzy sub-modules, then X is fzy simple (in fact, X is fzy simple iff X has just 01 and 

itself). Let X be a fzy module of a T-module  D. 

 

Definition 2.14 [10] 
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When X is the sum of its simple fzy sub-modules, it is referred to as semi-simple. Moreover, 𝐹zy − 𝑆𝑜c(𝑋) represents the 

Fzy Socle of X, which is the sum of the simple fzy sub-module of X. When X equals 𝐹zy − 𝑆𝑜𝑐 (𝑋), it is regarded as 

semi-simple. 

Definition 2.15 [6] 

If X is a fzy module of a T-module  D and 𝐹𝑧𝑦 − 𝑎𝑛𝑛𝑋 =  01, then X is  fzy faithful module. Where 𝐹𝑧𝑦 − 𝑎𝑛𝑛𝑋 =
{𝑡𝑘: 𝑡𝑘  𝑢𝑙 = 01; ∀ 𝑢𝑙  ⊆  𝑋 𝑎𝑛𝑑 𝑡𝑘  𝑏𝑒 𝑎 fzy 𝑠𝑖𝑛𝑔𝑙𝑒𝑡𝑜𝑛 𝑜𝑓 T} 

Definition 2.16 [7] 

Make X a fzy module of  D as a T-module. X is called a multiplication fzy module iff there is a fzy 𝑖𝑑𝑒𝑎𝑙 K of T such 

that 𝐴 =  𝐾𝑋. 

 

Proposition 2.17 [7] 

     A 𝑓𝑧𝑦 − 𝑚𝑜𝑑𝑢𝑙𝑒 𝑋 𝑜𝑓 𝑎 𝑇 − 𝑚𝑜𝑑𝑢𝑙𝑒 𝐷 is multiplication if and only if every non-empty fzy sub-module  𝑃 𝑜𝑓 𝑋 

such that 𝑃 =  (𝑃 ∶ 𝑋)𝑋. 

 

Lemma 2.18 [16] 

As the T-module, make X the fzy module of  D. 𝐹𝑧𝑦 − 𝑆𝑜𝑐(𝑇)𝑋 =  𝐹𝑧𝑦 −  𝑆𝑜𝑐(𝑋) if  D is a faithful multiplication T-

module in this case. 

 

Definition 1.19 [7]  

If 𝑥𝑠  ⊆  𝑋 such that 𝑔𝑧  ⊆  𝑋, expressed as 𝑔𝑧  =  𝑒𝑙  𝑥𝑠 for some fzy singleton 𝑒𝑙 of T, then a fzy module X of a T-

module  D is referred to as a Fzy cyclic module, where 𝑧, 𝑙, 𝑠 ∈  𝐼 in this case, write 𝑋 =<  𝑥𝑠  > to denote the Fzy- cyclic 

module generated by 𝑥𝑠. 

 

Definition 2.20 [4] 

𝑋 is referred to as a finitely produced Fzy module if X is a fzy module of a T-module  D. if there exists 𝑥1, 𝑥2, 𝑥3, …  ⊆  𝑋 

such that = {𝑎1(𝑥1)𝑣1 +  𝑎2(𝑥2)𝑣2  + ⋯ +  𝑎𝑛(𝑥𝑛)𝑣𝑛 } , where 𝑎𝑖  ∈  𝑇 𝑎𝑛𝑑 𝑎(𝑥)𝑣  =  (𝑎𝑥)𝑣 , ∀𝑣 ∈ 𝐼. 

Where (𝑎𝑥)𝑣(𝑔) = {
𝑣     𝑖𝑓 𝑔 = 𝑎𝑥 
0                𝑜. 𝑤.

  

 

Definition 2.21 [4] 

A Fzy cancellation module is a fzy module of a T-module  D if KX=LX, where K and L are Fzy-ideals of T, and then 

K=L. 

Proposition 2.22 [4]  

A fzy module X is named cancellation module if it is a Fzy faithful finitely generated multiplication of a T-module  D. 

 

Definition 2.23[13] 

A Fzy small ideal of T is said to have H(0) = 1 if it is a Fzy small sub-module of a Fzy module X of a T-module T.   

