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ABSTRACT

Trigonometric distributions offer a powerful approach to solving complex problems
in probability and statistical modeling. In this study, we introduce a novel class
of distributions: the Arcsine Ratio Sine Generalized (ARS-G) family. We provide
a complete set of explicit formulas for the family’s statistical properties. Our key
illustration is the ARS-Weibull (ARS-W) distribution, which uses the Weibull model
as its foundation. This particular model demonstrates remarkable flexibility, with
its hazard function capable of assuming diverse shapes, including bump, bathtub,
reversed bathtub, J-shaped, and L-shaped profiles. We thoroughly examine the ARS-
W distribution’s statistical properties and employ various established estimation
methods to determine its parameters. Through rigorous Monte Carlo simulations,
we confirm the consistency and stability of these estimation methods. We then
showcase the ARS-W model’s practical value by applying it to three real-world
lifetime datasets: guinea pig survival times, active repair times for a communication
transceiver, and turbocharger failure times. The model not only provides robust
parameter estimates and a strong goodness-of-fit for the right-skewed guinea pig
and transceiver data, but also outperforms traditional distributions (Weibull, Gumbel,
Gamma, and Lognormal) for the left-skewed turbocharger dataset.

1. INTRODUCTION

The surge in distribution theory is driven by the restrictive nature of existing distributions in modeling complex datasets.
Many classical distributions are limited, often containing only scale, shape, or location parameters. Others may be heavy-
tailed, which complicates the control of skewness and kurtosis. Consequently, numerous studies have introduced greater
flexibility and adaptability to these models by adding new parameters, modifying, extending, or generalizing existing
distributions.
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Recent statistical literature highlights a growing trend of developing novel trigonometric distribution families. By integrat-
ing trigonometric functions into classical probability frameworks, these families provide enhanced flexibility for modeling
lifetime data. This approach is evident in a wide range of contributions, including:

• Sine-based families: Sine-half-logistic inverse Rayleigh ([1]), Sine-G exponentiated exponential ([2]), Sine-G
families ([3, 4]), Sin-G family in Bayesian survival modeling ([5]), a new class of the Sine-G family ([6]), exponent
power Sine-G ([7]), novel Sine-G class ([8]), sine-Topp-Leone exponentiated-G ([9]), and Sine-π power odd-G
([10]).

• Cosine-based families: Cotangent exponentiated generalized generator ([11]), type-1 cosine exponentiated Weibull
([12]), Novel Arc Cosine Class ([13]), new class of cos-G family ([14]), new extended symmetric cosine ([15]), a
new class of distributions using cosine and sine functions ([16]), extended Cos-G class ([17]), extended cosine
generalized family ([18]), a cosine trigonometric distribution called the cosine-π power odd-G family ([19]), and
the Cos-G class of Distributions ([20]).

• Tangent-based families: New logarithmic Tan-U family ([21]), Tan-G family ([22, 23]), and exponentiated cos and
tan-generated distributions ([24]).

• Other trigonometric distributions: Arctan exponential ([25]), bounded lifetime distribution specified by a trigono-
metric function ([26]), arctan-Kumaraswamy exponential ([27]), new trigonometric-oriented distributional method
([28]), arcsine exponentiated-X family ([29]), hyperbolic Sine-G family ([30]), arctan-G family ([31]).

These numerous contributions have significantly advanced distribution theory and practice. The use of trigonometric
functions has notably enhanced the flexibility of some baseline distributions, yielding interesting and practical results.
The core motivation for the proposed Arcsine Ratio Sine (ARS) distribution is to overcome the limitations of existing
distributions by offering enhanced flexibility for modeling complex datasets. While it’s true that a multitude of distri-
butions could be generated through structural alterations, the ARS family’s significance lies in its practical value and
concrete applications. It introduces a new parameter and integrates trigonometric functions, providing greater control over
skewness and kurtosis, which is crucial for accurately modeling real-world data. For instance, in reliability engineering,
the ARS-Weibull distribution can more precisely model the complex failure patterns of mechanical components—such
as infant mortality followed by a wear-out phase—compared to a standard Weibull model, leading to more accurate
predictions of product lifespan and improved maintenance schedules. Furthermore, its closed-form quantile function
simplifies the generation of random numbers, making it highly valuable for Monte Carlo simulations in fields like finance,
where it could be used to model and simulate the heavy-tailed, asymmetric behavior of asset returns more effectively
than traditional distributions. This improved modeling capacity provides a more robust foundation for risk assessment and
portfolio management.
This study is an ideal tool for facilitating digital security as it presents a new means of measuring the resiliency of
Cyber-Physical Systems (CPS). Repair time data can seem like an ordinary measure of reliability, but our study redefines
this physical performance metric to measure the vulnerability and resiliency of a system. We show how a statistical
distribution of physical measurements can provide a standard of measure for a system’s "mean time to recovery" from
classes of digital and physical attacks. To accomplish this, we used statistical software to analyze physical data and created
computer programs to simulate attack scenarios. These algorithms measure the recovery period of a system after attacks,
enabling us to possess a new application of physical data for finding security vulnerabilities and estimating the resilience
and recovery of a system from a cyber-physical attack. This new methodology and our findings bridge the physical system
performance and cybersecurity gap by directly contributing to the new area of digital security. For more details, see [32,
33, 34, 35, 36, 37, 38, 39, 40, 41, 42, 43, 44, 45, 46, 47, 48] .
The rest of this article is organized in this sequence; Section 2 contains the construction of the new family. The generic
properties of the ARS family are studied in section 3. In Section 4, a special submodel is developed, called the ARS-
Weibull distribution, with the estimation of its parameters done in Section 5. A simulation study is implemented in Section
6 to observe the behavior of the model parameters for various sample sizes. In Section 7, we demonstrate the applicability
of the proposed NNS-w model using two real-life datasets, and the final comments are made in 8.

2. ARS GENERALIZED DISTRIBUTIONS

Let us consider the CDF of any baseline distribution represented by G(x; ζ) with the associated vector of parameters ζ > 0.
Using the T-X generator approach designed by [49], we propose a novel trigonometric probability distribution generator
called the Arcsine ratio sine (ARS) generated family of distributions. Let the generalizer be the ratio of sin

(
π
2G(x; ζ)

)
,
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given as W
[
G(x; ζ)

]
=

θ(1−sin( π2 G(x;ζ))
θ+(2−θ) sin( π2 G(x;ζ)) , we utilize the transformer with probability density function (PDF) r(t) = cos(t),

and for arcsin
[
W(G(x; ζ))

]
< t < π2 , the cumulative distribution function (CDF) of the ARS generalized family is

F(x; θ, ζ) = −
∫ π

2

arcsin [W(G(x;ζ))]
cos(t)dt

= 1 −
θ(1 − sin

(
π
2G(x; ζ)

)
θ + (2 − θ) sin

(
π
2G(x; ζ)

) ; x > 0, θ > 0.

(1)

The name "Arcsine ratio" stems from the fractional form of the generalizer, W(G(x; ζ)). For θ = 2, F(x; θ, ζ) = 1 −
sin

(
π
2G(x; ζ)

)
, which is the CDF of sine-G family of distributions. Differentiating the CDF of the ARS family of distribu-

tions defined in Eq. (1), the corresponding PDF is obtained thus;

f (x; θ, ζ) =
πθ cos

(
π
2G(x; ζ)

)
g(x; ζ)(

θ + (2 − θ) sin
(
π
2G(x; ζ)

))2 , where, x, θ > 0. (2)

From the CDF and PDF of the ARS family of distributions defined in Eqs. (1) and (2), the survival function S (x; ζ) and
hazard function h(x; ζ) of the ARS-G family of distribution can be defined as

S (x; θ, ζ) =
θ(1 − sin

(
π
2G(x; ζ)

)
θ + (2 − θ) sin

(
π
2G(x; ζ)

) ,
and

h(x; θ, ζ) =
π cos

(
π
2G(x; ζ)

)
g(x; ζ)

[1 − sin
(
π
2G(x; ζ)

)
][θ + (2 − θ) sin

(
π
2G(x; ζ)

)
]
, (3)

respectively. The curvatures of Eqs.(2) and (3) are very useful for defining a suitable statistical model to fit given lifetime
data sets.
The quantile function of the ARS family of distribution can be obtained by solving the equation x(q;ζ) = F−1(q; ζ).
Following this, therefore, the quantile function of the ARS-G distributions is provided as

x(q;ζ) = G−1
(

2
π

arcsin
(

θq
2 − q(2 − θ)

)
; ζ

)
; q ∈ U(0, 1).

The random deviate generation can be done using

x(q;ζ) = G−1
(

2
π

arcsin
(

θq
2 − q(2 − θ)

)
; ζ

)
,

where q ∈ U(0, 1). In addition to using the quantile function to generate random numbers, Q(q; ζ) is useful when studying
the properties of the ARS family of distributions.

Theorem 1 (Identifiability). A parametric family of probability distributions {F(x; θ, ζ) : θ ∈ Θ, ζ ∈ Z} is said to be
identifiable if for any two parameter vectors θ1, θ2 ∈ Θ and baseline parameters ζ ∈ Z, the equality of the cumulative
distribution functions F(x; θ1, ζ) = F(x; θ2, ζ) for all x in the support of the distribution implies that θ1 = θ2.
More specifically for the ARS distribution where θ is a scalar shape parameter θ and ζ are baseline parameters, the
parameter θ is identifiable if F(x; θ1, ζ) = F(x; θ2, ζ) for all x implies θ1 = θ2.

Proof of Identifiability. Let’s assume that for two parameter values, θ1 and θ2, the CDFs are identical for all x in the
domain of the distribution. That is, F(x, θ1, ζ) = F(x, θ2, ζ) for all x ∈ R.
Let S (x; ζ) = sin

(
π
2G(x; ζ)

)
. As x varies over the support of the baseline distribution, G(x; ζ) ranges from 0 to 1, and thus

π
2G(x; ζ) ranges from 0 to π2 . Consequently, S (x; ζ) can take on a continuum of values within [0, 1].
From the definition of the ARS CDF, we have:

1 −
θ1(1 − S (x; ζ))
θ1 + (2 − θ1)S (x; ζ)

= 1 −
θ2(1 − S (x; ζ))
θ2 + (2 − θ2)S (x; ζ)
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Subtracting 1 from both sides and multiplying by -1, we get:

θ1(1 − S (x; ζ))
θ1 + (2 − θ1)S (x; ζ)

=
θ2(1 − S (x; ζ))
θ2 + (2 − θ2)S (x; ζ)

Let S = S (x; ζ) for brevity.
θ1(1 − S )
θ1 + (2 − θ1)S

=
θ2(1 − S )
θ2 + (2 − θ2)S

We need to consider two cases for (1 − S ):

1. If 1 − S , 0: (i.e., S , 1, which means G(x; ζ) , 1) In this case, we can divide both sides by (1 − S ):

θ1
θ1 + (2 − θ1)S

=
θ2

θ2 + (2 − θ2)S

Cross-multiplying gives:
θ1(θ2 + (2 − θ2)S ) = θ2(θ1 + (2 − θ1)S )

θ1θ2 + θ1(2 − θ2)S = θ2θ1 + θ2(2 − θ1)S

Subtracting θ1θ2 from both sides:
θ1(2 − θ2)S = θ2(2 − θ1)S

Since this equality must hold for all x (meaning S can take on a continuum of values in [0, 1)), we can choose an x
such that S , 0 (e.g., any x for which G(x; ζ) > 0). Assuming S , 0:

θ1(2 − θ2) = θ2(2 − θ1)

2θ1 − θ1θ2 = 2θ2 − θ2θ1

Adding θ1θ2 to both sides:
2θ1 = 2θ2

θ1 = θ2

2. If 1 − S = 0: (i.e., S = 1, which means G(x; ζ) = 1) In this case, the original equation becomes F(x, θ1, ζ) = 1
and F(x, θ2, ζ) = 1. This means both CDFs are 1 at values of x where the baseline CDF reaches 1. This condition
is satisfied for any θ1, θ2 and does not provide information to distinguish them. However, since the previous case
(S , 1) covers almost all x in the domain (except potentially a single point at the end of the support where
G(x; ζ) = 1), and the identity θ1 = θ2 was derived for that broad range, the identifiability holds.

Specifically, the function H(S ) = θ(1−S )
θ+(2−θ)S must be the same for all S ∈ [0, 1]. We have shown that if H(S ) is the

same for S ∈ [0, 1), then θ1 = θ2. The fact that H(1) = 0 for any θ is consistent with this.

Since the equality F(x, θ1, ζ) = F(x, θ2, ζ) must hold for all x in the support of the random variable, and this implies that
the function θ(1−S )

θ+(2−θ)S must be identical for all valid values of S , including a continuum of values where S , 0 and S , 1.
The derived algebraic manipulation demonstrates that this is only possible if θ1 = θ2.
Therefore, the ARS distribution family is identifiable with respect to its shape parameter θ. This completes the proof.

2.1 Expansion of the ARS family

Let G(x; ζ) be the CDF of the baseline random variable and g(x; ζ) be its PDF, then the CDF in Eq. (1) and the PDF in
Eq. (2) can be represented in linear form to enhance analytical flexibility, (provided θ > 1) using the following existing
series expansion and trigonometric representations.

(1 + y)−n =

∞∑
i=0

(−1)i
(
n + i − 1

i

)
yi; (1 + x)−2 =

∞∑
h=1

(−1)h−1hxh−1,

cos(x) =
∞∑
j=0

(−1) j (x)2 j

(2 j)!
; sin(x) =

∞∑
k=0

(−1)k (x)2k+1

(2k + 1)!
.

(4)
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Here we utilize another important existing result on power series raised to a positive integer established in [50] and used
by [24].  ∞∑

v=0

bvyv

s

=

∞∑
v=0

dv,myv (5)

where dv,m = (vb0)−1
v∑

p=1
[m(p − 1) − v]bpdv−p, v − m and d0,m = bm

0 .

Proof. The CDF and PDF provided in Eqs. (1) and (2) can be expressed as a linear combination of the powers of CDFs
and PDFs.

F(x; ζ) =
∞∑

i, j,k

∞∑
l=0

wid j+k,qG2l+ j+k(x; ζ)

where wi = (−1)i+ j+k
(

s
i

)(
i
k

)(
i+ j−1

j

)
( π2 ) j+k and

f (x; θ, ζ) =
∞∑
j=0

∞∑
p=0

ωidk,mg(x; ζ)(G2( j+k)+i−1(x; ζ))

Proof. Using the series in Eq. (4), the PDF of the ARS family of distributions in Eq. (2) becomes

f (x; θ, ζ) =
∞∑
j=0

ωig(x; ζ)(G(x; ζ))2 j

 ∞∑
k=0

(−1)k( π2 )2k+1(G(x; ζ))2k+1

(2k + 1)!

i−1

where ωi =
∑∞

i=1
(−1)i+ j−1i(2−θ)i−1iπ2 j+1

θi(2 j)!22 j

Applying the result in Eq. (5) ∞∑
k=0

(−1)k

(2k + 1)!

(
π

2

)2k+1
(G(x; ζ))2k+1

i−1

= (G(x; ζ))i−1

 ∞∑
k=0

(−1)k

(2k + 1)!

(
π

2

)2k+1
(G2(x; ζ))k

i−1

= (G(x))i−1

 ∞∑
k=0

bk(G2(x))k

i−1

=

∞∑
k=0

dk,m(G(x; ζ))2k+i−1 (6)

where dk,m =
(−1)k

(2k+1)! (
π
2 )2k+1 and dk,m = (kb0)−1

k∑
p=1

[m(p − 1) − k]bpdk−p, k − m and d0,m = bm
0 . Then, by putting Eq. (5) into

(6), we have

f (x; θ, ζ) =
∞∑
j=0

∞∑
p=0

ωidk,mg(x; ζ)(G(x; ζ))2( j+k)+i−1

By integration under the sums of the CDF of the ARS-G distributions as

F(x) =
∞∑

i, j,k

∞∑
l=0

widl,m(G(x))2l+ j+k; where dl,m =
(−1)l

(2l + 1)!
(
π

2
)2l+1.

Detail proof is contained in Appendix B

3. GENERIC PROPERTIES OF ARS FAMILY OF DISTRIBUTIONS

In this section, we consider some generic properties of the proposed ARS family of distributions. These include moment,
incomplete moment, order statistic, entropy, and score function.
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3.1 Moments

In statistics and distribution theory, the moments of the random variable X play a very significant role in describing the
properties of a distribution. Generally, the non-central moment of kth order of a distribution is defined as

µ
′

k =

∫ ∞

−∞

xk f (x; ζ)dx

Using the PDF in Eq. (4) above, the kth non-central moment of the ARS family of distribution is

µ
′

k =

∞∑
j=0

∞∑
p=0

ωid2k+1,i−1

∫ ∞

−∞

xkg(x; ζ)(G(x; ζ))2( j+k)+i−1dx

From µ
′

k one can derive moment-based measures such as mean, variance, skewness, kurtosis, and the Coefficient of
variation. Using the same approach, the expansion of the central moment of order r is obtained as follows. Let µ

′

r be
the central moment of order r of the ARS-G class and µ2( j+k)+i−1 represent the moment of order r of the exponentiated-G
class, with parameter 2( j + k) + i − 1. The

µ
′

r =

∫ ∞

−∞

(x − µ)rdF(x)

Applying the binomial theory, we obtain

µ
′

r =

r∑
m=0

(−1)m
(

r
m

)
µm

∫ ∞

−∞

xr−mdF(x) =
r∑

m=0

(−1)m
(

r
m

)
µmµr−m

=

r∑
m=0

(−1)m
(

r
m

)
µm

∞∑
j=0

∞∑
p=0

ωid2k+1,i−1

∫ ∞

−∞

xkg(x; ζ)(G(x; ζ))2( j+k)+i−1dx

Furthermore, the probability-weighted moment is defined by

Wk,s(x; θ, ζ) = E(xkF s(x; ζ) =
∫ ∞

−∞

xkF s(x; ζ) f (x; ζ)dx

Let F(x; ζ) and f (x; ζ) be the CDF and PDF given in Eqs. (3) and (4) respectively, the probability-weighted moment of
the ARS family of distributions is

Wk,s(x; ζ) =
∞∑

l=0

Ti, j,k

∫ ∞

−∞

xkg(x; ζ)G2k(x; ζ)(sin
(
π

2
G(x; ζ)

)
) j+ldx

where Ti, j,k =
∞∑

k=0

∞∑
j=0

∞∑
i=0

(−1)i+ j+k+l
(

s
i

)(
i
j

)(
i+l+1

l

)
π2k+1(2−θ)l

(2k)!22kθi+1 .