Definition 2.24 [14] 

 A fzy module X of a T-module  D, with 𝑋 ≠ 01 is called a Fzy-hollow module if for every Fzy sub-module A with 𝐴 ≠
𝑋, implies that 𝐴 ≪ 𝑋. 

 

Definition 2.25 [15]:  

  Let X be a fzy module of a T-module  D, then X is called a Fzy chained module if for each fzy sub-modules A and B of X 

then either 𝐴 ⊆ 𝐵 or 𝐵 ⊆ 𝐴.  

 

Proposition 2.26 [16] 

If X is a fzy module of  D and  D is a faithful multiplication of a T-module, then 𝐹𝑧𝑦 −  𝑆𝑜𝑐(𝑋)  =  𝐹 −  𝑆𝑜𝑐(𝑇)𝑋. 

 

Remark 2.27 [16] 

If a faithful multiplication fzy module X of a T-module  D has a fzy sub-module P, then (𝑃: 𝑋) + 𝐹𝑧𝑦 − 𝑆𝑜𝑐(𝑇) ⊆
(𝑃 + 𝐹 − 𝑆𝑜𝑐(𝑋): 𝑋) 

 

3. Fzy Socle Small Two Absorbing Modules 

Definition 3.1: 
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  A fzy module X of a T-module D is called a Fzy Socle small 𝐓wo 𝐀bsorbing module (shortly Fzy Soc-STA) if 01 is a 

Fzy Soc-STA sub-module; that is if 𝑠𝑎𝑦𝑏𝑥𝑣 ⊆ 01 for fzy singletons 𝑠𝑎 , 𝑦𝑏 of T and < 𝑥𝑣 >≪ 𝑋 where a, b, v ∈I, then 

either 𝑠𝑎𝑥𝑣 ⊆ 01 + 𝑓𝑧𝑦 − 𝑆𝑜𝑐(𝑋) or 𝑦𝑏𝑥𝑣 ⊆ 01 + 𝑓𝑧𝑦 − 𝑆𝑜𝑐(𝑋) or 𝑠𝑎𝑦𝑏 ⊆ (01 + 𝑓𝑧𝑦 − 𝑆𝑜𝑐(𝑋): 𝑋). 

Proposition 3.2: 

  Let X be a fzy module of a T-module  D, if X is Fzy small prime module, then X is Fzy Soc-STA module. 

Proof: 

  Let 𝑠𝑎𝑦𝑏𝑥𝑣 ⊆ 01 for fzy singletons 𝑠𝑎 , 𝑦𝑏 of T and < 𝑥𝑣 >≪ 𝑋 where a, b, v ∈I, then 𝑦𝑏𝑥𝑣 ⊆ 01 or 𝑠𝑎 ⊆ (01: 𝑋), hence 

𝑦𝑏𝑥𝑣 ⊆ 01 + 𝑓𝑧𝑦 − 𝑆𝑜𝑐(𝑋) or 𝑠𝑎𝑦𝑏 ⊆ (01 + 𝑓𝑧𝑦 − 𝑆𝑜𝑐(𝑋): 𝑋). Thus, X is a fzy Soc-STA module. 

Remark 3.3:  

  The converse of proposition 3.2, is not true in general, for example: 

Let 𝑋: 𝑍12 → 𝐼 such that 𝑋(𝑔) = {
1 𝑖𝑓 𝑔 ∈ 𝑍12

0    𝑜. 𝑤
 

It is clear X is a fzy module of 𝑍12 as Z-module. 

01(𝑔) = {
1 𝑖𝑓𝑔 = 0
0 𝑖𝑓𝑔 ≠ 0

 

𝑓𝑧𝑦 − 𝑆𝑜𝑐(𝑋)(𝑔) = {

1

2
 𝑖𝑓 𝑔 ∈ (2)

0 𝑖𝑓 𝑔 ∉ (2̅)
 

(01 + 𝑓𝑧𝑦 − 𝑆𝑜𝑐(𝑋))(𝑔) = {
1 𝑖𝑓g ∈ (2̅)

0 𝑖𝑓 𝑔 ∉ (2̅)
 

(01 + 𝑓𝑧𝑦 − 𝑆𝑜𝑐(𝑋): 𝑋)(𝑔) = {

1

3
 𝑖𝑓 𝑔 ∈ 2𝑍

0 𝑖𝑓 𝑔 ∉ 2𝑍
 

(01: 𝑋)(𝑔) = {

1

4
 𝑖𝑓 𝑔 ∈ 12𝑍

0 𝑖𝑓 𝑔 ∉ 12𝑍
  

X is Fzy Soc-STA module since 21
4

∙ 11
3

∙ 6̅1
6

= 01
6

⊆ 01 and < 6̅1
6

>≪ 𝑋, then 21
4

∙ 6̅1
6

= 01
6

⊆ 01 + 𝑓𝑧𝑦 − 𝑆𝑜𝑐(𝑋) or 11
3

∙

6̅1
6

= 61
6

⊆ 01 + 𝑓𝑧𝑦 − 𝑆𝑜𝑐(𝑋) or 21
4

∙ 11
3

= 21
4

∈ (01 + 𝑓𝑧𝑦 − 𝑆𝑜𝑐(𝑋): 𝑋) since (01 + 𝑓𝑧𝑦 − 𝑆𝑜𝑐(𝑋))(0) = 1 >
1

6
, 01 +

𝑓𝑧𝑦 − 𝑆𝑜𝑐(𝑋)(6) = 1 >
1

6
 and (01 + 𝑓𝑧𝑦 − 𝑆𝑜𝑐(𝑋): 𝑋)(2) =

1

3
>

1

4
, but X is not a Fzy small prime module since 21

6
∙

6̅1
3

= 01
6

⊆ 01 with < 6̅1
6

>≪ 𝑋, but 61
3

⊈ 01 and 21
3

⊈ (01: 𝑋) since (01: 𝑋)(2) = 0 ≯
1

3
. 

Remark 3.4: 

 Every Fzy small Two Absorbing module is a Fzy Soc-STA module module. However the converse is not true, for 

example: 

Let 𝑋: 𝑍32 → 𝐼 such that 𝑋(𝑔) = {
1 𝑖𝑓 𝑔 ∈ 𝑍32

0    𝑜. 𝑤
 

It is clear X is a fzy module of 𝑍32 as a Z-module. 

01(𝑔) = {
1 𝑖𝑓 𝑔 = 0
0 𝑖𝑓 𝑔 ≠ 0

 

𝐹𝑧𝑦 − 𝑆𝑜𝑐(𝑋)(𝑔) = {

1

3
 𝑖𝑓 𝑔 ∈ (16̅̅̅̅ )

0 𝑖𝑓 𝑔 ∉ (16̅̅̅̅ )
 

(01 + 𝐹𝑧𝑦 − 𝑆𝑜𝑐(𝑋))(𝑔) = {
1 𝑖𝑓 𝑔 ∈ (16)

0 𝑖𝑓 𝑔 ∉ (16)
 

(01: 𝑋)(𝑔) = {

1

6
 𝑖𝑓 𝑔 ∈ 32𝑍

0 𝑖𝑓 𝑔 ∉ 32𝑍
 

X is Fzy Soc-STA module since 21
4

∙ 21
4

∙ 8̅1
3

= 01
4

⊆ 01 and < 8̅1
3

>≪ 𝑋, then 21
4

∙ 81
3

= 161
4

⊆ 01 + 𝐹 − 𝑆𝑜𝑐(𝑋), since 

(01 + 𝐹 − 𝑆𝑜𝑐(𝑋))(16) = 1 >
1

4
, but X is not a Fzy small Two Absorbing module since 21

4
∙ 81

3
= 161

4
⊈ 01 and 21

4
∙

21
4

= 41
4

⊈ (01: 𝑋) since (01: 𝑋)(16) = 0 ≯
1

4
. 

 

Proposition 3.5: 
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  Let X be a fzy module of a T-module D, if X is Fzy Two Absorbing module, then X is Fzy Soc-STA module. 

Proof: 

 Let 𝑠𝑎𝑦𝑏𝑥𝑣 ⊆ 01 for fzy singletons 𝑠𝑎 , 𝑦𝑏 of T and < 𝑥𝑣 >≪ 𝑋 where a, b, v ∈I, but X is Fzy Two Absorbing module, 

then 𝑠𝑎𝑥𝑣 ⊆ 01 or 𝑦𝑏𝑥𝑣 ⊆ 01 or 𝑠𝑎𝑦𝑏 ⊆ (01: 𝑋), hence 𝑠𝑎𝑥𝑣 ⊆ 01 + 𝑓𝑧𝑦 − 𝑆𝑜𝑐(𝑋) or 𝑦𝑏𝑥𝑣 ⊆ 01 + 𝑓𝑧𝑦 − 𝑆𝑜𝑐(𝑋) or 

𝑠𝑎𝑦𝑏 ⊆ (01 + 𝑓𝑧𝑦 − 𝑆𝑜𝑐(𝑋): 𝑋), then 01 is Fzy Soc-STA sub-module. Thus, X is Fzy Soc-STA module. 