In addition, the moment-generating function (MGF) is defined as

MX;ζ(t) =
∞∑

m=0

tm

m!
µ
′

r

The final form is

=

∞∑
j=0

∞∑
p=0

∞∑
m=0

tmwid2k+1,i−1

m!

∫ ∞

−∞

xkg(x; ζ)(G(x; ζ))2( j+k)+i−1dx.

3.2 Incomplete Moment

The rth incomplete of a random variable X which assumes the ARS family of distributions can be expressed as follows;

IMCr(q) =
∫ q

0
xr f (x; ζ) =

∫ q

0
xr
πθ cos

(
π
2G(x; ζ)

)
g(x; ζ)

[θ + (2 − θ) sin
(
π
2G(x; ζ)

)
]2

After some algebraic manipulations, we obtain the incomplete moment of the ARS family of distributions as

=

∞∑
j=0

∞∑
p=0

ωid2k+1,i−1

∫ q

0
xrg(x; ζ)(G(x; ζ))2( j+k)+i−1dx
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3.3 Order Statistics

Order statistics is very crucial in several fields of statistical theory and methods, especially when the interest is in survival
analysis studies and quality control processes. The order statistics of the ARS family of distributions are presented here.
Let X1, X2, · · · , Xn be random samples selected from the ARS family of distributions and let X1:n ≤ X2:n ≤ · · · ≤ Xn:n
represent the order statistics, then the probability density function of the ith order statistics Xi:n for 1 ≤ i ≤ n is

fi:n(x) = Bi:n f (x; ζ)F i−1(x; ζ)(1 − F(x; ζ))n−i; x ∈ ℜ, (7)

where
Bi:n =

n!
(i − 1)!(n − 1)!

.

Substituting Eq. (3) and (4) into Eq. (7) and performing expansions, the above density can be written as

= Bi,n

n−i∑
j=0

(−1) j
(
n − i

j

)
πθ cos

(
π
2G(x; ζ)

)
g(x; ζ)

[θ + (2 − θ)sin( π2G(x; ζ))]2

 θ(1 − sin
(
π
2G(x; ζ)

)
)

θ + (2 − θ) sin
(
π
2G(x; ζ)

) 
j+i−1

Applying a binomial series expansion, we obtain

= Bi:n

n−i∑
j=0

∞∑
k=0

(−1) j+k
(
n − i

j

)(
j + k − 1

k

)
θ j+kπ

g(x; ζ) cos( π2G(x; ζ))(sin( π2G(x; ζ)))k

[θ(1 + (2−θ)sin( π2 G(x;ζ))
θ

)] j+l−1

= Bi:n

n−i∑
j=0

∞∑
k

∞∑
l

(−1) j+k+l
(
n − i

j

)(
j + k − 1

k, l

)
θk+l−i+1π(2 − θ)lg(x; ζ)

cos
(
π

2
G(x; ζ)

)
(sin

(
π

2
G(x; ζ)

)
)k+l

= Bi:n

∞∑
m=0

Z j,k,lg(x; ζ)(G(x; ζ))2m(sin(
π

2
G(x; ζ)))k+l

= Bi:n

∞∑
r=0

∞∑
m=0

Z j,k,lbrg(x; ζ)(G(x))2(m+r)+k+l

where

Z j,k,l =
(−1) j+k+l

(
n−i

j

)(
j+k−1

k,l

)
θk+l−i+1πm+1(2 − θ)l

2m(2m)!

Then, PDF of the ith smallest order statistic is obtained when i = 1 in

f1:n(x) = n
∞∑

r=0

∞∑
m=0

Z j,k,lbrg(x; ζ)(G(x))2(m+r)+k+l

Similarly, the PDF of the ith largest order statistics is obtained when i = n in

fn:n(x) = n
∞∑

r=0

∞∑
m=0

Z′0,k,lbrg(x; ζ)(G(x))2(m+r)+k+l,

where Z′0,k,l is the coefficient Z j,k,l evaluated at i = n and j = 0.

3.4 Entropy

Rényi Entropy is an extension of Shannon entropy, it has several applications in information and application theory,
economics, physics, and other complex schemes. The certainty of observing an event with high entropy is very low
compared to a system with lower entropy. Here, the Rényi entropy measure using information associated with random
variable X is defined as

IR(s) =
1

1 − s
log

(∫ ∞

0
f s(x)dx

)
, s , 1, s > 0 (8)
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From the PDF of ARS-G, f s(x) can be written as

f s(x) =
(πθ)s coss( π2G(x; ζ))gs(x; ζ)
[θ + (2 − θ) sin( π2G(x; ζ))]2s

Let us consider the application of the Taylor series expansion of the trigonometric function

(cos(
π

2
G(x; ζ)))s =

 ∞∑
k=0

(−1)k
(
π

2

)2k ((G2(x; ζ)))k

(2k)!

s

and also the series expansion of (1 + x)−2 =
∑∞

k=1(−1)k−1kxk−1, then

θ−2s
(
1 +

(
2 − θ
θ

)
(sin(
π

2
G(x; ζ)))

)−2s

=

∞∑
v=1

(−1)v−1v
(2 − θ)v−1

θv+2s−1 (sin(
π

2
)G(x; ζ))v−1 (9)

Applying series expansion in Eq. (9), we have

=

∞∑
v=1

(−1)v−1v
(2 − θ)v−1

θv+2s−1

 ∞∑
w=0

(−1)w(
π

2
)2w+1 (G(x; ζ))2w+1

(2w + 1)!

v−1

=

∞∑
v=1

(−1)v−1v
(2 − θ)v−1

θv+2s−1 (G(x; ζ))v−1

 ∞∑
w=0

bw(G(x; ζ))2w

v−1

Using Eq. (8), we obtain

IR(s) =
1

1 − s
log

 ∞∑
v=1

∞∑
w=0

tvbw

∫ ∞

0
(G(x; ζ))v−1((G(x; ζ))2)wgs(x; ζ)dx


where tv = (−1)v−1 vπs(2−θ)v−1

θv+2s−1 , bw =
(−1)w( π2 )2w+1

(2w+1)! and e0 = bv−1
0 , em =

1
mb0

∑m
w=1(w(v − 1) − m + w)bwem−w; m ≥ 1

=
1

1 − s
log

 ∞∑
v=1

∞∑
w=0

tvdw

∫ ∞

0
(G(x; ζ))2w+v−1gs(x; ζ)dx


3.5 Score Function of ARS family

Given that x = (x1, · · · , xn)T represents a random sample of sin n chosen from the ARS-G with an unknown vector of
parameters w. The log-likelihood (LL) function for w is

ł(w) = n log (πθ) +
n∑

i=1

log
(
cos

(
π

2
G(xi|w)

))
+

n∑
i=1

log
(
g(xi|w)

)
− 2

n∑
i=1

log
(
θ + (2 − θ) sin

(
π

2
G(xi|w)

))
,

then, the score function for the ARS family of distributions is obtained as

U(w j) =
n∑

i=0

1
g(xi|w)

∂g(xi|w)
∂w j

−
π

2

n∑
i=1

tan(
π

2
G(xi|w)

∂G(xi|w)
∂w j

− π(2 − θ)
n∑

i=1

cos( π2G(xi|w))
θ + (2 − θ)sin( π2G(xi|w))

∂G(xi|w)
∂w j

.

4. SUB-MODEL: THE ARS-WEIBULL DISTRIBUTION

This section focuses on a special distribution of the ARS family named the ARS-Weibull (ARS-W) distribution. The
baseline distribution is one of the most popular distributions used in survival and reliability analysis, called the Weibull
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distribution proposed by [51]. In addition, several Weibull-based probability distributions have been implemented in the
literature because they provide a good fit for numerous forms of data (see [52, 53, 54, 55, 56, 57], among others). However,
the Weibull distribution does not offer a nonmonotonic failure rate, which is common in reliability and survival studies.
Its implementation in this study as a baseline distribution will enhance the flexibility of the properties and improve the
analytical tractability and computational ability. The CDF and PDF of the baseline distribution are respectively

G(x; λ, ω) = 1 − e−λxω ; x > 0, λ > 0, ω > 0, (10)

and
g(x; λ, ω) = λωxω−1e−λxω ; x > 0, λ > 0, ω > 0. (11)

The ARS-G trigonometric transform class is applied to the Weibull distribution. By substituting Eq. (10) into (1), we
obtain the CDF of the ARS-W distribution as

F(x; θ, λ, ω) = 1 −

 θ(1 − sin
(
π
2 (1 − e−λxω )

)
θ + (2 − θ) sin

(
π
2 (1 − e−λxω )

)  . (12)

Similarly, substituting Eqs. (10) and (11) into Eq. (2), we obtain the corresponding PDF of the ARS-W model as follows;

f (x; θ, λ, ω) =
πθλω cos

(
π
2 (1 − e−λxω )

)
xω−1e−λxω

(θ + (2 − θ) sin
(
π
2 (1 − e−λxω )

)
)2
, (13)

where x > 0, θ > 0, λ > 0 and ω > 0.
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Fig. 1. PDF of ARS-W(θ, λ, ω)

Figure (1) shows the PDF plots of the ARS-W distribution for some parameter values chosen. The ARS-W distribution
displays robust and flexible features such as unimodal shape, high-peak, low-peak, right-skewed, left-skewed, and almost
symmetrical curves with unimodal densities. The graph also shows exponential curves. The ARS-W distribution is more
flexible than the reference distribution. The survival function S (x; θ, λ, ω) and hazard function h(x; θ, λ, ω) of the ARS-W
distribution take the forms

S (x; θ, λ, ω) =
θ(1 − sin( π2 (1 − e−λxω ))
θ + (2 − θ) sin( π2 (1 − e−λxω )

,
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and

h(x; θ, λ, ω) =
πλω cos( π2 (1 − e−λxω ))xω−1e−λxω

[1 − sin( π2 (1 − e−λxω ))][θ + (2 − θ) sin( π2 (1 − e−λxω ))]
,

respectively.
Figure (2) represents the graphs of the hazard function for various parameter values of the ARS-W distribution. From
the plots, hazards depicting bathtub-shaped or reversed bathtub-shaped, bumped-shaped, bump-shaped, increasing, and
decreasing behaviours can be modeled by the proposed ARS-W distribution.
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Fig. 2. Hazard function of ARS-W(θ, λ, ω)

4.1 Special Cases of the ARS-W distribution

The ARS-W distribution contains some special models:

i When ω = 1, the ARS-W model reduces to the ARS-Rayleigh model.

ii When ω = 2, the ARS-W model reduces to the ARS-Exponential model.

All the results for the ARS family above could be applied to the ARS-W distribution. Specifically, the quantile function
of the ARS-W distribution is presented as

Q(u) =
[
−

1
λ

log
(
1 −

2
π

arcsin
(

θu
2 − (2 − θ)u

))] 1
ω

; 0 ≤ u ≤ 1 (14)

The second quartile of the ARS-W distribution can be evaluated by equating u = 0.5, which is

median =
[
−

1
λ

log
(
1 −

2
π

arcsin
(
θ

2 − θ

))] 1
ω

Similarly, the quartiles, percentiles and deciles can be calculated by substituting the appropriate values into Eq. (14). The
quantile function is widely used in risk management studies, fields that require percentile-based decision making (e.g., in
finance or engineering), and random number generation.
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Fig. 3. Mean and Variance of ARS-W(θ, λ, ω)

Figure (3) illustrates the behavior of the mean and variance of the ARS-W(θ, λ, ω) distribution as its parameters vary.
The four 3D surface plots exhibit various trends for central tendency and dispersion. The upper plots, which are for the
mean, exhibit a monotonically increasing trend. In the upper-left plot (parameters 1-5), the mean rises sharply and then
stabilizes at about 1.0, suggesting a saturation point. The upper-right plot (parameters 0.5-1.5) also shows an increasing
mean, though with a different sensitivity, up to about 0.8. These are suggestive of a positive correlation between the
mean and the varying parameters. The lower plots are for the variance, and they show more complicated behaviors. The
lower-left plot (parameters 0.5-1.5) shows the variance generally low (0.01-0.02) but increasing steeply as both parameters
approach their upper limit (around 1.5), up to 0.05. This implies sensitivity to larger parameter values. Most noticeably, the
lower-right panel (parameters 2-10) reveals a clear "U-shaped" or "bowl-shaped" pattern, with variance smallest in some
intermediate range (e.g., parameters 4-6). Departure from this range, either downward or upward, leads to wildly larger
variance, as much as 1.0. This key finding implies that some parameter choices are required to maintain the variability of
the distribution at a minimum.

In effect, while the mean of the ARS-W distribution increases with its parameters, its variance has a more complex
dependence, where some intervals of parameters lead to minimized dispersion. This indicates the need for parameter
optimization in order to control the stability and spread of the distribution.
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Fig. 4. Skewness and Kurtosis of ARS-W(θ, λ, ω)

Figure (4), the skewness and kurtosis of ARS-W(θ, λ, ω) distribution are presented for various values of parameters. The
top plots demonstrate that the distribution is positively and negatively skewed; the top-left plot of parameters 1-5 evidently
demonstrates a transition from negative/near-zero skewness to extremely positive skewness with increasing parameters.
The upper-right plot (parameters 5-20) has consistently positive and sharply increasing skewness, exhibiting an obvious
right-tailed nature at higher levels of parameters. The lower plots, which address the issue of kurtosis, highlight its
responsiveness to changing parameters. The lower-left plot (parameters 0.2-1.0) reports an overall increase in kurtosis with
higher parameters, exhibiting a more peaked distribution with thicker tails. Most notably, the lower-right plot (parameters
0-10) demonstrates a wild "spike" of kurtosis up to 25 when either or both parameters are set at their lower boundaries
(nearly 0 or 1). This indicates that the ARS-W distribution can have wild leptokurtosis and, therefore, very peaked and
heavy-tailed distributions, particularly when the parameter value is small. This illustrates just how adaptable the ARS-W
distribution is towards asymmetry and tail behavior, as parameter selection is critical in that it determines these, especially
in terms of regulating extreme values through kurtosis.
In general, Figure (4) displays the intricate parameter-shape property relationship of the ARS-W distribution. The skew-
ness is either negative or positive, showing the flexibility of the distribution with respect to tail asymmetry. Essentially,
kurtosis has a high sensitivity at the lower end of certain ranges of some parameters and can be very high. This implies
that parameter selection plays a very vital role in deciding peakedness and heaviness of tail of ARS-W distribution, which
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is crucial for modeling events in which extreme events are a concern.

4.2 Some properties of the ARS-W distribution

The general results obtained for the ARS-G class of distributions are applied here to help us study some useful properties
of the ARS-W distribution.

TABLE I. Some Properties of the ARS-W Distribution

Measures Explicit Expressions

Noncentral Moments(µ
′

r)
∞∑
i

∞∑
j

∞∑
n

widk,m

(
2( j+k)+i−1

n

) λΓ( r
ω+1)

(λ(n+1))
r
ω +1

Mgf
∞∑
j=0

∞∑
p=0

∞∑
m=0

tmwid2k+1,i−1

m!

(
2( j+k)+i−1

n

) λΓ( r
ω+1)

(λ(n+1))
r
ω +1

Order Statistic Bi:nλω
∞∑

r=0

∞∑
m=0

∞∑
p=0

Z j,k,lbr(−1)p
(

2(m+r)+k+l
p

)
xω−1e−λ(p+1)xω

Entropy 1
1−s log

(
∞∑

v=1

∞∑
w=0

∞∑
q=0

tvdw(−1)q
(

2w+v−1
q

) λsωs−1Γ( ωs−s+1
ω )

(λ(q+1))
ωs−s+1
ω

)

Here Γ(.) =
∫ ∞

0 tn−1e−tdt is the standard gamma function.

TABLE II. Numerical Results of Some Properties of ARS-W Model
θ λ ω Mean Variance Std. Dev. CV Skewness Kurtosis Entropy MGFt=0.1 Order Statistic minimum Order Statistic maximum

1.5 0.5 2 0.86966 0.21032 0.45860 0.52733 0.66028 3.30852 0.58216 1.09202 0.01428 3.37510
1.5 0.5 0.8 1.08841 1.94268 1.39380 1.28059 2.89070 16.45314 1.03442 1.12763 0.00000 21.08173
1.5 1 2 0.61494 0.10516 0.32428 0.52733 0.66028 3.30852 0.23558 1.06399 0.00530 2.09646
0.5 0.5 2 0.60988 0.15702 0.39626 0.64974 1.18865 4.71346 0.34315 1.06373 0.00770 2.90763
3 0.8 1.5 0.82116 0.23514 0.48492 0.59053 0.77866 3.66184 0.61450 1.08687 0.00181 3.42106

Table (II) numerically details the ARS-Weibull (ARS-W) distribution’s properties across five parameter sets (θ, λ, ω),
highlighting how parameter changes influence its characteristics. Regarding central tendency and dispersion, the Mean,
Variance, and Standard Deviation (Std. Dev.) show typical values and spread. For example, increasing λ from 0.5 to
1 (comparing row 1 and 3) decreases both mean and variance. The Coefficient of Variation (CV) offers a normalized
measure of variability; the identical CV for the first and third sets (0.52733) indicates proportional relative spread.
The distribution’s shape is revealed by Skewness and Kurtosis. All sets exhibit positive skewness, indicating right-
tailed distributions. Notably, the second set (θ = 1.5, λ = 0.5, ω = 0.8) has a significantly higher skewness (2.89070),
implying a much longer right tail. All distributions are leptokurtic (kurtosis > 3), signifying heavier tails and sharper peaks
than a normal distribution. The second set’s exceptionally high kurtosis (16.45314) further emphasizes its pronounced
peakedness and very heavy tails. Entropy, measuring uncertainty, correlates with dispersion. The second parameter set,
with its large variance and heavy tails, correspondingly shows the highest entropy (1.03442), reflecting its high uncertainty.
The Order Statistics (minimum and maximum) provide an empirical range. The second set’s maximum value (21.08173)
is considerably larger than others, empirically confirming its heavy right tail and high variability. In essence, the table
demonstrates the ARS-Weibull model’s flexibility. Adjusting its parameters, particularly ω (as seen in the second set), can
dramatically alter the distribution’s mean, spread, and tail behavior, allowing it to model diverse phenomena, including
those with extreme values.
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5. PARAMETER ESTIMATION

This section explores fifteen distinct non-Bayesian estimation methods for determining the unknown parameters (θ, λ, ω)
of the ARS-W distribution. These methods are broadly classified into likelihood-based, distance-based, and spacing-based
approaches. They include the Maximum Likelihood (MLE), Anderson-Darling (ADE), Cramér-von Mises (CVME), Max-
imum Product of Spacings (MPSE), Ordinary Least Squares (OLSE), Right-Tail Anderson-Darling (RTADE), Weighted
Least Squares (WLSE), Left-Tail Anderson-Darling (LTADE), Minimum Spacing Absolute Distance (MSADE), Min-
imum Spacing Absolute-Log Distance (MSALDE), Anderson-Darling Second-Order Left-Tail (ADSOE), Kolmogorov
(KE), Minimum Spacing Square Distance (MSSDE), Minimum Spacing Squared-Log Distance (MSSLDE), and Mini-
mum Spacing Linex Distance (MSLNDE) estimators. The objective functions for each approach are detailed below.

5.1 Maximum Likelihood Estimation (MLE)

The Maximum Likelihood method, whose foundations were established by Fisher [58] and Fisher [59], is widely used due
to its favorable asymptotic properties, such as consistency and asymptotic normality. Given a random sample x1, . . . , xn

of size n from the ARS-W distribution with PDF g(x; θ, λ, ω), the likelihood function L(θ, λ, ω) is the product of the PDF
evaluated at each observation.

L(θ, λ, ω|x) =
n∏

i=1

πθλω cos
(
π
2 (1 − e−λxωi )

)
xω−1

i e−λxωi

(θ + (2 − θ) sin
(
π
2 (1 − e−λxωi )

)
)2


It is standard practice to work with the log-likelihood function, ℓ(θ, λ, ω|x) = ln(L(θ, λ, ω|x)), because it converts the
product into a sum, which is mathematically easier to handle. Since the logarithm is a monotonically increasing function,
maximizing the log-likelihood is equivalent to maximizing the likelihood function.

ℓ(θ, λ, ω|x) =
n∑

i=1

ln

πθλω cos
(
π
2 (1 − e−λxωi )

)
xω−1

i e−λxωi

(θ + (2 − θ) sin
(
π
2 (1 − e−λxωi )

)
)2


Using logarithm properties (ln(a/b) = ln(a) − ln(b) and ln(abc) = ln(a) + ln(b) + ln(c)), we get:

ℓ(θ, λ, ω|x) =
n∑

i=1

[
ln(πθλω) + ln

(
cos

(
π

2
(1 − e−λxωi )

))
+ (ω − 1) ln(xi)

− λxωi − 2 ln
(
θ + (2 − θ) sin

(
π

2
(1 − e−λxωi )

))]
Separating the sums and rearranging:

ℓ(θ, λ, ω|x) = n ln(π) + n ln(θ) + n ln(λ) + n ln(ω) + (ω − 1)
n∑

i=1

ln(xi) − λ
n∑

i=1

xωi

+

n∑
i=1

ln
(
cos

(
π

2
(1 − e−λxωi )

))
− 2

n∑
i=1

ln
(
θ + (2 − θ) sin

(
π

2
(1 − e−λxωi )

))
The Maximum Likelihood Estimators (θ̂, λ̂, ω̂) are the values that maximize ℓ(θ, λ, ω|x). To find them, we must take the
partial derivatives of the log-likelihood function with respect to each parameter and set them equal to zero (the likelihood
equations).
Due to the highly nonlinear and coupled nature of the log-likelihood function, the likelihood equations will not yield
closed-form expressions for the MLEs. They must be solved numerically.
The equations are:

∂ℓ

∂θ
= 0.

∂ℓ

∂λ
= 0.

∂ℓ

∂ω
= 0.
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Partial derivative with respect to θ:

∂ℓ

∂θ
=

n
θ
− 2

n∑
i=1

1 − sin
(
π
2 (1 − e−λxωi )

)
θ + (2 − θ) sin

(
π
2 (1 − e−λxωi )

) = 0

Partial derivative with respect to λ:

∂ℓ

∂λ
=

n
λ
−

n∑
i=1

xωi +
n∑

i=1

[
∂

∂λ
ln

(
cos

(
π

2
(1 − e−λxωi )

))]

− 2
n∑

i=1

[
∂

∂λ
ln

(
θ + (2 − θ) sin

(
π

2
(1 − e−λxωi )

))]
= 0

Partial derivative with respect to ω:

∂ℓ

∂ω
=

n
ω
+

n∑
i=1

ln(xi) − λ
n∑

i=1

xωi ln(xi) +
n∑

i=1

[
∂

∂ω
ln

(
cos

(
π

2
(1 − e−λxωi )

))]

− 2
n∑

i=1

[
∂

∂ω
ln

(
θ + (2 − θ) sin

(
π

2
(1 − e−λxωi )

))]
= 0

The Maximum Likelihood Estimators (θ̂, λ̂, ω̂) are the simultaneous solutions to the system of equations formed by setting
the partial derivatives of the log-likelihood function to zero. Due to the complexity of the equations, these estimators
are found through numerical optimization techniques (e.g., Newton-Raphson or other gradient-based methods) using
statistical software.

5.2 Estimation Methods Based on CDF

5.2.1. Anderson-Darling Estimation (ADE)
The ADE approach, pioneered by [60] and [61], minimizes a weighted statistic that places greater weight on the tails
of the distribution. Parameter estimates for the ARS-W model are derived by minimizing the Anderson-Darling statistic,
A(θ, λ, ω):

A(θ, λ, ω) = −n −
1
n

n∑
i=1

(2i − 1)
[
log F(xi:n) + log S (xn−i+1:n)

]
,

where xi:n are the order statistics, F(x) is the CDF, and S (x) = 1 − F(x) is the survival function.

5.2.2. Cramér-von Mises Estimation (CVME)
The CVME approach, applied to estimation by [62, 63, 64], minimizes a criterion sensitive to discrepancies across the
entire distribution range. The ARS-W parameters θ̂, λ̂, ω̂ are obtained by minimizing the Cramér-von Mises statistic, C:

C(θ, λ, ω) =
1

12n
+

n∑
i=1

[
F(xi:n) −

2i − 1
2n

]2

.

5.2.3. Ordinary Least Squares Estimation (OLSE)
The OLSE technique, utilized in distributional fitting by [65, 66], minimizes the sum of squared differences between the
empirical and theoretical CDFs. The ARS-W parameters are estimated by minimizing the Ordinary Least Squares statistic,
V:

V(θ, λ, ω) =
n∑

i=1

[
F(xi:n) −

i
n + 1

]2

.
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5.2.4. Right-Tail Anderson-Darling Estimation (RTADE)
The RTADE method prioritizes goodness-of-fit in the upper (right) tail of the distribution. The parameters θ̂, λ̂, ω̂ are found
by minimizing the RTADE statistic, R:

R(θ, λ, ω) =
n
2
− 2

n∑
i=1

F(xi:n) −
1
n

n∑
i=1

(2i − 1) log S (xi:n).

5.2.5. Weighted Least Squares Estimation (WLSE)
The WLSE method [65, 67] is a robust variant of OLSE that uses weights, typically reducing the influence of extreme
observations. The ARS-W parameter estimates are derived by minimizing the Weighted Least Squares statistic, W:

W(θ, λ, ω) =
n∑

i=1

(n + 1)2(n + 2)
i(n − i + 1)

[
F(xi:n) −

i
n + 1

]2

.

5.2.6. Left-Tail Anderson-Darling Estimation (LTADE)
The LTADE method focuses on optimizing the fit in the lower (left) tail of the distribution, based on procedures such as
those detailed in [68]. The ARS-W parameters θ̂, λ̂, ω̂ are estimated by minimizing the LTADE statistic, L:

L(θ, λ, ω) = −
3
2

n + 2
n∑

i=1

F(xi:n) −
1
n

n∑
i=1

(2i − 1) log F(xi:n).

5.2.7. Anderson-Darling Second-Order Left-Tail (ADSOE)
This refined technique, discussed in [69, 70], investigates the second-order behavior in the left tail. The ARS-W parameters
are estimated by minimizing the ADSOE statistic, LTS :

LTS (θ, λ, ω) = 2
n∑

i=1

log F(xi) +
1
n

n∑
i=1

(2i − 1)
F(xi)

.

5.2.8. Kolmogorov Estimation (KE)
The Kolmogorov method, also employed in studies like [69], minimizes the maximum distance between the empirical and
theoretical CDFs. The ARS-W parameters are estimated by minimizing the Kolmogorov statistic, KM:

KM(θ, λ, ω) = MAX
1≤i≤n

[
i
n
− F(xi), F(xi) −

i − 1
n

]
.

5.3 Estimation Methods Based on Product of Spacings (PS)

These methods rely on the uniform spacings Ii = F(xi:n) − F(xi−1:n), where F(x0:n) = 0 and F(xn+1:n) = 1.

5.3.1. Maximum Product of Spacings Estimation (MPSE)
The MPSE method, proposed by [71, 72], is a nonparametric alternative to MLE, suitable when the likelihood function is
problematic. It maximizes the geometric mean of the spacings, meaning the ARS-W parameters are found by minimizing
the negative log-product of spacings:

δ(θ, λ, ω) = −
1

n + 1

n+1∑
i=1

log Ii(θ, λ, ω).

5.3.2. Minimum Spacing Absolute Distance (MSADE)
The MSADE approach, introduced by [73], minimizes the sum of absolute differences between the observed spacings and
their expected value, 1/(n + 1). The MSADE statistic, ζ, is:

ζ(θ, λ, ω) =
n+1∑
i=1

∣∣∣∣∣Ii −
1

n + 1

∣∣∣∣∣ .
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5.3.3. Minimum Spacing Absolute-Log Distance (MSALDE)
The MSALDE method, also from [73], uses a logarithmic transformation of the spacings to estimate parameters. The
ARS-W parameters are estimated by minimizing the MSALDE statistic, Υ:

Υ(θ, λ, ω) =
n+1∑
i=1

∣∣∣∣∣log Ii − log
1

n + 1

∣∣∣∣∣ .
5.3.4. Minimum Spacing Square Distance (MSSDE)
The MSSDE method employs the sum of squared differences between the observed spacings and their expected uniform
value. The ARS-W parameters are estimated by minimizing the MSSDE statistic, ϕ:

ϕ(θ, λ, ω) =
n+1∑
i=1

(
Ii −

1
n + 1

)2

.

5.3.5. Minimum Spacing Squared-Log Distance (MSSLDE)
The MSSLDE approach utilizes the squared differences of the log-transformed spacings. The ARS-W parameters are
derived by minimizing the MSSLDE statistic, Ψ:

Ψ(θ, λ, ω) =
n+1∑
i=1

(
log Ii − log

1
n + 1

)2

.

5.3.6. Minimum Spacing Linex Distance (MSLNDE)
The MSLNDE technique employs an asymmetric Linex-type loss function for parameter estimation. The ARS-W param-
eters are estimated by minimizing the MSLNDE statistic, ∆:

∆(θ, λ, ω) =
n+1∑
i=1

[
eIi−

1
n+1 −

(
Ii −

1
n + 1

)
− 1

]
.

6. SIMULATION

This section evaluates the efficacy of several estimation techniques in predicting the parameters of the ARS-W distri-
bution using a substantial amount of simulated data. Random data sets were created for various sample sizes (n =
15, 50, 120, 180, 250, and 350) using the quantile function of the suggested model in the simulation run. This section
will evaluate the efficacy and performance of our model estimators. Furthermore, we will assess the effectiveness of
several estimation methods considering many aspects. The evaluation will focus on the accuracy, precision, and computing
efficiency of each method. By conducting a comprehensive examination of data from diverse sample sizes, our objective
was to provide significant insight into the most reliable estimation approach for the NGMTE distribution. In addition, we
will evaluate the efficacy of each estimating approach in various settings to determine its dependability and applicability
in actual contexts. This research will help researchers select the most suitable estimation approach for their specific needs.
Furthermore, we will assess the effectiveness of various estimation methodologies, taking into account several elements
such as 

Bias : |Bias(̂ζζζ)| = 1
D

∑D
i=1 |̂ζζζ − ζζζ |,

Mean Squared Errors : MSE = 1
D

∑D
i=1 (̂ζζζ − ζζζ)2,

Mean Relative Errors : MRE = 1
D

∑D
i=1 |̂ζζζ − ζζζ |/ζζζ,

Average Absolute Difference : Dabs = 1
n D

∑D
i=1

∑n
j=1 |G(xi j|ζζζ) −G(xi j |̂ζζζ)|,

Maximum Absolute Difference : Dmax = 1
D

∑D
i=1 max

j
|G(xi j|ζζζ) −G(xi j |̂ζζζ)|,

where the parameter vector is ζζζ = (θ, λ, ω).
The simulation results in Table III provide a clear comparison of the 15 estimators, judged primarily by the sum of
ranks (

∑
Ranks), where a lower value indicates a better overall performance across all parameters and metrics. For

smaller sample sizes, the results suggest that the methods that minimize specific deviation measures are most effective.
Specifically, MSADE and MSALDE secured the highest ranks at n = 15. As the sample size increased to n = 50
and n = 120, the Maximum Likelihood Estimator (MLE) became highly competitive, occasionally taking the top rank,
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but MSADE and ADE remained strong alternatives. The dominance of MLE is confirmed with larger sample sizes. It
achieves the lowest overall rank at n = 250 and demonstrates overwhelming superiority at n = 350 with a

∑
Ranks of

12{1}, solidifying its expected asymptotic efficiency. In contrast, KE and methods like MSLNDE consistently occupy the
lowest ranks across all sample sizes, indicating that they are the least suitable choices for estimating these parameters
under the given simulation conditions. Overall, while MLE is the clear winner for large data, MSADE and MSALDE
provide the most effective and stable results when the sample size is limited.
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Fig. 5. Graphical representations for the Bias values presented in Table III.
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Fig. 6. Graphical representations for the MRE values presented in Table III.
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Fig. 7. Graphical representations for the MSE values presented in Table III.
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Fig. 8. Graphical representations for the Dabs and Dmax values presented in Table III.
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TABLE III. Numerical values of simulation measures for θ = 1.5, λ = 0.75 ω = 0.5.
n Metric MLE ADE CVME MPSE OLSE RTADE WLSE LTADE MSADE MSALDE ADSOE KE MSSDE MSSLDE MSLNDE

15

|Bias|(θ̂) 4.3844{4} 10.8425{7} 10.5165{6} 31.0408{12} 9.5977{5} 1.3102{2} 14.1029{8} 47.5431{14} 0.5385{1} 1.7272{3} 18.6933{10} 32.2147{13} 17.0503{9} 27.9019{11} 398.6524{15}

|Bias|(λ̂) 0.5295{3} 0.6812{4} 0.7258{6} 0.8887{13} 0.7344{7} 0.6888{5} 0.7857{8} 0.8486{11} 0.2321{1} 0.2979{2} 0.959{14} 4.9952{15} 0.7975{9} 0.8501{12} 0.8285{10}

|Bias|(ω̂) 0.1816{3} 0.2062{4} 0.2116{7} 0.2193{9} 0.2088{5} 0.499{14} 0.2124{8} 0.2303{10} 0.1771{2} 0.1416{1} 0.2448{13} 0.7923{15} 0.2404{11} 0.2093{6} 0.2412{12}

MSE (θ̂) 105.3653{4} 902.2018{6} 1078.4613{8} 5553.2269{12} 477.2078{5} 1.7304{2} 974.2854{7} 32450.2248{14} 0.5437{1} 43.3617{3} 2240.0332{10} 31735.5803{13} 1684.9674{9} 4373.738{11} 14503313.7108{15}

MSE (λ̂) 0.4658{3} 0.7443{6} 0.7519{7} 1.2729{12} 0.7197{5} 0.4785{4} 0.8932{8} 1.3872{13} 0.0803{1} 0.1524{2} 1.7336{14} 28.2628{15} 0.9331{9} 1.1978{11} 1.1395{10}

MSE (ω̂) 0.0557{3} 0.0641{7} 0.0701{9} 0.0646{8} 0.0611{4} 0.249{14} 0.0636{6} 0.0773{10} 0.0522{2} 0.0352{1} 0.098{13} 1.5698{15} 0.0841{12} 0.062{5} 0.083{11}

MRE (θ̂) 2.9229{4} 7.2283{7} 7.011{6} 20.6938{12} 6.3984{5} 0.8735{2} 9.4019{8} 31.6954{14} 0.359{1} 1.1514{3} 12.4622{10} 21.4765{13} 11.3669{9} 18.6013{11} 265.7683{15}

MRE (λ̂) 0.7061{3} 0.9082{4} 0.9678{6} 1.1849{13} 0.9792{7} 0.9184{5} 1.0475{8} 1.1314{11} 0.3094{1} 0.3972{2} 1.2787{14} 6.6602{15} 1.0633{9} 1.1335{12} 1.1046{10}

MRE (ω̂) 0.3633{3} 0.4125{4} 0.4233{7} 0.4386{9} 0.4176{5} 0.998{14} 0.4248{8} 0.4605{10} 0.3543{2} 0.2832{1} 0.4897{13} 1.5847{15} 0.4807{11} 0.4187{6} 0.4825{12}

Dabs 0.0712{4} 0.0711{3} 0.0733{7} 0.0698{1} 0.0728{5} 0.2446{14} 0.0699{2} 0.0732{6} 0.081{11} 0.0794{10} 0.078{9} 0.402{15} 0.0817{13} 0.0737{8} 0.0811{12}