Remark 3.6:  

The converse of proposition 3.5, is not true in general, for example: 

 Let 𝑋: 𝑍12 → 𝐼 such that 𝑋(𝑔) = {
1 𝑖𝑓 𝑔 ∈ 𝑍12

0        𝑜. 𝑤
 

It is clear X is fzy module of 𝑍12 as Z-module.  

Let 01(g) = {
1 𝑖𝑓 𝑔 = 0

0 𝑖𝑓 𝑔 ≠ 0
 

(𝐹𝑧𝑦 − 𝑆𝑜𝑐(𝑋))(𝑔) = {

1

3
 𝑖𝑓 𝑔 ∈ (2̅)

0 𝑖𝑓 𝑔 ∉ (2̅)
 

(01 + 𝑓𝑧𝑦 − 𝑆𝑜𝑐(𝑋))(𝑔) = {
1 𝑖𝑓 𝑔 ∈ (2̅)

0 𝑖𝑓 𝑔 ∉ (2̅)
  

(01: 𝑋)(g) = {

1

8
 𝑖𝑓 𝑔 ∈ 12𝑍

0 𝑖𝑓 𝑔 ∉ 12𝑍
 

Where (01: 𝑋) = 12𝑍 

X is Fzy Soc-STA module since 21
2

∙ 11
6

∙ 61
7

= 01
7

⊆ 01 , < 61
7

>≪ 𝑋 then 21
2

∙ 61
7

= 01
7

⊆ 01 + 𝐹 − 𝑆𝑜𝑐(𝑋), 11
6

∙ 61
7

= 61
7

⊆

01 + 𝐹 − 𝑆𝑜𝑐(𝑋) and 21
2

∙ 11
6

= 21
6

⊆ (01 + 𝐹 − 𝑆𝑜𝑐(𝑋): 𝑋), but X is not Fzy Two Absorbing module since 21
2

∙ 31
6

∙ 2̅1
7

⊆

01

7

⊆ 01, but 21

2

∙ 2̅1

7

= 41

7

⊈ 01, 31

6

∙ 2̅1

7

= 61

7

⊈ 01 and 21

2

∙ 31

6

= 61

6

⊈ (01: 𝑋). 

 

Proposition 3.7: 

Let X be a Fzy hollow module of a T-module  D and 𝐹𝑧𝑦 − 𝑆𝑜𝑐(𝑋) ⊆ 01, then X is a Fzy Two Absorbing module if and 

only if X is Fzy Soc-STA module. 

Proof: 

(⇒) By Proposition (3.5), we get result. 

(⇐) Let X be a Fzy Soc-STA module. To prove X is a Fzy Two Absorbing module. Let 𝑠𝑎𝑦𝑏𝑥𝑣 ⊆ 01 for fzy singletons 

𝑠𝑎 , 𝑦𝑏  of T where a, b, v ∈I, since X is Fzy hollow, then < 𝑥𝑣 >≪ 𝑋, and X is a Fzy Soc-STA module, so that 𝑠𝑎𝑥𝑣 ⊆
01 + 𝐹𝑧𝑦 − 𝑆𝑜𝑐(𝑋) or 𝑦𝑏𝑥𝑣 ⊆ 01 + 𝐹𝑧𝑦 − 𝑆𝑜𝑐(𝑋) or 𝑠𝑎𝑦𝑏 ⊆ (01 + 𝐹𝑧𝑦 − 𝑆𝑜𝑐(𝑋): 𝑋), then 𝑠𝑎𝑥𝑣 ⊆ 01 or 𝑦𝑏𝑥𝑣 ⊆ 01 or 

𝑠𝑎𝑦𝑏 ⊆ (01: 𝑋) since 𝐹 − 𝑆𝑜𝑐(𝑋) ⊆ 01. Thus, X is Fzy Two Absorbing module. 