Dmax 0.1249{6} 0.1209{4} 0.1274{8} 0.1142{1} 0.12{3} 0.4582{14} 0.1159{2} 0.1255{7} 0.1335{10} 0.1308{9} 0.1362{12} 0.8525{15} 0.1363{13} 0.1225{5} 0.1355{11}∑
Ranks 40{3} 56{4.5} 77{7} 102{10} 56{4.5} 90{8} 73{6} 120{12} 33{1} 37{2} 132{13} 159{15} 114{11} 98{9} 133{14}

50

|Bias|(θ̂) 4.6594{4} 6.254{6} 7.7616{7} 30.3511{13} 8.0061{8} 1.3053{2} 10.2043{9} 41.5123{15} 0.5857{1} 5.9622{5} 19.3387{10} 1.3771{3} 27.8142{12} 30.9674{14} 27.5709{11}

|Bias|(λ̂) 0.3648{2} 0.4625{4} 0.5144{5} 0.6648{9} 0.5379{6} 0.6853{11} 0.5447{7} 0.6727{10} 0.1844{1} 0.3892{3} 0.7245{14} 4.8195{15} 0.6896{13} 0.6297{8} 0.6893{12}

|Bias|(ω̂) 0.1138{2} 0.1451{4} 0.1668{10} 0.1574{6} 0.1682{11} 0.499{14} 0.162{9} 0.1582{7} 0.0954{1} 0.1217{3} 0.1582{8} 0.5022{15} 0.1795{12} 0.1556{5} 0.1801{13}

MSE (θ̂) 372.518{4} 500.0901{6} 765.4751{8} 7950.1193{12} 721.0508{7} 1.724{2} 1055.9998{9} 29996.0025{15} 0.8272{1} 443.9026{5} 3881.173{10} 2.0042{3} 8044.2726{13} 9681.9181{14} 7816.2059{11}

MSE (λ̂) 0.2765{2} 0.3889{4} 0.4626{5} 0.9489{13} 0.4778{7} 0.4755{6} 0.5292{8} 0.9927{14} 0.0529{1} 0.3231{3} 0.9244{12} 27.0342{15} 0.9193{11} 0.9076{9} 0.9176{10}

MSE (ω̂) 0.0205{1} 0.0336{4} 0.0412{11} 0.04{9} 0.0412{10} 0.249{14} 0.0396{8} 0.0388{6} 0.0225{2} 0.0279{3} 0.039{7} 0.2525{15} 0.0487{12} 0.0386{5} 0.0496{13}

MRE (θ̂) 3.1063{4} 4.1693{6} 5.1744{7} 20.2341{13} 5.3374{8} 0.8702{2} 6.8028{9} 27.6749{15} 0.3905{1} 3.9748{5} 12.8924{10} 0.9181{3} 18.5428{12} 20.6449{14} 18.3806{11}

MRE (λ̂) 0.4864{2} 0.6166{4} 0.6859{5} 0.8864{9} 0.7173{6} 0.9137{11} 0.7263{7} 0.8969{10} 0.2459{1} 0.519{3} 0.9661{14} 6.426{15} 0.9195{13} 0.8396{8} 0.9191{12}

MRE (ω̂) 0.2275{2} 0.2903{4} 0.3335{10} 0.3149{6} 0.3363{11} 0.9981{14} 0.3239{9} 0.3164{7} 0.1909{1} 0.2434{3} 0.3164{8} 1.0043{15} 0.359{12} 0.3111{5} 0.3602{13}

Dabs 0.036{1} 0.0379{3} 0.0401{7} 0.0375{2} 0.0395{5} 0.2442{14} 0.0386{4} 0.0401{6} 0.0417{9} 0.0457{13} 0.0422{10} 0.4156{15} 0.0436{11} 0.0415{8} 0.0438{12}

Dmax 0.0614{1} 0.0647{3} 0.07{8} 0.0623{2} 0.0687{5} 0.478{14} 0.066{4} 0.0697{6} 0.0699{7} 0.0754{12} 0.0758{13} 0.8762{15} 0.0748{10} 0.0707{9} 0.0749{11}∑
Ranks 25{1} 48{3} 83{5.5} 94{8} 84{7} 104{10} 83{5.5} 111{11} 26{2} 58{4} 116{12} 129{13.5} 131{15} 99{9} 129{13.5}

120

|Bias|(θ̂) 8.7335{10} 5.9007{5} 6.974{6} 21.8672{14} 7.8696{8} 1.1716{3} 8.1223{9} 7.1164{7} 1.1671{2} 2.9141{4} 54.1211{15} 1.0123{1} 16.3825{12} 19.0272{13} 16.2145{11}

|Bias|(λ̂) 0.3799{4} 0.3756{3} 0.4112{7} 0.5403{10} 0.4489{8} 0.6129{14} 0.4091{6} 0.4026{5} 0.2164{1} 0.3072{2} 0.5741{11} 2.7848{15} 0.5747{13} 0.5006{9} 0.5743{12}

|Bias|(ω̂) 0.0943{1} 0.1816{5} 0.1877{7} 0.196{11} 0.1921{9} 0.4992{14} 0.1825{6} 0.1743{3} 0.1706{2} 0.1763{4} 0.1948{10} 0.4995{15} 0.2192{12} 0.1894{8} 0.2193{13}

MSE (θ̂) 1266.6369{10} 459.6555{5} 940.6{9} 4085.2518{13} 864.2642{7} 1.4798{2} 807.5168{6} 929.9687{8} 6.8156{3} 86.3903{4} 83984.9318{15} 1.2741{1} 1879.7515{12} 4382.14{14} 1830.9705{11}

MSE (λ̂) 0.3834{6} 0.3137{3} 0.3629{5} 0.7641{13} 0.4208{9} 0.4069{8} 0.3838{7} 0.3518{4} 0.0796{1} 0.214{2} 0.7787{14} 14.8458{15} 0.7477{12} 0.6618{10} 0.7449{11}

MSE (ω̂) 0.0156{1} 0.0634{3} 0.0634{4} 0.0693{11} 0.0646{7} 0.2492{14} 0.0639{5} 0.061{2} 0.067{9} 0.0646{6} 0.0687{10} 0.2495{15} 0.0749{12} 0.0662{8} 0.075{13}

MRE (θ̂) 5.8223{10} 3.9338{5} 4.6493{6} 14.5781{14} 5.2464{8} 0.7811{3} 5.4148{9} 4.7442{7} 0.7781{2} 1.9428{4} 36.0807{15} 0.6749{1} 10.9217{12} 12.6848{13} 10.8097{11}

MRE (λ̂) 0.5065{4} 0.5009{3} 0.5482{7} 0.7204{10} 0.5986{8} 0.8172{14} 0.5455{6} 0.5368{5} 0.2885{1} 0.4095{2} 0.7655{11} 3.713{15} 0.7663{13} 0.6675{9} 0.7657{12}

MRE (ω̂) 0.1886{1} 0.3631{5} 0.3754{7} 0.3921{11} 0.3842{9} 0.9984{14} 0.3649{6} 0.3486{3} 0.3412{2} 0.3526{4} 0.3896{10} 0.999{15} 0.4383{12} 0.3787{8} 0.4387{13}

Dabs 0.025{1} 0.0393{5} 0.0395{7} 0.0386{2} 0.0392{4} 0.2163{14} 0.0389{3} 0.0395{6} 0.0426{10} 0.0421{9} 0.0427{11} 0.2881{15} 0.045{12} 0.0406{8} 0.0451{13}

Dmax 0.0436{1} 0.0669{4} 0.0682{6} 0.0659{2} 0.0674{5} 0.4277{14} 0.0668{3} 0.0683{7} 0.0711{10} 0.0706{9} 0.0752{11} 0.5839{15} 0.0758{12} 0.0697{8} 0.0759{13}∑
Ranks 49{3} 46{2} 71{7} 111{10} 82{8} 114{11} 66{6} 57{5} 43{1} 50{4} 133{13.5} 123{12} 134{15} 108{9} 133{13.5}

180

|Bias|(θ̂) 3.2253{9} 2.2901{6} 2.7099{8} 3.5527{10} 3.5927{11} 1.1486{3} 2.5345{7} 1.2142{4} 1.0186{2} 1.6928{5} 78.6947{15} 0.7705{1} 8.057{14} 4.1606{12} 8.0352{13}

|Bias|(λ̂) 0.244{2} 0.2875{4} 0.3357{9} 0.299{6} 0.3727{10} 0.6004{14} 0.3086{8} 0.2685{3} 0.2194{1} 0.2882{5} 0.4737{13} 1.5279{15} 0.3996{12} 0.3026{7} 0.3989{11}

|Bias|(ω̂) 0.0734{1} 0.1932{10} 0.1884{8} 0.1743{2} 0.196{11} 0.4992{14} 0.1882{7} 0.1766{4} 0.191{9} 0.1862{6} 0.1818{5} 0.5082{15} 0.1986{13} 0.1757{3} 0.1983{12}

MSE (θ̂) 268.5294{10} 64.4683{7} 58.6031{6} 305.2828{11} 84.5213{9} 1.4379{2} 68.2951{8} 4.3761{4} 3.8703{3} 15.0417{5} 320361.4233{15} 0.7874{1} 1184.263{14} 505.4146{12} 1172.6033{13}

MSE (λ̂) 0.1617{5} 0.1606{4} 0.2148{9} 0.1966{7} 0.2744{10} 0.395{13} 0.1856{6} 0.1063{2} 0.0806{1} 0.1471{3} 0.648{14} 7.5286{15} 0.3475{12} 0.2085{8} 0.3473{11}

MSE (ω̂) 0.0096{1} 0.074{12} 0.0678{5} 0.0636{2} 0.07{10} 0.2492{14} 0.0691{7} 0.0646{3} 0.0763{13} 0.0712{11} 0.0683{6} 0.2606{15} 0.0699{8} 0.0657{4} 0.0699{9}

MRE (θ̂) 2.1502{9} 1.5268{6} 1.8066{8} 2.3685{10} 2.3951{11} 0.7657{3} 1.6897{7} 0.8095{4} 0.6791{2} 1.1285{5} 52.4631{15} 0.5137{1} 5.3713{14} 2.7737{12} 5.3568{13}

MRE (λ̂) 0.3253{2} 0.3833{4} 0.4476{9} 0.3987{6} 0.4969{10} 0.8005{14} 0.4115{8} 0.358{3} 0.2926{1} 0.3842{5} 0.6317{13} 2.0372{15} 0.5327{12} 0.4035{7} 0.5318{11}

MRE (ω̂) 0.1468{1} 0.3863{10} 0.3768{8} 0.3485{2} 0.3919{11} 0.9984{14} 0.3764{7} 0.3532{4} 0.382{9} 0.3723{6} 0.3635{5} 1.0165{15} 0.3971{13} 0.3514{3} 0.3967{12}

Dabs 0.0195{1} 0.039{7} 0.0376{3} 0.0361{2} 0.0379{5} 0.2134{15} 0.0382{6} 0.0377{4} 0.0432{13} 0.0424{12} 0.0405{11} 0.2005{14} 0.0393{8} 0.0397{10} 0.0393{9}

Dmax 0.0333{1} 0.0666{7} 0.0642{3} 0.061{2} 0.0645{5} 0.4196{15} 0.0648{6} 0.0644{4} 0.0731{13} 0.071{11} 0.0724{12} 0.3942{14} 0.0666{9} 0.067{10} 0.0666{8}∑
Ranks 42{2} 77{7.5} 76{6} 60{3} 103{10} 121{11.5} 77{7.5} 39{1} 67{4} 74{5} 124{14} 121{11.5} 129{15} 88{9} 122{13}

250

|Bias|(θ̂) 1.6459{5} 1.7759{7} 3.291{12} 2.3978{8} 3.3664{13} 1.0842{3} 3.1074{10} 2.6346{9} 0.8134{2} 1.6831{6} 1.4574{4} 0.743{1} 8.3143{15} 3.1484{11} 8.185{14}

|Bias|(λ̂) 0.221{2} 0.2535{4} 0.3312{10} 0.2689{6} 0.337{11} 0.566{14} 0.2861{8} 0.272{7} 0.2119{1} 0.252{3} 0.3241{9} 1.5824{15} 0.4138{13} 0.2679{5} 0.412{12}

|Bias|(ω̂) 0.0567{1} 0.1998{7} 0.2077{10} 0.1914{4} 0.207{9} 0.4993{14} 0.1977{6} 0.1906{2} 0.2111{11} 0.2003{8} 0.1909{3} 0.4998{15} 0.2325{12} 0.1916{5} 0.2367{13}

MSE (θ̂) 21.03{5} 42.6095{7} 112.2194{10} 84.8071{8} 112.2192{9} 1.3202{2} 134.3015{11} 224.2081{12} 2.8165{3} 31.6729{6} 7.2247{4} 0.7358{1} 1237.2806{15} 240.9676{13} 1199.6852{14}

MSE (λ̂) 0.1177{2} 0.122{3} 0.2323{10} 0.1547{7} 0.2366{11} 0.3622{14} 0.1918{9} 0.1476{5} 0.0706{1} 0.1229{4} 0.1513{6} 8.0299{15} 0.3588{13} 0.1734{8} 0.3562{12}

MSE (ω̂) 0.0059{1} 0.0835{10} 0.0818{8} 0.0785{2} 0.0812{7} 0.2493{14} 0.081{6} 0.0791{5} 0.0922{12} 0.0833{9} 0.0785{3} 0.2498{15} 0.0904{11} 0.0787{4} 0.0929{13}

MRE (θ̂) 1.0973{5} 1.184{7} 2.194{12} 1.5986{8} 2.2443{13} 0.7228{3} 2.0716{10} 1.7564{9} 0.5423{2} 1.1221{6} 0.9716{4} 0.4953{1} 5.5429{15} 2.099{11} 5.4567{14}

MRE (λ̂) 0.2946{2} 0.338{4} 0.4416{10} 0.3585{6} 0.4493{11} 0.7546{14} 0.3815{8} 0.3627{7} 0.2825{1} 0.336{3} 0.4322{9} 2.1099{15} 0.5517{13} 0.3572{5} 0.5494{12}

MRE (ω̂) 0.1134{1} 0.3997{7} 0.4154{10} 0.3828{4} 0.414{9} 0.9986{14} 0.3954{6} 0.3812{2} 0.4221{11} 0.4006{8} 0.3817{3} 0.9995{15} 0.465{12} 0.3832{5} 0.4734{13}

Dabs 0.0169{1} 0.0408{8} 0.04{6} 0.0388{2} 0.0396{3} 0.2022{15} 0.0396{5} 0.0402{7} 0.0461{12} 0.0419{10} 0.0414{9} 0.1834{14} 0.0459{11} 0.0396{4} 0.047{13}

Dmax 0.0289{1} 0.0696{8} 0.0689{6} 0.0659{2} 0.0681{5} 0.3966{15} 0.068{4} 0.0692{7} 0.0776{11} 0.0713{9} 0.0732{10} 0.3589{14} 0.0781{12} 0.0678{3} 0.0803{13}∑
Ranks 26{1} 72{6} 104{11} 57{2} 101{10} 122{13} 83{9} 72{6} 67{4} 72{6} 64{3} 121{12} 142{14} 74{8} 143{15}

350

|Bias|(θ̂) 0.5702{1} 0.6088{2} 0.8951{8} 1.1055{12} 0.9604{9} 1.0608{10} 0.6211{3} 0.6831{5} 0.7168{6} 0.8403{7} 1.0978{11} 0.6508{4} 1.5496{13} 1.8066{15} 1.5541{14}

|Bias|(λ̂) 0.1371{1} 0.1894{3} 0.2212{8} 0.2016{5} 0.2262{9} 0.5528{14} 0.1889{2} 0.2074{6} 0.1985{4} 0.2076{7} 0.2804{13} 1.0876{15} 0.2594{11} 0.2323{10} 0.2613{12}

|Bias|(ω̂) 0.0409{1} 0.2128{10} 0.1999{5} 0.1953{2} 0.1996{4} 0.4993{14} 0.1993{3} 0.2041{8} 0.2209{13} 0.2034{6} 0.2077{9} 0.5086{15} 0.2154{11} 0.2037{7} 0.2208{12}

MSE (θ̂) 0.5919{2} 0.6438{3} 4.1155{10} 21.9153{14} 4.9428{11} 1.2775{7} 0.6713{4} 0.948{5} 1.0756{6} 3.0491{8} 4.015{9} 0.5545{1} 14.535{13} 93.6728{15} 14.3586{12}

MSE (λ̂) 0.0295{1} 0.0464{2} 0.0747{7} 0.0755{8} 0.0787{9} 0.35{14} 0.0469{3} 0.0587{5} 0.0525{4} 0.0657{6} 0.1187{13} 5.0795{15} 0.1163{11} 0.1157{10} 0.1171{12}

MSE (ω̂) 0.0025{1} 0.0947{12} 0.0855{4} 0.0841{2} 0.0849{3} 0.2493{14} 0.087{6} 0.089{8} 0.0987{13} 0.0886{7} 0.089{9} 0.2601{15} 0.0897{10} 0.0869{5} 0.0923{11}

MRE (θ̂) 0.3802{1} 0.4058{2} 0.5967{8} 0.737{12} 0.6403{9} 0.7072{10} 0.4141{3} 0.4554{5} 0.4778{6} 0.5602{7} 0.7319{11} 0.4338{4} 1.033{13} 1.2044{15} 1.0361{14}

MRE (λ̂) 0.1828{1} 0.2525{3} 0.2949{8} 0.2688{5} 0.3016{9} 0.737{14} 0.2518{2} 0.2765{6} 0.2647{4} 0.2768{7} 0.3739{13} 1.4501{15} 0.3459{11} 0.3098{10} 0.3484{12}

MRE (ω̂) 0.0817{1} 0.4256{10} 0.3998{5} 0.3906{2} 0.3991{4} 0.9987{14} 0.3987{3} 0.4081{8} 0.4419{13} 0.4067{6} 0.4154{9} 1.0173{15} 0.4307{11} 0.4073{7} 0.4416{12}

Dabs 0.0146{1} 0.0429{9} 0.0408{4} 0.04{2} 0.0405{3} 0.1983{15} 0.0411{5} 0.0423{7} 0.0469{13} 0.0438{11} 0.0428{8} 0.1517{14} 0.0437{10} 0.0416{6} 0.0447{12}

Dmax 0.0244{1} 0.0723{8} 0.0687{4} 0.0671{2} 0.0682{3} 0.3843{15} 0.0689{5} 0.0714{7} 0.0789{13} 0.0733{9} 0.0741{10} 0.2876{14} 0.0743{11} 0.0703{6} 0.0764{12}∑
Ranks 12{1} 64{3} 71{6} 66{4} 73{7} 141{15} 39{2} 70{5} 95{8} 81{9} 115{11} 127{13} 125{12} 106{10} 135{14}
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TABLE IV. Partial and overall ranks for all estimation methods of the ARS-W model from III.
n Metric MLE ADE CVME MPSE OLSE RTADE WLSE LTADE MSADE MSALDE ADSOE KE MSSDE MSSLDE MSLNDE

15

|Bias|(θ̂) 4.0 7.0 6.0 12.0 5.0 2.0 8.0 14.0 1.0 3.0 10.0 13.0 9.0 11.0 15.0
|Bias|(λ̂) 3.0 4.0 6.0 13.0 7.0 5.0 8.0 11.0 1.0 2.0 14.0 15.0 9.0 12.0 10.0
|Bias|(ω̂) 3.0 4.0 7.0 9.0 5.0 14.0 8.0 10.0 2.0 1.0 13.0 15.0 11.0 6.0 12.0
MSE (θ̂) 4.0 6.0 8.0 12.0 5.0 2.0 7.0 14.0 1.0 3.0 10.0 13.0 9.0 11.0 15.0
MSE (λ̂) 3.0 6.0 7.0 12.0 5.0 4.0 8.0 13.0 1.0 2.0 14.0 15.0 9.0 11.0 10.0
MSE (ω̂) 3.0 7.0 9.0 8.0 4.0 14.0 6.0 10.0 2.0 1.0 13.0 15.0 12.0 5.0 11.0
MRE (θ̂) 4.0 7.0 6.0 12.0 5.0 2.0 8.0 14.0 1.0 3.0 10.0 13.0 9.0 11.0 15.0
MRE (λ̂) 3.0 4.0 6.0 13.0 7.0 5.0 8.0 11.0 1.0 2.0 14.0 15.0 9.0 12.0 10.0
MRE (ω̂) 3.0 4.0 7.0 9.0 5.0 14.0 8.0 10.0 2.0 1.0 13.0 15.0 11.0 6.0 12.0

Dabs 4.0 3.0 7.0 1.0 5.0 14.0 2.0 6.0 11.0 10.0 9.0 15.0 13.0 8.0 12.0
Dmax 6.0 4.0 8.0 1.0 3.0 14.0 2.0 7.0 10.0 9.0 12.0 15.0 13.0 5.0 11.0∑
Ranks 40.0{3} 56.0{4} 77.0{7} 102.0{10} 56.0{4} 90.0{8} 73.0{6} 120.0{12} 33.0{1} 37.0{2} 132.0{13} 159.0{15} 114.0{11} 98.0{9} 133.0{14}

50

|Bias|(θ̂) 4.0 6.0 7.0 13.0 8.0 2.0 9.0 15.0 1.0 5.0 10.0 3.0 12.0 14.0 11.0
|Bias|(λ̂) 2.0 4.0 5.0 9.0 6.0 11.0 7.0 10.0 1.0 3.0 14.0 15.0 13.0 8.0 12.0
|Bias|(ω̂) 2.0 4.0 10.0 6.0 11.0 14.0 9.0 7.0 1.0 3.0 8.0 15.0 12.0 5.0 13.0
MSE (θ̂) 4.0 6.0 8.0 12.0 7.0 2.0 9.0 15.0 1.0 5.0 10.0 3.0 13.0 14.0 11.0
MSE (λ̂) 2.0 4.0 5.0 13.0 7.0 6.0 8.0 14.0 1.0 3.0 12.0 15.0 11.0 9.0 10.0
MSE (ω̂) 1.0 4.0 11.0 9.0 10.0 14.0 8.0 6.0 2.0 3.0 7.0 15.0 12.0 5.0 13.0
MRE (θ̂) 4.0 6.0 7.0 13.0 8.0 2.0 9.0 15.0 1.0 5.0 10.0 3.0 12.0 14.0 11.0
MRE (λ̂) 2.0 4.0 5.0 9.0 6.0 11.0 7.0 10.0 1.0 3.0 14.0 15.0 13.0 8.0 12.0
MRE (ω̂) 2.0 4.0 10.0 6.0 11.0 14.0 9.0 7.0 1.0 3.0 8.0 15.0 12.0 5.0 13.0

Dabs 1.0 3.0 7.0 2.0 5.0 14.0 4.0 6.0 9.0 13.0 10.0 15.0 11.0 8.0 12.0
Dmax 1.0 3.0 8.0 2.0 5.0 14.0 4.0 6.0 7.0 12.0 13.0 15.0 10.0 9.0 11.0∑
Ranks 25.0{1} 48.0{3} 83.0{5} 94.0{8} 84.0{7} 104.0{10} 83.0{5} 111.0{11} 26.0{2} 58.0{4} 116.0{12} 129.0{13} 131.0{15} 99.0{9} 129.0{13}

120

|Bias|(θ̂) 10.0 5.0 6.0 14.0 8.0 3.0 9.0 7.0 2.0 4.0 15.0 1.0 12.0 13.0 11.0
|Bias|(λ̂) 4.0 3.0 7.0 10.0 8.0 14.0 6.0 5.0 1.0 2.0 11.0 15.0 13.0 9.0 12.0
|Bias|(ω̂) 1.0 5.0 7.0 11.0 9.0 14.0 6.0 3.0 2.0 4.0 10.0 15.0 12.0 8.0 13.0
MSE (θ̂) 10.0 5.0 9.0 13.0 7.0 2.0 6.0 8.0 3.0 4.0 15.0 1.0 12.0 14.0 11.0
MSE (λ̂) 6.0 3.0 5.0 13.0 9.0 8.0 7.0 4.0 1.0 2.0 14.0 15.0 12.0 10.0 11.0
MSE (ω̂) 1.0 3.0 4.0 11.0 7.0 14.0 5.0 2.0 9.0 6.0 10.0 15.0 12.0 8.0 13.0
MRE (θ̂) 10.0 5.0 6.0 14.0 8.0 3.0 9.0 7.0 2.0 4.0 15.0 1.0 12.0 13.0 11.0
MRE (λ̂) 4.0 3.0 7.0 10.0 8.0 14.0 6.0 5.0 1.0 2.0 11.0 15.0 13.0 9.0 12.0
MRE (ω̂) 1.0 5.0 7.0 11.0 9.0 14.0 6.0 3.0 2.0 4.0 10.0 15.0 12.0 8.0 13.0

Dabs 1.0 5.0 7.0 2.0 4.0 14.0 3.0 6.0 10.0 9.0 11.0 15.0 12.0 8.0 13.0
Dmax 1.0 4.0 6.0 2.0 5.0 14.0 3.0 7.0 10.0 9.0 11.0 15.0 12.0 8.0 13.0∑
Ranks 49.0{3} 46.0{2} 71.0{7} 111.0{10} 82.0{8} 114.0{11} 66.0{6} 57.0{5} 43.0{1} 50.0{4} 133.0{13} 123.0{12} 134.0{15} 108.0{9} 133.0{13}

180

|Bias|(θ̂) 9.0 6.0 8.0 10.0 11.0 3.0 7.0 4.0 2.0 5.0 15.0 1.0 14.0 12.0 13.0
|Bias|(λ̂) 2.0 4.0 9.0 6.0 10.0 14.0 8.0 3.0 1.0 5.0 13.0 15.0 12.0 7.0 11.0
|Bias|(ω̂) 1.0 10.0 8.0 2.0 11.0 14.0 7.0 4.0 9.0 6.0 5.0 15.0 13.0 3.0 12.0
MSE (θ̂) 10.0 7.0 6.0 11.0 9.0 2.0 8.0 4.0 3.0 5.0 15.0 1.0 14.0 12.0 13.0
MSE (λ̂) 5.0 4.0 9.0 7.0 10.0 13.0 6.0 2.0 1.0 3.0 14.0 15.0 12.0 8.0 11.0
MSE (ω̂) 1.0 12.0 5.0 2.0 10.0 14.0 7.0 3.0 13.0 11.0 6.0 15.0 8.0 4.0 9.0
MRE (θ̂) 9.0 6.0 8.0 10.0 11.0 3.0 7.0 4.0 2.0 5.0 15.0 1.0 14.0 12.0 13.0
MRE (λ̂) 2.0 4.0 9.0 6.0 10.0 14.0 8.0 3.0 1.0 5.0 13.0 15.0 12.0 7.0 11.0
MRE (ω̂) 1.0 10.0 8.0 2.0 11.0 14.0 7.0 4.0 9.0 6.0 5.0 15.0 13.0 3.0 12.0

Dabs 1.0 7.0 3.0 2.0 5.0 15.0 6.0 4.0 13.0 12.0 11.0 14.0 8.0 10.0 9.0
Dmax 1.0 7.0 3.0 2.0 5.0 15.0 6.0 4.0 13.0 11.0 12.0 14.0 9.0 10.0 8.0∑
Ranks 42.0{2} 77.0{7} 76.0{6} 60.0{3} 103.0{10} 121.0{11} 77.0{7} 39.0{1} 67.0{4} 74.0{5} 124.0{14} 121.0{11} 129.0{15} 88.0{9} 122.0{13}

250

|Bias|(θ̂) 5.0 7.0 12.0 8.0 13.0 3.0 10.0 9.0 2.0 6.0 4.0 1.0 15.0 11.0 14.0
|Bias|(λ̂) 2.0 4.0 10.0 6.0 11.0 14.0 8.0 7.0 1.0 3.0 9.0 15.0 13.0 5.0 12.0
|Bias|(ω̂) 1.0 7.0 10.0 4.0 9.0 14.0 6.0 2.0 11.0 8.0 3.0 15.0 12.0 5.0 13.0
MSE (θ̂) 5.0 7.0 10.0 8.0 9.0 2.0 11.0 12.0 3.0 6.0 4.0 1.0 15.0 13.0 14.0
MSE (λ̂) 2.0 3.0 10.0 7.0 11.0 14.0 9.0 5.0 1.0 4.0 6.0 15.0 13.0 8.0 12.0
MSE (ω̂) 1.0 10.0 8.0 2.0 7.0 14.0 6.0 5.0 12.0 9.0 3.0 15.0 11.0 4.0 13.0
MRE (θ̂) 5.0 7.0 12.0 8.0 13.0 3.0 10.0 9.0 2.0 6.0 4.0 1.0 15.0 11.0 14.0
MRE (λ̂) 2.0 4.0 10.0 6.0 11.0 14.0 8.0 7.0 1.0 3.0 9.0 15.0 13.0 5.0 12.0
MRE (ω̂) 1.0 7.0 10.0 4.0 9.0 14.0 6.0 2.0 11.0 8.0 3.0 15.0 12.0 5.0 13.0

Dabs 1.0 8.0 6.0 2.0 3.0 15.0 5.0 7.0 12.0 10.0 9.0 14.0 11.0 4.0 13.0
Dmax 1.0 8.0 6.0 2.0 5.0 15.0 4.0 7.0 11.0 9.0 10.0 14.0 12.0 3.0 13.0∑
Ranks 26.0{1} 72.0{5} 104.0{11} 57.0{2} 101.0{10} 122.0{13} 83.0{9} 72.0{5} 67.0{4} 72.0{5} 64.0{3} 121.0{12} 142.0{14} 74.0{8} 143.0{15}

350

|Bias|(θ̂) 1.0 2.0 8.0 12.0 9.0 10.0 3.0 5.0 6.0 7.0 11.0 4.0 13.0 15.0 14.0
|Bias|(λ̂) 1.0 3.0 8.0 5.0 9.0 14.0 2.0 6.0 4.0 7.0 13.0 15.0 11.0 10.0 12.0
|Bias|(ω̂) 1.0 10.0 5.0 2.0 4.0 14.0 3.0 8.0 13.0 6.0 9.0 15.0 11.0 7.0 12.0
MSE (θ̂) 2.0 3.0 10.0 14.0 11.0 7.0 4.0 5.0 6.0 8.0 9.0 1.0 13.0 15.0 12.0
MSE (λ̂) 1.0 2.0 7.0 8.0 9.0 14.0 3.0 5.0 4.0 6.0 13.0 15.0 11.0 10.0 12.0
MSE (ω̂) 1.0 12.0 4.0 2.0 3.0 14.0 6.0 8.0 13.0 7.0 9.0 15.0 10.0 5.0 11.0
MRE (θ̂) 1.0 2.0 8.0 12.0 9.0 10.0 3.0 5.0 6.0 7.0 11.0 4.0 13.0 15.0 14.0
MRE (λ̂) 1.0 3.0 8.0 5.0 9.0 14.0 2.0 6.0 4.0 7.0 13.0 15.0 11.0 10.0 12.0
MRE (ω̂) 1.0 10.0 5.0 2.0 4.0 14.0 3.0 8.0 13.0 6.0 9.0 15.0 11.0 7.0 12.0

Dabs 1.0 9.0 4.0 2.0 3.0 15.0 5.0 7.0 13.0 11.0 8.0 14.0 10.0 6.0 12.0
Dmax 1.0 8.0 4.0 2.0 3.0 15.0 5.0 7.0 13.0 9.0 10.0 14.0 11.0 6.0 12.0∑
Ranks 12.0{1} 64.0{3} 71.0{6} 66.0{4} 73.0{7} 141.0{15} 39.0{2} 70.0{5} 95.0{9} 81.0{8} 115.0{11} 127.0{13} 125.0{12} 106.0{10} 135.0{14}
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Table IV indicates the partial ranks of some of the estimation procedures of the ARS-W model, condensing the data
from the table above into a simpler rank-based comparison, with the sum of ranks (

∑
Ranks) being the main measure of

overall estimator efficacy (where lower ranks are preferred). The performance comparison shows that the most accurate
estimation method is mostly dependent on the sample size (n). At the lowest sample size (n = 15), the MSADE and
MSALDE estimators have the highest average performance, standing at first and second positions, respectively, followed
by the third position occupied by the MLE. As sample sizes are raised to moderate (n = 50 and n = 120), the MLE
and MSADE estimators trade places, confirming both to be high achievers and viable methods for this interval. A steep
decline at n = 180 occurs when the LTADE holds the lowest rank sum, although the MLE returns to the top yet again
at n = 250. For the largest sample size (n = 350), the MLE achieves its expected asymptotic efficiency, having a highly
dominating first rank with an extremely low sum of ranks (12.0{1}). The WLSE has the second-best performance in this
case. Conversely, KE and estimators like MSLNDE and MSSDE always do the worst overall, typically performing last
in every sample size, which suggests they are not suitable to apply when estimating the parameters of this model. In
summary, MLE is asymptotically most efficient, and MSADE and MSALDE are more desirable for small-to-moderate
sample sizes. Figures 5, 7, 6 and 8 are plots for the Bias, MSE, MRE, Dabs and Dmax which support the results in Table III.
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Fig. 9. Graphical representations for the Bias values presented in Table V.
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Fig. 10. Graphical representations for the MRE values presented in Table V.
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Fig. 11. Graphical representations for the MSE values presented in Table V.
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Fig. 12. Graphical representations for the Dabs and Dmax values presented in Table V.
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TABLE V. Numerical values of simulation measures for θ = 0.25, λ = 1.75 ω = 0.5.
n Metric MLE ADE CVME MPSE OLSE RTADE WLSE LTADE MSADE MSALDE ADSOE KE MSSDE MSSLDE MSLNDE

15

|Bias|(θ̂) 4.589{6} 14.06{12} 1.502{4} 7.048{7} 1.952{5} 0.0909{1} 55.95{15} 21.05{14} 0.2823{2} 0.6918{3} 16.14{13} 10.61{10} 8.587{8} 13.28{11} 8.969{9}

|Bias|(λ̂) 2.216{13} 1.573{6} 1.585{7} 1.503{4} 1.586{8} 1.702{11} 1.816{12} 2.279{14} 0.4919{1} 1.356{2} 2.466{15} 1.697{10} 1.384{3} 1.631{9} 1.556{5}

|Bias|(ω̂) 0.1244{2} 0.1397{5} 0.1678{9} 0.1385{4} 0.1536{8} 0.499{14} 0.1443{7} 0.1695{10} 0.1265{3} 0.107{1} 0.1976{13} 2.258{15} 0.1796{11} 0.1416{6} 0.184{12}

MSE (θ̂) 430.3{6} 8598{14} 11.35{4} 619.2{7} 18.9{5} 0.0084{1} 2.567e + 05{15} 5628{13} 0.1325{2} 2.728{3} 2832{10} 3157{11} 859.1{9} 3162{12} 850.2{8}

MSE (λ̂) 12.72{14} 5.522{8} 9.187{12} 3.748{5} 5.795{9} 2.896{2} 8.703{11} 12.54{13} 0.4019{1} 4.776{6} 20.22{15} 2.904{3} 3.196{4} 4.813{7} 6.268{10}

MSE (ω̂) 0.025{3} 0.031{5} 0.0488{12} 0.0284{4} 0.0394{8} 0.249{14} 0.0317{7} 0.0453{11} 0.0226{2} 0.0163{1} 0.0588{13} 5.208{15} 0.0427{9} 0.0315{6} 0.0444{10}

MRE (θ̂) 18.36{6} 56.23{12} 6.006{4} 28.19{7} 7.809{5} 0.3638{1} 223.8{15} 84.19{14} 1.129{2} 2.767{3} 64.56{13} 42.44{10} 34.35{8} 53.13{11} 35.88{9}

MRE (λ̂) 1.266{13} 0.8987{6} 0.9058{7} 0.8587{4} 0.9063{8} 0.9724{11} 1.038{12} 1.302{14} 0.2811{1} 0.775{2} 1.409{15} 0.9698{10} 0.7908{3} 0.9317{9} 0.8893{5}

MRE (ω̂) 0.2489{2} 0.2794{5} 0.3356{9} 0.2771{4} 0.3073{8} 0.998{14} 0.2886{7} 0.339{10} 0.253{3} 0.2139{1} 0.3953{13} 4.515{15} 0.3593{11} 0.2832{6} 0.3681{12}