Proposition 3.8: 

Let X be a Fzy-chained module of a T-module  D, then X is a Fzy Soc-STA module if and only if X is a Fzy Two 

Absorbing module. 

Proof: 

Since X is a Fzy chained module, then every proper fzy sub-modules 𝑃, 𝐾 of X either 𝑃 ⊆ 𝐾 or 𝐾 ⊆ 𝑃, hence 𝑃 + 𝐾 ≠ 𝑋, 

so that every fzy submodule is a Fzy small of X, thus X is a Fzy hollow module and by Proposition (3.6), we get the 

desired.  

 

Proposition 3.9: 

Let X be a Fzy faithful finitely generated cyclic module of a T-module  D. If X is a Fzy Soc-STA module iff (01: 𝑋) is a 

Fzy Soc-STA ideal of T. 

Proof: 

⇒)Let 𝑠𝑎𝑦𝑏𝑟𝑚 ⊆ (01: 𝑋) for F-singletons 𝑠𝑎 , 𝑦𝑏 , 𝑟𝑚 of T and < 𝑟𝑚 > is Fzy small ideal of T where a, b, m ∈I , hence 

𝑠𝑎𝑦𝑏𝑟𝑚𝑋 ⊆ 01, then 𝑠𝑎𝑦𝑏(𝑟𝑚𝑥𝑣) ⊆ 01 so that, < 𝑟𝑚𝑥𝑣 >≪ 𝑋 for each 𝑥𝑣 ⊆ 𝑋, v ∈I, since X is Fzy Soc-STA module then 

𝑠𝑎𝑟𝑚𝑥𝑣 ⊆ 01 + 𝐹𝑧𝑦 − 𝑆𝑜𝑐(𝑋) or 𝑦𝑏𝑟𝑚𝑥𝑣 ⊆ 01 + 𝐹𝑧𝑦 − 𝑆𝑜𝑐(𝑋) or 𝑠𝑎𝑦𝑏 ⊆ (01 + 𝐹𝑧𝑦 − 𝑆𝑜𝑐(𝑋): 𝑋). So that, 𝑠𝑎𝑟𝑚𝑋 ⊆
01 + 𝐹𝑧𝑦 − 𝑆𝑜𝑐(𝑋) or 𝑦𝑏𝑟𝑚𝑋 ⊆ 01 + 𝐹𝑧𝑦 − 𝑆𝑜𝑐(𝑋) or 𝑠𝑎𝑦𝑏𝑋 ⊆ 01 + 𝐹𝑧𝑦 − 𝑆𝑜𝑐(𝑋) since X is cyclic Fzy module, then 

X is multiplication Fzy module by Proposition (2.17), then 01 = (01: 𝑋)𝑋 and X is faithful multiplication Fzy module, 

hence by Lemma (2.18), we have 𝐹𝑧𝑦 − 𝑆𝑜𝑐(𝑋) = 𝐹𝑧𝑦 − 𝑆𝑜𝑐(𝑇)𝑋. So that either 𝑠𝑎𝑟𝑚𝑋 ⊆ (01: 𝑋)𝑋 + 𝐹𝑧𝑦 − 𝑆𝑜𝑐(𝑇)𝑋 

or 𝑦𝑏𝑟𝑚𝑋 ⊆ (01: 𝑋)𝑋 + 𝐹𝑧𝑦 − 𝑆𝑜𝑐(𝑇)𝑋 or 𝑠𝑎𝑦𝑏𝑋 ⊆ (01: 𝑋)𝑋 + 𝐹𝑧𝑦 − 𝑆𝑜𝑐(𝑇)𝑋, then by Proposition(2.22), we have 
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either 𝑠𝑎𝑟𝑚 ⊆ (01: 𝑋) + 𝐹𝑧𝑦 − 𝑆𝑜𝑐(𝑇) or 𝑦𝑏𝑟𝑚 ⊆ (01: 𝑋) + 𝐹𝑧𝑦 − 𝑆𝑜𝑐(𝑇) or 𝑠𝑎𝑦𝑏 ⊆ (01: 𝑋) + 𝐹𝑧𝑦 − 𝑆𝑜𝑐(𝑇). Thus, 

(01: 𝑋) is a Fzy Soc-STA ideal of T . 