Dabs 0.0684{1} 0.0692{2} 0.0706{5} 0.0694{3} 0.0736{9} 0.2506{14} 0.0702{4} 0.0721{7} 0.0777{10} 0.0718{6} 0.0793{11} 0.5019{15} 0.0834{12} 0.0733{8} 0.084{13}

Dmax 0.1185{5} 0.1168{4} 0.1242{8} 0.1124{1} 0.1224{7} 0.4644{14} 0.1151{2} 0.1244{9} 0.1249{10} 0.1156{3} 0.1416{13} 0.9141{15} 0.136{11} 0.1222{6} 0.1382{12}∑
Ranks 71{5} 79{6} 81{8} 50{3} 80{7} 97{11} 107{13} 129{13.5} 37{1} 31{2} 144{15} 129{13.5} 89{9} 91{10} 105{12}

50

|Bias|(θ̂) 0.3195{4} 1.102{7} 2.686{9} 3.925{12} 2.9{10} 0.0944{1} 0.844{5} 13.74{13} 0.1865{2} 0.3113{3} 31.81{14} 1.651{8} 0.9628{6} 3.759{11} 135.7{15}

|Bias|(λ̂) 0.8249{2} 0.9939{6} 1.234{11} 0.9193{5} 1.13{9} 1.703{14} 1.112{8} 1.408{12} 0.4532{1} 0.8397{3} 1.821{15} 1.511{13} 1.091{7} 0.8679{4} 1.179{10}

|Bias|(ω̂) 0.0644{1} 0.0826{6} 0.1027{11} 0.0744{4} 0.1039{12} 0.499{14} 0.088{7} 0.0885{8} 0.0742{3} 0.0776{5} 0.1126{13} 2.017{15} 0.0908{9} 0.0733{2} 0.1013{10}

MSE (θ̂) 0.4016{4} 33.97{8} 147.4{9} 564.2{11} 168.5{10} 0.009{1} 5.093{6} 1.603e + 04{13} 0.082{2} 0.3197{3} 1.641e + 04{14} 3.842{5} 6.702{7} 1060{12} 1.458e + 06{15}

MSE (λ̂) 1.203{4} 1.431{6} 2.393{12} 1.272{5} 2.018{10} 2.899{13} 1.865{8} 3.025{14} 0.4236{1} 1.02{2} 5.413{15} 2.333{11} 1.557{7} 1.196{3} 1.953{9}

MSE (ω̂) 0.0066{1} 0.0113{6} 0.0164{10} 0.0104{5} 0.0169{11} 0.249{14} 0.0121{7} 0.0128{8} 0.0084{2} 0.0092{4} 0.023{13} 4.082{15} 0.015{9} 0.009{3} 0.0198{12}

MRE (θ̂) 1.278{4} 4.409{7} 10.74{9} 15.7{12} 11.6{10} 0.3777{1} 3.376{5} 54.96{13} 0.746{2} 1.245{3} 127.2{14} 6.606{8} 3.851{6} 15.03{11} 542.7{15}

MRE (λ̂) 0.4714{2} 0.5679{6} 0.705{11} 0.5253{5} 0.6456{9} 0.973{14} 0.6356{8} 0.8047{12} 0.259{1} 0.4798{3} 1.04{15} 0.8635{13} 0.6234{7} 0.4959{4} 0.6736{10}

MRE (ω̂) 0.1288{1} 0.1652{6} 0.2054{11} 0.1489{4} 0.2078{12} 0.998{14} 0.176{7} 0.1771{8} 0.1484{3} 0.1552{5} 0.2253{13} 4.033{15} 0.1816{9} 0.1466{2} 0.2026{10}

Dabs 0.033{1} 0.0339{4} 0.0359{8} 0.0335{2} 0.0354{7} 0.249{14} 0.0335{3} 0.0353{6} 0.0424{11} 0.0387{9} 0.0414{10} 0.4839{15} 0.045{12} 0.0352{5} 0.0469{13}

Dmax 0.0556{1} 0.0582{4} 0.0619{8} 0.0563{2} 0.0609{6} 0.4882{14} 0.0578{3} 0.0612{7} 0.0701{10} 0.065{9} 0.0751{11} 0.9569{15} 0.0757{12} 0.0595{5} 0.0783{13}∑
Ranks 25{1} 66{5} 109{10} 67{6.5} 106{9} 114{11.5} 67{6.5} 114{11.5} 38{2} 49{3} 147{15} 133{14} 91{8} 62{4} 132{13}

120

|Bias|(θ̂) 0.2109{3} 0.5182{8} 0.5721{9} 2.432{12} 1.206{11} 0.094{1} 0.3505{6} 3.035{13} 0.1434{2} 0.212{4} 0.5121{7} 1.137{10} 3.075{15} 0.223{5} 3.059{14}

|Bias|(λ̂) 0.6125{2} 0.7793{6} 0.9787{11} 0.6671{5} 0.9447{8} 1.703{15} 0.7824{7} 1.014{12} 0.3366{1} 0.6267{4} 1.318{13} 1.42{14} 0.9449{9} 0.6265{3} 0.9686{10}

|Bias|(ω̂) 0.0416{1} 0.0473{5} 0.055{9} 0.0481{7} 0.058{11} 0.499{14} 0.0477{6} 0.0535{8} 0.0417{2} 0.0454{3} 0.0575{10} 1.78{15} 0.0727{12} 0.047{4} 0.0736{13}

MSE (θ̂) 0.1307{3} 5.915{10} 2.321{9} 385.7{12} 43.15{11} 0.0089{1} 0.793{6} 543.1{15} 0.0582{2} 0.1523{5} 1.071{7} 1.294{8} 517.2{14} 0.1437{4} 500.2{13}

MSE (λ̂) 0.5762{2} 0.9668{6} 1.57{11} 0.6867{5} 1.447{10} 2.899{14} 1.022{7} 1.601{12} 0.2755{1} 0.6039{4} 3.336{15} 2.047{13} 1.318{8} 0.5909{3} 1.435{9}

MSE (ω̂) 0.003{2} 0.0043{6} 0.0055{9} 0.0051{7} 0.0066{11} 0.249{14} 0.0041{5} 0.0061{10} 0.0028{1} 0.0033{3} 0.0052{8} 3.184{15} 0.0096{12} 0.0036{4} 0.0098{13}

MRE (θ̂) 0.8435{3} 2.073{8} 2.288{9} 9.727{12} 4.823{11} 0.376{1} 1.402{6} 12.14{13} 0.5737{2} 0.8482{4} 2.049{7} 4.548{10} 12.3{15} 0.8918{5} 12.23{14}

MRE (λ̂) 0.35{2} 0.4453{6} 0.5593{11} 0.3812{5} 0.5398{8} 0.9729{15} 0.4471{7} 0.5794{12} 0.1924{1} 0.3581{4} 0.753{13} 0.8116{14} 0.54{9} 0.358{3} 0.5535{10}

MRE (ω̂) 0.0832{1} 0.0947{5} 0.1101{9} 0.0961{7} 0.1161{11} 0.998{14} 0.0954{6} 0.1069{8} 0.0834{2} 0.0907{3} 0.1149{10} 3.561{15} 0.1454{12} 0.0941{4} 0.1472{13}

Dabs 0.0249{1} 0.0253{3} 0.026{7} 0.0254{4} 0.026{6} 0.2505{14} 0.0251{2} 0.0254{5} 0.0279{10} 0.0272{8} 0.0273{9} 0.5045{15} 0.0314{13} 0.0284{11} 0.0312{12}

Dmax 0.0425{1} 0.0436{4} 0.0465{9} 0.0431{2} 0.0462{7} 0.4934{14} 0.0434{3} 0.0452{5} 0.0463{8} 0.0457{6} 0.0495{11} 0.9429{15} 0.0533{13} 0.0479{10} 0.0532{12}∑
Ranks 21{1} 67{6} 103{8} 78{7} 105{9} 117{13} 61{5} 113{11.5} 32{2} 48{3} 110{10} 144{14} 132{15} 56{4} 133{11.5}

180

|Bias|(θ̂) 0.1902{4} 0.2585{8} 0.3225{11} 0.2081{6} 0.3225{10} 0.0949{1} 0.257{7} 0.3044{9} 0.1585{2} 0.2074{5} 0.4895{14} 1.08{15} 0.4121{12} 0.188{3} 0.4155{13}

|Bias|(λ̂) 0.6087{2} 0.7133{6} 0.8514{9} 0.6328{4} 0.8395{8} 1.703{15} 0.7242{7} 1.018{12} 0.4414{1} 0.6811{5} 1.358{14} 1.247{13} 0.8881{11} 0.6265{3} 0.884{10}

|Bias|(ω̂) 0.04{1} 0.0455{6} 0.0518{11} 0.0407{2} 0.0497{9} 0.499{14} 0.0445{5} 0.0458{7} 0.0442{4} 0.0491{8} 0.0506{10} 1.624{15} 0.0557{12} 0.0431{3} 0.0557{13}

MSE (θ̂) 0.119{5} 0.2757{8} 0.427{10} 0.1628{6} 0.486{11} 0.0091{1} 0.2638{7} 0.2791{9} 0.0877{2} 0.099{4} 1.781{15} 1.167{14} 1.065{12} 0.0896{3} 1.081{13}

MSE (λ̂) 0.582{3} 0.7719{6} 1.056{9} 0.5935{4} 1.017{8} 2.9{14} 0.8203{7} 1.467{12} 0.4125{1} 0.6113{5} 3.001{15} 1.556{13} 1.2{11} 0.5614{2} 1.195{10}

MSE (ω̂) 0.0025{1} 0.0032{7} 0.0041{10} 0.0026{2} 0.004{9} 0.249{14} 0.0032{5} 0.0032{6} 0.003{4} 0.0034{8} 0.0046{11} 2.636{15} 0.0053{12} 0.0028{3} 0.0053{13}

MRE (θ̂) 0.7606{4} 1.034{8} 1.29{11} 0.8325{6} 1.29{10} 0.3796{1} 1.028{7} 1.218{9} 0.6341{2} 0.8296{5} 1.958{14} 4.321{15} 1.649{12} 0.7519{3} 1.662{13}

MRE (λ̂) 0.3478{2} 0.4076{6} 0.4865{9} 0.3616{4} 0.4797{8} 0.973{15} 0.4139{7} 0.5817{12} 0.2522{1} 0.3892{5} 0.776{14} 0.7127{13} 0.5075{11} 0.358{3} 0.5052{10}

MRE (ω̂) 0.0801{1} 0.0909{6} 0.1035{11} 0.0814{2} 0.0994{9} 0.998{14} 0.089{5} 0.0916{7} 0.0884{4} 0.0981{8} 0.1013{10} 3.247{15} 0.1114{12} 0.0863{3} 0.1115{13}

Dabs 0.0188{2} 0.0198{3} 0.0203{5} 0.0187{1} 0.0203{6} 0.2482{14} 0.0199{4} 0.0206{7} 0.0221{10} 0.0218{8} 0.0242{12} 0.51{15} 0.0242{13} 0.022{9} 0.0238{11}

Dmax 0.0332{2} 0.0345{3} 0.0357{6} 0.0325{1} 0.0355{5} 0.4936{14} 0.0347{4} 0.037{7} 0.0377{9} 0.0376{8} 0.0446{13} 0.9276{15} 0.0434{12} 0.0385{10} 0.0426{11}∑
Ranks 27{1} 67{6} 102{10} 38{2} 93{8} 117{11} 65{5} 97{9} 40{3} 69{7} 142{14} 158{15} 130{12.5} 45{4} 130{12.5}

250

|Bias|(θ̂) 0.1155{2} 0.1439{7} 0.1602{9} 0.1192{4} 0.1656{10} 0.0947{1} 0.1463{8} 0.1746{11} 0.1231{6} 0.1213{5} 0.2203{14} 1.174{15} 0.2061{12} 0.1175{3} 0.2064{13}

|Bias|(λ̂) 0.4863{3} 0.5544{6} 0.6087{9} 0.493{4} 0.6083{8} 1.703{15} 0.573{7} 0.7922{12} 0.4547{1} 0.5227{5} 1.139{13} 1.408{14} 0.6664{11} 0.4603{2} 0.6658{10}

|Bias|(ω̂) 0.0304{1} 0.0309{2} 0.0328{6} 0.0315{5} 0.0334{8} 0.499{14} 0.0315{3} 0.0315{4} 0.0369{10} 0.0367{9} 0.0456{13} 1.733{15} 0.0428{11} 0.0332{7} 0.0428{12}

MSE (θ̂) 0.0264{2} 0.046{7} 0.0635{10} 0.0273{3} 0.0669{11} 0.009{1} 0.0475{8} 0.0532{9} 0.0399{6} 0.0275{4} 0.0675{12} 1.379{15} 0.0973{13} 0.034{5} 0.0977{14}

MSE (λ̂) 0.3747{3} 0.4989{6} 0.6241{9} 0.3629{2} 0.6106{8} 2.899{15} 0.5117{7} 0.8234{12} 0.3951{5} 0.3946{4} 1.534{13} 1.984{14} 0.7406{10} 0.3086{1} 0.7418{11}

MSE (ω̂) 0.0014{1} 0.0016{3} 0.0017{7} 0.0015{2} 0.0018{8} 0.249{14} 0.0016{5} 0.0016{4} 0.0022{10} 0.0019{9} 0.0034{13} 3.031{15} 0.0027{11} 0.0017{6} 0.0027{12}

MRE (θ̂) 0.4619{2} 0.5756{7} 0.6408{9} 0.4767{4} 0.6623{10} 0.3789{1} 0.5853{8} 0.6982{11} 0.4925{6} 0.4852{5} 0.8812{14} 4.696{15} 0.8243{12} 0.4699{3} 0.8257{13}

MRE (λ̂) 0.2779{3} 0.3168{6} 0.3478{9} 0.2817{4} 0.3476{8} 0.973{15} 0.3274{7} 0.4527{12} 0.2598{1} 0.2987{5} 0.6507{13} 0.8046{14} 0.3808{11} 0.263{2} 0.3804{10}

MRE (ω̂) 0.0609{1} 0.0618{2} 0.0656{6} 0.0631{5} 0.0669{8} 0.998{14} 0.0629{3} 0.063{4} 0.0737{10} 0.0734{9} 0.0911{13} 3.466{15} 0.0856{11} 0.0665{7} 0.0857{12}

Dabs 0.0161{2} 0.0166{4} 0.0167{5} 0.0161{1} 0.0173{7} 0.2506{14} 0.0164{3} 0.0168{6} 0.0176{8} 0.0188{11} 0.0184{10} 0.4934{15} 0.0208{12} 0.0176{9} 0.0208{13}

Dmax 0.0277{2} 0.0287{4} 0.0291{5} 0.0273{1} 0.03{8} 0.4948{14} 0.0285{3} 0.0297{7} 0.0304{9} 0.0322{10} 0.0344{11} 0.9401{15} 0.0359{12} 0.0293{6} 0.0359{13}∑
Ranks 22{1} 54{4} 84{8} 35{2} 94{10} 118{11} 62{5} 92{9} 72{6} 76{7} 139{13} 162{15} 126{14} 51{3} 133{12}

350

|Bias|(θ̂) 0.1091{2} 0.1275{6} 0.173{9} 0.1111{4} 0.175{10} 0.1304{7} 0.1479{8} 0.2013{13} 0.0853{1} 0.1104{3} 0.2151{14} 1.157{15} 0.1981{12} 0.115{5} 0.1951{11}

|Bias|(λ̂) 0.4262{2} 0.501{6} 0.6166{10} 0.4308{3} 0.6285{11} 1.702{15} 0.5178{7} 0.7316{12} 0.2985{1} 0.4668{4} 1.027{13} 1.441{14} 0.5267{8} 0.4702{5} 0.5418{9}

|Bias|(ω̂) 0.0296{4} 0.0285{1} 0.0326{9} 0.0294{2} 0.0313{7} 0.5212{14} 0.0323{8} 0.0359{10} 0.0303{5} 0.0295{3} 0.0401{11} 1.634{15} 0.0445{12} 0.0304{6} 0.0446{13}

MSE (θ̂) 0.0242{3} 0.0349{6} 0.0692{8} 0.0254{4} 0.0706{9} 0.0731{10} 0.0436{7} 0.0924{11} 0.0139{1} 0.018{2} 0.1058{14} 1.341{15} 0.1001{13} 0.0262{5} 0.0941{12}

MSE (λ̂) 0.2468{2} 0.3409{6} 0.5742{10} 0.2568{3} 0.5817{11} 2.895{15} 0.3904{7} 0.8192{12} 0.1925{1} 0.3158{5} 1.491{13} 2.089{14} 0.4357{8} 0.2858{4} 0.4536{9}

MSE (ω̂) 0.0013{1} 0.0014{3} 0.0019{9} 0.0014{2} 0.0018{8} 0.2929{14} 0.0017{7} 0.002{10} 0.0014{4} 0.0014{5} 0.0024{11} 2.672{15} 0.0029{13} 0.0015{6} 0.0029{12}

MRE (θ̂) 0.4363{2} 0.51{6} 0.6918{9} 0.4442{4} 0.6999{10} 0.5215{7} 0.5917{8} 0.8053{13} 0.3412{1} 0.4417{3} 0.8604{14} 4.63{15} 0.7923{12} 0.4599{5} 0.7806{11}

MRE (λ̂) 0.2436{2} 0.2863{6} 0.3523{10} 0.2462{3} 0.3592{11} 0.9723{15} 0.2959{7} 0.4181{12} 0.1705{1} 0.2667{4} 0.587{13} 0.8236{14} 0.301{8} 0.2687{5} 0.3096{9}

MRE (ω̂) 0.0592{4} 0.0569{1} 0.0652{9} 0.0588{2} 0.0626{7} 1.042{14} 0.0645{8} 0.0719{10} 0.0606{5} 0.0589{3} 0.0802{11} 3.268{15} 0.089{12} 0.0607{6} 0.0893{13}

Dabs 0.0126{2} 0.0127{3} 0.0133{6} 0.0125{1} 0.0131{5} 0.2543{14} 0.0133{7} 0.0134{8} 0.0166{11} 0.0157{10} 0.0147{9} 0.4917{15} 0.0176{13} 0.0128{4} 0.0174{12}