⇐)let 𝑠𝑎𝑦𝑏𝑥𝑣 ⊆ 01 for fzy singletons 𝑠𝑎 , 𝑦𝑏  of T and < 𝑥𝑣 >≪ 𝑋 where a, b, v ∈I, since X is Fzy cyclic module, then <
𝑥𝑣 >= 𝑟𝑚ℎ𝑛, for fzy singleton 𝑟𝑚 of T and ℎ𝑛 ∈ 𝑋 m, n ∈I, so that 𝑠𝑎𝑦𝑏𝑟𝑚ℎ𝑛 ⊆ 01, hence 𝑠𝑎𝑦𝑏𝑟𝑚 ⊆ (01: ℎ𝑛) ⊆ (01: 𝑋). 

So that, 𝑠𝑎𝑦𝑏𝑟𝑚 ⊆ (01: 𝑋), but (01: 𝑋) is Fzy Soc-STA ideal of T . hence, 𝑠𝑎𝑟𝑚 ⊆ (01: 𝑋) + 𝐹𝑧𝑦 − 𝑆𝑜𝑐(𝑇) ⊆ (01 +
𝐹𝑧𝑦 − 𝑆𝑜𝑐(𝑋): 𝑋) or 𝑦𝑏𝑟𝑚 ⊆ (01: 𝑋) + 𝐹𝑧𝑦 − 𝑆𝑜𝑐(𝑇) ⊆ (01 + 𝐹𝑧𝑦 − 𝑆𝑜𝑐(𝑋): 𝑋) or 𝑠𝑎𝑦𝑏 ⊆ (01: 𝑋) + 𝐹𝑧𝑦 −
𝑆𝑜𝑐(𝑇) ⊆ (01 + 𝐹𝑧𝑦 − 𝑆𝑜𝑐(𝑋): 𝑋), then 𝑠𝑎𝑟𝑚ℎ𝑛 ⊆ 01 + 𝐹𝑧𝑦 − 𝑆𝑜𝑐(𝑋) or 𝑦𝑏𝑟𝑚ℎ𝑛 ⊆ 01 + 𝐹𝑧𝑦 − 𝑆𝑜𝑐(𝑋) or 𝑠𝑎𝑦𝑏 ⊆
(01 + 𝐹𝑧𝑦 − 𝑆𝑜𝑐(𝑋): 𝑋), hence 𝑠𝑎𝑥𝑣 ⊆ 01 + 𝐹𝑧𝑦 − 𝑆𝑜𝑐(𝑋) or 𝑦𝑏𝑥𝑣 ⊆ 01 + 𝐹𝑧𝑦 − 𝑆𝑜𝑐(𝑋) or 𝑠𝑎𝑦𝑏 ⊆ (01 + 𝐹𝑧𝑦 −
𝑆𝑜𝑐(𝑋): 𝑋). Thus, X is Fzy Soc-STA module.  

 

Proposition 3.10: 

Let X be a fzy module of a T-module  D, then X is a Fzy Soc-STA module if and only if (01: 𝑠𝑎𝑥𝑣) ⊆ (01 + 𝐹𝑧𝑦 −
𝑆𝑜𝑐(𝑋): 𝑥𝑣) or (01: 𝑠𝑎𝑥𝑣) ⊆ (01 + 𝐹𝑧𝑦 − 𝑆𝑜𝑐(𝑋): 𝑠𝑎𝑋) for each fzy singleton 𝑠𝑎  of T , 𝑠𝑎𝑥𝑣 ⊈ 01 + 𝐹𝑧𝑦 − 𝑆𝑜𝑐(𝑋), <
𝑥𝑣 >≪ 𝑋 where a, v ∈I. 