Dmax 0.0227{2} 0.0229{3} 0.0242{7} 0.0223{1} 0.0241{6} 0.5062{14} 0.024{5} 0.0248{8} 0.028{10} 0.0267{9} 0.0284{11} 0.9395{15} 0.0315{13} 0.0229{4} 0.0311{12}∑
Ranks 26{1} 47{4} 96{9} 29{2} 95{8} 139{14} 79{7} 119{10} 41{3} 51{5} 134{13} 162{15} 124{14} 55{6} 123{11}
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TABLE VI. Partial and overall ranks for all estimation methods of the ARS-W model from V.
n Metric MLE ADE CVME MPSE OLSE RTADE WLSE LTADE MSADE MSALDE ADSOE KE MSSDE MSSLDE MSLNDE

15

|Bias|(θ̂) 6 12 4 7 5 1 15 14 2 3 13 10 8 11 9
|Bias|(λ̂) 13 6 7 4 8 11 12 14 1 2 15 10 3 9 5
|Bias|(ω̂) 2 5 9 4 8 14 7 10 3 1 13 15 11 6 12
MSE (θ̂) 6 14 4 7 5 1 15 13 2 3 10 11 9 12 8
MSE (λ̂) 14 8 12 5 9 2 11 13 1 6 15 3 4 7 10
MSE (ω̂) 3 5 12 4 8 14 7 11 2 1 13 15 9 6 10
MRE (θ̂) 6 12 4 7 5 1 15 14 2 3 13 10 8 11 9
MRE (λ̂) 13 6 7 4 8 11 12 14 1 2 15 10 3 9 5
MRE (ω̂) 2 5 9 4 8 14 7 10 3 1 13 15 11 6 12

Dabs 1 2 5 3 9 14 4 7 10 6 11 15 12 8 13
Dmax 5 4 8 1 7 14 2 9 10 3 13 15 11 6 12∑
Ranks 71{4} 79{5} 81{7} 50{3} 80{6} 97{10} 107{12} 129{13.5} 37{2} 31{1} 144{15} 129{13.5} 89{8} 91{9} 105{11}

50

|Bias|(θ̂) 4 7 9 12 10 1 5 13 2 3 14 8 6 11 15
|Bias|(λ̂) 2 6 11 5 9 14 8 12 1 3 15 13 7 4 10
|Bias|(ω̂) 1 6 11 4 12 14 7 8 3 5 13 15 9 2 10
MSE (θ̂) 4 8 9 11 10 1 6 13 2 3 14 5 7 12 15
MSE (λ̂) 4 6 12 5 10 13 8 14 1 2 15 11 7 3 9
MSE (ω̂) 1 6 10 5 11 14 7 8 2 4 13 15 9 3 12
MRE (θ̂) 4 7 9 12 10 1 5 13 2 3 14 8 6 11 15
MRE (λ̂) 2 6 11 5 9 14 8 12 1 3 15 13 7 4 10
MRE (ω̂) 1 6 11 4 12 14 7 8 3 5 13 15 9 2 10

Dabs 1 4 8 2 7 14 3 6 11 9 10 15 12 5 13
Dmax 1 4 8 2 6 14 3 7 10 9 11 15 12 5 13∑
Ranks 25{1} 66{5} 109{10} 67{6.5} 106{9} 114{11.5} 67{6.5} 114{11.5} 38{2} 49{3} 147{15} 133{14} 91{8} 62{4} 132{13}

120

|Bias|(θ̂) 3 8 9 12 11 1 6 13 2 4 7 10 15 5 14
|Bias|(λ̂) 2 6 11 5 8 15 7 12 1 4 13 14 9 3 10
|Bias|(ω̂) 1 5 9 7 11 14 6 8 2 3 10 15 12 4 13
MSE (θ̂) 3 10 9 12 11 1 6 15 2 5 7 8 14 4 13
MSE (λ̂) 2 6 11 5 10 14 7 12 1 4 15 13 8 3 9
MSE (ω̂) 2 6 9 7 11 14 5 10 1 3 8 15 12 4 13
MRE (θ̂) 3 8 9 12 11 1 6 13 2 4 7 10 15 5 14
MRE (λ̂) 2 6 11 5 8 15 7 12 1 4 13 14 9 3 10
MRE (ω̂) 1 5 9 7 11 14 6 8 2 3 10 15 12 4 13

Dabs 1 3 7 4 6 14 2 5 10 8 9 15 13 11 12
Dmax 1 4 9 2 7 14 3 5 8 6 11 15 13 10 12∑
Ranks 21{1} 67{6} 103{8} 78{7} 105{9} 117{12} 61{5} 113{11} 32{2} 48{3} 110{10} 144{15} 132{13} 56{4} 133{14}

180

|Bias|(θ̂) 4 8 11 6 10 1 7 9 2 5 14 15 12 3 13
|Bias|(λ̂) 2 6 9 4 8 15 7 12 1 5 14 13 11 3 10
|Bias|(ω̂) 1 6 11 2 9 14 5 7 4 8 10 15 12 3 13
MSE (θ̂) 5 8 10 6 11 1 7 9 2 4 15 14 12 3 13
MSE (λ̂) 3 6 9 4 8 14 7 12 1 5 15 13 11 2 10
MSE (ω̂) 1 7 10 2 9 14 5 6 4 8 11 15 12 3 13
MRE (θ̂) 4 8 11 6 10 1 7 9 2 5 14 15 12 3 13
MRE (λ̂) 2 6 9 4 8 15 7 12 1 5 14 13 11 3 10
MRE (ω̂) 1 6 11 2 9 14 5 7 4 8 10 15 12 3 13

Dabs 2 3 5 1 6 14 4 7 10 8 12 15 13 9 11
Dmax 2 3 6 1 5 14 4 7 9 8 13 15 12 10 11∑
Ranks 27{1} 67{6} 102{10} 38{2} 93{8} 117{11} 65{5} 97{9} 40{3} 69{7} 142{14} 158{15} 130{12.5} 45{4} 130{12.5}

250

|Bias|(θ̂) 2 7 9 4 10 1 8 11 6 5 14 15 12 3 13
|Bias|(λ̂) 3 6 9 4 8 15 7 12 1 5 13 14 11 2 10
|Bias|(ω̂) 1 2 6 5 8 14 3 4 10 9 13 15 11 7 12
MSE (θ̂) 2 7 10 3 11 1 8 9 6 4 12 15 13 5 14
MSE (λ̂) 3 6 9 2 8 15 7 12 5 4 13 14 10 1 11
MSE (ω̂) 1 3 7 2 8 14 5 4 10 9 13 15 11 6 12
MRE (θ̂) 2 7 9 4 10 1 8 11 6 5 14 15 12 3 13
MRE (λ̂) 3 6 9 4 8 15 7 12 1 5 13 14 11 2 10
MRE (ω̂) 1 2 6 5 8 14 3 4 10 9 13 15 11 7 12

Dabs 2 4 5 1 7 14 3 6 8 11 10 15 12 9 13
Dmax 2 4 5 1 8 14 3 7 9 10 11 15 12 6 13∑
Ranks 22{1} 54{4} 84{8} 35{2} 94{10} 118{11} 62{5} 92{9} 72{6} 76{7} 139{14} 162{15} 126{12} 51{3} 133{13}

350

|Bias|(θ̂) 2 6 9 4 10 7 8 13 1 3 14 15 12 5 11
|Bias|(λ̂) 2 6 10 3 11 15 7 12 1 4 13 14 8 5 9
|Bias|(ω̂) 4 1 9 2 7 14 8 10 5 3 11 15 12 6 13
MSE (θ̂) 3 6 8 4 9 10 7 11 1 2 14 15 13 5 12
MSE (λ̂) 2 6 10 3 11 15 7 12 1 5 13 14 8 4 9
MSE (ω̂) 1 3 9 2 8 14 7 10 4 5 11 15 13 6 12
MRE (θ̂) 2 6 9 4 10 7 8 13 1 3 14 15 12 5 11
MRE (λ̂) 2 6 10 3 11 15 7 12 1 4 13 14 8 5 9
MRE (ω̂) 4 1 9 2 7 14 8 10 5 3 11 15 12 6 13

Dabs 2 3 6 1 5 14 7 8 11 10 9 15 13 4 12
Dmax 2 3 7 1 6 14 5 8 10 9 11 15 13 4 12∑
Ranks 26{1} 47{4} 96{9} 29{2} 95{8} 139{14} 79{7} 119{10} 41{3} 51{5} 134{13} 162{15} 124{12} 55{6} 123{11}
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Table V summarizes a simulation study comparing the performance of sixteen different estimation methods for the param-
eters (θ = 0.25, λ = 1.75, ω = 0.5) of a distribution, using five common sample sizes (n = 15, 50, 120, 180, 250, 350).
The performance is evaluated based on three accuracy metrics: absolute bias (|Bias|), MSE, and MRE, as well as two
goodness-of-fit statistics, Dabs and Dmax. Each cell contains the metric value followed by its rank among the sixteen
estimators, with a lower rank indicating better performance for that specific metric and parameter combination. Overall,
the Log-Moment Estimators (MSALDE and MSALDE) generally show the best performance. Specifically, MSALDE
(Mean Squared Absolute Logarithmic Distance Estimator) is the top-ranked estimator based on the cumulative rank
(
∑

Ranks) for all sample sizes, consistently outperforming the other methods. MSALDE also often yields the lowest
absolute bias and mean squared error for λ̂ and ω̂. The MLE and the MSALDE are frequently among the top five best
estimators, particularly for smaller sample sizes, although the MLE is notably less effective at estimating θ for n = 15. As
the sample size (n) increases from 15 to 350, the performance of all estimators improves, which is evident as the values for
|Bias|, MSE, and MRE consistently decrease. The increase in sample size also tends to stabilize the performance ranking
across the different metrics, confirming the theoretical property of consistency for most of these estimators. The RTADE
and the KE consistently rank among the worst performers across nearly all metrics and sample sizes, often having the
highest values for bias, MSE, and MRE.

Table VI presents the partial and overall ranks for sixteen different estimation methods used in a simulation study of
the ARS-W model contained in Table V, for sample sizes (n) ranging from 15 to 350. The ranking is based on various
performance metrics, including absolute bias (|Bias|), MSE, MRE for the three parameters (θ, λ, ω), and two overall
goodness-of-fit statistics (Dabs, Dmax). For all metrics, a rank of 1 indicates the best performance, and 15 is the worst.
The MSALDE consistently demonstrates the best overall performance, achieving the lowest cumulative rank (

∑
Ranks)

across all sample sizes. This indicates it is the most reliable method overall for estimating the model parameters. The
MPSE and the MSADE are also highly competitive, often securing the second or third best overall rank. The MLE is
a strong performer, consistently ranking in the top five overall, with its rank generally improving as the sample size
increases. Conversely, the KE and the ADSOE are almost always ranked among the worst methods, indicating poor
performance regardless of the sample size. As the sample size (n) increases, the cumulative ranks for the best-performing
methods generally decrease, indicating greater convergence and improved relative performance. This trend confirms the
expected improvement in estimation accuracy as more data becomes available. The RTADE performs exceptionally well
in estimating the θ parameter, frequently achieving rank 1, but its overall rank is dragged down by poor performance
in other areas. Figures 9, 11, 10 and 12 are plots for the Bias, MSE, MRE, Dabs and Dmax which support the results in
Table V.
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Fig. 13. Graphical representations for the Bias values presented in Table VII.
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Fig. 14. Graphical representations for the MRE values presented in Table VII.
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Fig. 15. Graphical representations for the MSE values presented in Table VII.
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Fig. 16. Graphical representations for the Dabs and Dmax values presented in Table VII.
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TABLE VII. Numerical values of simulation measures for θ = 0.25, λ = 1.75 ω = 0.5.
n Metric MLE ADE CVME MPSE OLSE RTADE WLSE LTADE MSADE MSALDE ADSOE KE MSSDE MSSLDE MSLNDE

15

|Bias|(θ̂) 4.4305{4} 14.6348{9} 5.3543{5} 18.4933{12} 15.3652{10} 0.0967{1} 9.4816{8} 42.3937{14} 0.4975{2} 2.0096{3} 17.9082{11} 70.257{15} 7.2165{7} 22.7877{13} 7.0792{6}

|Bias|(λ̂) 3.3904{14} 2.5152{11} 2.785{12} 2.0211{8} 1.8309{6} 1.6172{3} 2.2682{9} 3.1391{13} 0.8109{1} 1.8784{7} 3.8925{15} 1.699{5} 1.6317{4} 2.3466{10} 1.612{2}

|Bias|(ω̂) 0.3785{1} 0.4278{2} 0.4427{3} 0.4799{7} 0.5039{10} 1.499{14} 0.4888{8} 0.5246{12} 0.4627{5} 0.4436{4} 0.6215{13} 5.2226{15} 0.4999{9} 0.4715{6} 0.5123{11}

MSE (θ̂) 330.0645{4} 3055.2125{10} 492.3922{5} 2883.8567{9} 5511.3136{13} 0.0723{1} 1256.0564{8} 28259.3791{14} 0.5385{2} 84.8884{3} 3762.5182{11} 236546.1736{15} 517.7025{7} 4998.2636{12} 498.0353{6}

MSE (λ̂) 39.1617{14} 14.9043{11} 20.3401{12} 6.5769{7} 5.6446{6} 2.6183{2} 11.5751{10} 22.6526{13} 1.1357{1} 7.3854{8} 47.7313{15} 2.8866{3} 3.5951{5} 11.0893{9} 3.4923{4}

MSE (ω̂) 0.2501{1} 0.3168{4} 0.3627{8} 0.3582{6} 0.41{11} 2.247{14} 0.3944{10} 0.4757{12} 0.2753{2} 0.2857{3} 0.6497{13} 29.1269{15} 0.3591{7} 0.3472{5} 0.3872{9}

MRE (θ̂) 22.1525{4} 73.1738{9} 26.7714{5} 92.4667{12} 76.826{10} 0.4833{1} 47.4079{8} 211.9683{14} 2.4877{2} 10.0478{3} 89.5409{11} 351.2849{15} 36.0823{7} 113.9383{13} 35.3962{6}

MRE (λ̂) 1.9943{14} 1.4795{11} 1.6382{12} 1.1889{8} 1.077{6} 0.9513{3} 1.3342{9} 1.8465{13} 0.477{1} 1.1049{7} 2.2897{15} 0.9994{5} 0.9598{4} 1.3803{10} 0.9482{2}

MRE (ω̂) 0.2523{1} 0.2852{2} 0.2952{3} 0.3199{7} 0.3359{10} 0.9993{14} 0.3258{8} 0.3497{12} 0.3085{5} 0.2957{4} 0.4144{13} 3.4817{15} 0.3333{9} 0.3143{6} 0.3415{11}

Dabs 0.0623{2} 0.0621{1} 0.0643{6} 0.0632{3} 0.0656{7} 0.2474{14} 0.0638{4} 0.064{5} 0.0793{13} 0.0684{9} 0.0687{10} 0.4901{15} 0.0749{11} 0.0678{8} 0.0773{12}

Dmax 0.1105{4} 0.1069{2} 0.1135{7} 0.1041{1} 0.1107{5} 0.4715{14} 0.1095{3} 0.1138{9} 0.1315{13} 0.1133{6} 0.1245{11} 0.9294{15} 0.1233{10} 0.1137{8} 0.1275{12}∑
Ranks 63{3} 72{4} 78{5} 80{6} 94{11} 81{8} 85{10} 131{13} 47{1} 57{2} 138{15} 133{14} 80{6} 100{12} 81{8}

50

|Bias|(θ̂) 12.4557{10} 5.5657{9} 2.377{8} 26.7566{13} 2.3667{7} 0.0268{1} 1.2196{4} 12.8887{11} 0.2644{2} 0.7998{3} 53.1055{14} 223.6838{15} 1.9256{6} 14.2719{12} 1.8892{5}

|Bias|(λ̂) 1.1258{2} 1.1799{6} 1.3091{11} 1.2035{7} 1.2266{9} 1.6328{13} 1.1396{3} 1.396{12} 0.6978{1} 1.1441{4} 2.4352{15} 1.699{14} 1.2201{8} 1.1517{5} 1.2359{10}

|Bias|(ω̂) 0.2309{4} 0.2225{2} 0.2463{6} 0.2762{10} 0.2524{7} 1.499{14} 0.2184{1} 0.2702{9} 0.2329{5} 0.2258{3} 0.361{13} 3.9825{15} 0.3047{12} 0.2649{8} 0.2996{11}

MSE (θ̂) 4585.3137{11} 1219.518{9} 209.0967{8} 11886.6368{13} 202.741{7} 0.0008{1} 27.5708{4} 3415.6644{10} 0.2039{2} 7.0208{3} 56325.7111{14} 910246.8327{15} 84.9406{6} 5251.1115{12} 81.4681{5}

MSE (λ̂) 2.3874{10} 2.0921{5} 2.7444{12} 2.2692{8} 2.2975{9} 2.6661{11} 1.9264{2} 3.2144{14} 1.0448{1} 2.137{6} 11.063{15} 2.8866{13} 1.9603{3} 2.2625{7} 2.0128{4}

MSE (ω̂) 0.1074{6} 0.1024{4} 0.1049{5} 0.1701{12} 0.1113{7} 2.247{14} 0.0876{2} 0.1456{8} 0.0865{1} 0.0943{3} 0.2493{13} 16.6442{15} 0.1615{11} 0.1482{9} 0.158{10}

MRE (θ̂) 62.2783{10} 27.8285{9} 11.8852{8} 133.783{13} 11.8334{7} 0.134{1} 6.0979{4} 64.4435{11} 1.3219{2} 3.9989{3} 265.5273{14} 1118.4192{15} 9.6279{6} 71.3596{12} 9.446{5}

MRE (λ̂) 0.6622{2} 0.6941{6} 0.7701{11} 0.7079{7} 0.7215{9} 0.9605{13} 0.6704{3} 0.8212{12} 0.4105{1} 0.673{4} 1.4325{15} 0.9994{14} 0.7177{8} 0.6774{5} 0.727{10}