Proof: 

 ⇒) Let 𝑦𝑏 ⊆ (01: 𝑠𝑎𝑥𝑣) for fzy singleton 𝑦𝑏 of T , b ∈I, hence 𝑠𝑎𝑦𝑏𝑥𝑣 ⊆ 01, < 𝑥𝑣 >≪ 𝑋 and 𝑠𝑎𝑥𝑣 ⊈ 01 + 𝐹𝑧𝑦 −
𝑆𝑜𝑐(𝑋), so that 𝑦𝑏𝑥𝑣 ⊆ 01 + 𝐹𝑧𝑦 − 𝑆𝑜𝑐(𝑋) or 𝑠𝑎𝑦𝑏 ⊆ (01 + 𝐹𝑧𝑦 − 𝑆𝑜𝑐(𝑋): 𝑋) since X is a Fzy Soc-STA module, 

therefore, 𝑦𝑏 ⊆ (01 + 𝐹𝑧𝑦 − 𝑆𝑜𝑐(𝑋): 𝑥𝑣) or 𝑦𝑏 ⊆ (01 + 𝐹𝑧𝑦 − 𝑆𝑜𝑐(𝑋): 𝑠𝑎𝑥𝑣). Thus (01: 𝑠𝑎𝑥𝑣) ⊆ (01 + 𝐹𝑧𝑦 −
𝑆𝑜𝑐(𝑋): 𝑥𝑣) or (01: 𝑠𝑎𝑥𝑣) ⊆ (01 + 𝐹𝑧𝑦 − 𝑆𝑜𝑐(𝑋): 𝑠𝑎𝑋) 

 ⇐) To prove that X is a Fzy Soc-STA module. Let 𝑠𝑎𝑦𝑏𝑥𝑣 ⊆ 01 and < 𝑥𝑣 >≪ 𝑋 for fzy singletons 𝑠𝑎 , 𝑦𝑏 of T where a, b, 

v ∈I. Suppose that, 𝑠𝑎𝑥𝑣 ⊈ 01 + 𝐹𝑧𝑦 − 𝑆𝑜𝑐(𝑋), then 𝑦𝑏 ⊆ (01: 𝑠𝑎𝑥𝑣) so that 𝑦𝑏 ⊆ (01 + 𝐹𝑧𝑦 − 𝑆𝑜𝑐(𝑋): 𝑥𝑣) or 𝑦𝑏 ⊆
(01 + 𝐹𝑧𝑦 − 𝑆𝑜𝑐(𝑋): 𝑠𝑎𝑋) by hypothesis, hence 𝑦𝑏𝑥𝑣 ⊆ 01 + 𝐹𝑧𝑦 − 𝑆𝑜𝑐(𝑋) or 𝑠𝑎𝑦𝑏𝑋 ⊆ 01 + 𝐹𝑧𝑦 − 𝑆𝑜𝑐(𝑋); that is 

𝑦𝑏𝑥𝑣 ⊆ 01 + 𝐹𝑧𝑦 − 𝑆𝑜𝑐(𝑋) or 𝑠𝑎𝑦𝑏 ⊆ (01 + 𝐹𝑧𝑦 − 𝑆𝑜𝑐(𝑋): 𝑋). Thus, X is a Fzy Soc-STA module. 

 

Proposition 3.11: 

Let X be a fzy module of a T-module  D and 𝐹𝑧𝑦 − 𝑆𝑜𝑐(𝑋) is Fzy Soc-STA sub-module of X. Then X is a Fzy Soc-STA 

module. 

Proof: 

  Let 𝑠𝑎𝑦𝑏𝑥𝑣 ⊆ 01 for fzy singletons 𝑠𝑎 , 𝑦𝑏 of T and < 𝑥𝑣 >≪ 𝑋 where a, b, v ∈I, then 𝑠𝑎𝑦𝑏𝑥𝑣 ⊆ 01 + 𝐹𝑧𝑦 − 𝑆𝑜𝑐(𝑋), but 

01 + 𝐹𝑧𝑦 − 𝑆𝑜𝑐(𝑋) is Fzy Soc-STA sub-module. So that either 𝑠𝑎𝑥𝑣 ⊆ 01 + 𝐹𝑧𝑦 − 𝑆𝑜𝑐(𝑋) + 𝐹𝑧𝑦 − 𝑆𝑜𝑐(𝑋) = 01 +
𝐹𝑧𝑦 − 𝑆𝑜𝑐(𝑋) or 𝑦𝑏𝑥𝑣 ⊆ 01 + 𝐹𝑧𝑦 − 𝑆𝑜𝑐(𝑋) or 𝑠𝑎𝑦𝑏 ⊆ (01 + 𝐹𝑧𝑦 − 𝑆𝑜𝑐(𝑋): 𝑋). Thus, X is Fzy Soc-STA module. 
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