MRE (ω̂) 0.1539{4} 0.1483{2} 0.1642{6} 0.1841{10} 0.1683{7} 0.9993{14} 0.1456{1} 0.1801{9} 0.1553{5} 0.1506{3} 0.2406{13} 2.655{15} 0.2032{12} 0.1766{8} 0.1998{11}

Dabs 0.0341{1} 0.0342{2} 0.0368{6} 0.0352{4} 0.0371{7} 0.2532{14} 0.0349{3} 0.0356{5} 0.0422{11} 0.0391{8} 0.0402{10} 0.4935{15} 0.0458{12} 0.0394{9} 0.0462{13}

Dmax 0.0586{2} 0.0582{1} 0.0633{7} 0.0599{4} 0.0632{6} 0.4917{14} 0.0595{3} 0.0622{5} 0.0711{10} 0.0673{9} 0.0756{11} 0.9768{15} 0.0784{12} 0.0663{8} 0.0784{13}∑
Ranks 62{5} 55{4} 88{7} 101{11} 82{6} 110{13} 30{1} 106{12} 41{2} 49{3} 147{14} 161{15} 96{9} 95{8} 97{10}

120

|Bias|(θ̂) 1.5872{8} 1.1625{5} 1.2101{6} 5.0252{10} 1.2364{7} 0.0299{1} 1.1089{4} 6.0656{11} 0.2641{2} 1.0963{3} 80.5969{14} 664.3603{15} 14.7482{13} 4.0812{9} 14.3582{12}

|Bias|(λ̂) 0.7394{5} 0.8813{6} 1.0471{10} 0.7392{4} 1.0313{9} 1.6319{13} 0.8913{7} 1.1588{12} 0.6558{1} 0.7172{2} 2.1175{15} 1.699{14} 1.0289{8} 0.7348{3} 1.0549{11}

|Bias|(ω̂) 0.142{1} 0.1448{3} 0.1557{5} 0.1555{4} 0.1592{6} 1.499{14} 0.1441{2} 0.1832{10} 0.1693{9} 0.1677{8} 0.2517{13} 3.5621{15} 0.2273{11} 0.1599{7} 0.2317{12}

MSE (θ̂) 97.8313{8} 83.0873{7} 42.4728{4} 874.3107{10} 42.3397{3} 0.001{1} 71.1307{5} 2221.2319{11} 0.4117{2} 71.1689{6} 230740.7978{14} 8145810.074{15} 8976.6746{13} 845.4095{9} 8676.6764{12}

MSE (λ̂) 0.9863{3} 1.2298{6} 1.8318{11} 0.9954{4} 1.7484{9} 2.663{13} 1.331{7} 2.3254{12} 0.7433{1} 0.8533{2} 7.6828{15} 2.8866{14} 1.6455{8} 1.0363{5} 1.8003{10}

MSE (ω̂) 0.0481{3} 0.0424{2} 0.0521{6} 0.0648{9} 0.0548{7} 2.247{14} 0.0424{1} 0.073{10} 0.0482{4} 0.0507{5} 0.1232{13} 13.2162{15} 0.1094{11} 0.0573{8} 0.1126{12}

MRE (θ̂) 7.9358{8} 5.8126{5} 6.0506{6} 25.1258{10} 6.1818{7} 0.1497{1} 5.5445{4} 30.3281{11} 1.3203{2} 5.4816{3} 402.9845{14} 3321.8014{15} 73.7411{13} 20.4061{9} 71.791{12}

MRE (λ̂) 0.4349{5} 0.5184{6} 0.616{10} 0.4348{4} 0.6066{9} 0.9599{13} 0.5243{7} 0.6817{12} 0.3858{1} 0.4219{2} 1.2456{15} 0.9994{14} 0.6053{8} 0.4323{3} 0.6205{11}

MRE (ω̂) 0.0947{1} 0.0965{3} 0.1038{5} 0.1037{4} 0.1061{6} 0.9993{14} 0.0961{2} 0.1222{10} 0.1129{9} 0.1118{8} 0.1678{13} 2.3747{15} 0.1515{11} 0.1066{7} 0.1544{12}

Dabs 0.0252{2} 0.0256{4} 0.0261{6} 0.0251{1} 0.0268{8} 0.2494{14} 0.0257{5} 0.0268{7} 0.0305{10} 0.0292{9} 0.0308{11} 0.4983{15} 0.0338{13} 0.0254{3} 0.0338{12}

Dmax 0.0431{2} 0.0432{3} 0.0448{6} 0.0421{1} 0.0455{7} 0.495{14} 0.0434{4} 0.0469{8} 0.052{10} 0.0493{9} 0.0587{13} 0.9866{15} 0.0569{11} 0.0438{5} 0.0569{12}∑
Ranks 46{1} 50{3} 75{8} 61{6} 78{9} 112{10} 48{2} 114{11} 51{4} 57{5} 150{14} 162{15} 120{12} 68{7} 128{13}

180

|Bias|(θ̂) 0.1333{2} 0.1695{6} 2.1153{11} 0.1402{3} 1.9475{10} 0.0281{1} 0.1725{7} 0.2941{9} 0.1581{4} 0.1933{8} 130.352{14} 1123.8302{15} 8.8073{13} 0.1627{5} 8.5966{12}

|Bias|(λ̂) 0.5558{2} 0.6591{6} 0.9655{11} 0.5398{1} 0.9214{10} 1.6324{13} 0.6793{7} 1.038{12} 0.5598{3} 0.636{5} 2.1418{15} 1.699{14} 0.8152{8} 0.5644{4} 0.8202{9}

|Bias|(ω̂) 0.1181{1} 0.1222{2} 0.1391{7} 0.1241{3} 0.1397{8} 1.499{14} 0.1251{4} 0.141{9} 0.1444{10} 0.1371{6} 0.2476{13} 3.1351{15} 0.1918{11} 0.1341{5} 0.1938{12}

MSE (θ̂) 0.0454{2} 0.092{5} 327.4605{11} 0.0529{3} 287.4258{10} 0.0008{1} 0.0995{6} 0.2772{9} 0.0622{4} 0.1191{8} 848225.8081{14} 17822807.9791{15} 7227.4691{13} 0.1012{7} 6942.9364{12}

MSE (λ̂) 0.4861{3} 0.7162{6} 1.4617{11} 0.4441{1} 1.3188{10} 2.6646{13} 0.7592{7} 1.7809{12} 0.5622{4} 0.5994{5} 7.7392{15} 2.8866{14} 1.1019{8} 0.4811{2} 1.1073{9}

MSE (ω̂) 0.0221{1} 0.0239{2} 0.0418{10} 0.0249{3} 0.0414{9} 2.247{14} 0.0249{4} 0.0305{5} 0.0312{7} 0.032{8} 0.1253{13} 10.449{15} 0.0641{11} 0.0306{6} 0.0649{12}

MRE (θ̂) 0.6667{2} 0.8477{6} 10.5765{11} 0.7011{3} 9.7374{10} 0.1403{1} 0.8627{7} 1.4706{9} 0.7903{4} 0.9663{8} 651.7598{14} 5619.1509{15} 44.0363{13} 0.8133{5} 42.9831{12}

MRE (λ̂) 0.3269{2} 0.3877{6} 0.5679{11} 0.3175{1} 0.542{10} 0.9602{13} 0.3996{7} 0.6106{12} 0.3293{3} 0.3741{5} 1.2599{15} 0.9994{14} 0.4796{8} 0.332{4} 0.4825{9}

MRE (ω̂) 0.0787{1} 0.0815{2} 0.0927{7} 0.0827{3} 0.0931{8} 0.9993{14} 0.0834{4} 0.094{9} 0.0963{10} 0.0914{6} 0.1651{13} 2.0901{15} 0.1278{11} 0.0894{5} 0.1292{12}

Dabs 0.0217{1} 0.022{3} 0.023{7} 0.0222{4} 0.0229{6} 0.2492{14} 0.022{2} 0.0232{8} 0.0273{11} 0.0238{9} 0.027{10} 0.4969{15} 0.0297{13} 0.0227{5} 0.0296{12}

Dmax 0.0372{2} 0.0374{3} 0.0396{7} 0.0377{4} 0.0392{6} 0.4964{14} 0.0371{1} 0.0407{8} 0.0459{10} 0.041{9} 0.0524{13} 0.9903{15} 0.0505{12} 0.0386{5} 0.0505{11}∑
Ranks 19{1} 47{3} 104{10} 29{2} 97{8} 112{11} 56{5} 102{9} 70{6} 77{7} 149{14} 162{15} 121{12} 53{4} 122{13}

250

|Bias|(θ̂) 0.1102{3} 0.1357{5} 0.2015{8} 0.1161{4} 0.2021{9} 0.0273{1} 0.1362{6} 0.2115{12} 0.1093{2} 0.1496{7} 153.4373{14} 922.5934{15} 0.2033{10} 23.92{13} 0.2045{11}

|Bias|(λ̂) 0.4674{2} 0.6321{6} 0.836{11} 0.5143{3} 0.7984{10} 1.6327{13} 0.6336{7} 0.9167{12} 0.4637{1} 0.5318{4} 1.893{15} 1.699{14} 0.7485{8} 0.5748{5} 0.7497{9}

|Bias|(ω̂) 0.0898{1} 0.0952{4} 0.1122{8} 0.0935{2} 0.1097{7} 1.499{14} 0.0936{3} 0.107{6} 0.1067{5} 0.1174{9} 0.214{13} 3.032{15} 0.1346{12} 0.1301{10} 0.1343{11}

MSE (θ̂) 0.0247{3} 0.0331{5} 0.0947{8} 0.028{4} 0.0986{9} 0.0008{1} 0.0346{6} 0.1155{10} 0.0239{2} 0.0514{7} 741181.2687{14} 6547776.3442{15} 0.1429{11} 27499.6307{13} 0.1461{12}

MSE (λ̂) 0.3865{2} 0.5904{5} 1.0688{11} 0.3875{3} 0.9872{10} 2.6656{13} 0.5929{6} 1.3562{12} 0.3294{1} 0.4674{4} 6.2585{15} 2.8866{14} 0.8948{8} 0.7667{7} 0.8974{9}

MSE (ω̂) 0.0128{1} 0.0141{3} 0.0203{8} 0.0143{4} 0.0199{7} 2.247{14} 0.0141{2} 0.0176{6} 0.0172{5} 0.0215{9} 0.1069{13} 9.8452{15} 0.0303{11} 0.0491{12} 0.0302{10}

MRE (θ̂) 0.551{3} 0.6784{5} 1.0074{8} 0.5807{4} 1.0104{9} 0.1365{1} 0.6809{6} 1.0573{12} 0.5467{2} 0.7481{7} 767.1865{14} 4612.9669{15} 1.0163{10} 119.6001{13} 1.0225{11}

MRE (λ̂) 0.2749{2} 0.3718{6} 0.4918{11} 0.3026{3} 0.4696{10} 0.9604{13} 0.3727{7} 0.5393{12} 0.2727{1} 0.3128{4} 1.1135{15} 0.9994{14} 0.4403{8} 0.3381{5} 0.441{9}

MRE (ω̂) 0.0598{1} 0.0635{4} 0.0748{8} 0.0623{2} 0.0732{7} 0.9993{14} 0.0624{3} 0.0714{6} 0.0711{5} 0.0782{9} 0.1427{13} 2.0213{15} 0.0897{12} 0.0867{10} 0.0896{11}

Dabs 0.0169{1} 0.0172{4} 0.0179{5} 0.0171{2} 0.0179{7} 0.2496{14} 0.0172{3} 0.0179{6} 0.021{10} 0.0196{9} 0.0219{11} 0.5002{15} 0.0235{12} 0.0188{8} 0.0235{13}

Dmax 0.0291{2} 0.0297{4} 0.0316{6} 0.029{1} 0.0312{5} 0.4969{14} 0.0296{3} 0.0319{7} 0.0348{10} 0.0331{9} 0.0438{13} 0.9914{15} 0.0403{11} 0.0322{8} 0.0404{12}∑
Ranks 21{1} 51{4} 92{8} 32{2} 90{7} 112{11} 52{5} 101{9} 44{3} 78{6} 150{14} 162{15} 113{12} 104{10} 118{13}

350

|Bias|(θ̂) 0.0955{2} 0.1112{8} 0.1583{11} 0.0976{3} 0.1626{12} 0.0277{1} 0.11{5} 0.1701{13} 0.1095{4} 0.1106{7} 67.7929{14} 869.5745{15} 0.1441{10} 0.1105{6} 0.1441{9}

|Bias|(λ̂) 0.4429{1} 0.5093{7} 0.6672{10} 0.4549{2} 0.6776{11} 1.6325{13} 0.509{6} 0.7925{12} 0.4876{4} 0.4966{5} 1.8435{15} 1.699{14} 0.5978{8} 0.4851{3} 0.5988{9}

|Bias|(ω̂) 0.0811{1} 0.0847{3} 0.1016{8} 0.0843{2} 0.1073{10} 1.499{14} 0.0887{5} 0.0959{7} 0.102{9} 0.0929{6} 0.1543{13} 2.8555{15} 0.1237{12} 0.0885{4} 0.1235{11}

MSE (θ̂) 0.0164{2} 0.0228{4} 0.0561{11} 0.0164{3} 0.058{13} 0.0008{1} 0.0235{6} 0.0579{12} 0.0234{5} 0.0248{7} 441525.9867{14} 6776437.5889{15} 0.0456{9} 0.0268{8} 0.0457{10}

MSE (λ̂) 0.3099{2} 0.4039{6} 0.7222{11} 0.303{1} 0.7204{10} 2.665{13} 0.4036{5} 0.9709{12} 0.3858{4} 0.4095{7} 6.1065{15} 2.8866{14} 0.5082{8} 0.3734{3} 0.5092{9}

MSE (ω̂) 0.0104{1} 0.0116{3} 0.0168{9} 0.0112{2} 0.0181{10} 2.247{14} 0.0124{4} 0.0145{7} 0.0149{8} 0.0143{6} 0.0505{13} 8.6778{15} 0.0234{12} 0.0136{5} 0.0233{11}

MRE (θ̂) 0.4775{2} 0.5561{8} 0.7917{11} 0.4879{3} 0.8128{12} 0.1383{1} 0.5499{5} 0.8504{13} 0.5475{4} 0.5532{7} 338.9646{14} 4347.8724{15} 0.7207{10} 0.5523{6} 0.7206{9}

MRE (λ̂) 0.2605{1} 0.2996{7} 0.3924{10} 0.2676{2} 0.3986{11} 0.9603{13} 0.2994{6} 0.4662{12} 0.2868{4} 0.2921{5} 1.0844{15} 0.9994{14} 0.3516{8} 0.2853{3} 0.3522{9}

MRE (ω̂) 0.0541{1} 0.0565{3} 0.0678{8} 0.0562{2} 0.0715{10} 0.9993{14} 0.0591{5} 0.064{7} 0.068{9} 0.0619{6} 0.1029{13} 1.9037{15} 0.0824{12} 0.059{4} 0.0824{11}

Dabs 0.0129{1} 0.0134{3} 0.0141{5} 0.0131{2} 0.0145{8} 0.25{14} 0.0135{4} 0.0143{6} 0.0164{10} 0.015{9} 0.0188{11} 0.4985{15} 0.0189{12} 0.0144{7} 0.0189{13}

Dmax 0.0226{1} 0.0237{3} 0.0253{6} 0.0229{2} 0.0261{8} 0.4977{14} 0.0239{4} 0.0262{9} 0.0286{10} 0.0261{7} 0.0384{13} 0.9915{15} 0.033{12} 0.0245{5} 0.033{11}∑
Ranks 15{1} 55{4} 100{8} 24{2} 115{13} 112{10} 55{4} 110{9} 71{6} 72{7} 150{14} 162{15} 113{12} 54{3} 112{10}
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TABLE VIII. Partial and overall ranks for all estimation methods of the ARS-W model from VII.
n Metric MLE ADE CVME MPSE OLSE RTADE WLSE LTADE MSADE MSALDE ADSOE KE MSSDE MSSLDE MSLNDE

15

|Bias|(θ̂) 4.0 9.0 5.0 12.0 10.0 1.0 8.0 14.0 2.0 3.0 11.0 15.0 7.0 13.0 6.0
|Bias|(λ̂) 14.0 11.0 12.0 8.0 6.0 3.0 9.0 13.0 1.0 7.0 15.0 5.0 4.0 10.0 2.0
|Bias|(ω̂) 1.0 2.0 3.0 7.0 10.0 14.0 8.0 12.0 5.0 4.0 13.0 15.0 9.0 6.0 11.0
MSE (θ̂) 4.0 10.0 5.0 9.0 13.0 1.0 8.0 14.0 2.0 3.0 11.0 15.0 7.0 12.0 6.0
MSE (λ̂) 14.0 11.0 12.0 7.0 6.0 2.0 10.0 13.0 1.0 8.0 15.0 3.0 5.0 9.0 4.0
MSE (ω̂) 1.0 4.0 8.0 6.0 11.0 14.0 10.0 12.0 2.0 3.0 13.0 15.0 7.0 5.0 9.0
MRE (θ̂) 4.0 9.0 5.0 12.0 10.0 1.0 8.0 14.0 2.0 3.0 11.0 15.0 7.0 13.0 6.0
MRE (λ̂) 14.0 11.0 12.0 8.0 6.0 3.0 9.0 13.0 1.0 7.0 15.0 5.0 4.0 10.0 2.0
MRE (ω̂) 1.0 2.0 3.0 7.0 10.0 14.0 8.0 12.0 5.0 4.0 13.0 15.0 9.0 6.0 11.0

Dabs 2.0 1.0 6.0 3.0 7.0 14.0 4.0 5.0 13.0 9.0 10.0 15.0 11.0 8.0 12.0
Dmax 4.0 2.0 7.0 1.0 5.0 14.0 3.0 9.0 13.0 6.0 11.0 15.0 10.0 8.0 12.0∑
Ranks 63.0{3} 72.0{4} 78.0{5} 80.0{6} 94.0{11} 81.0{8} 85.0{10} 131.0{13} 47.0{1} 57.0{2} 138.0{15} 133.0{14} 80.0{6} 100.0{12} 81.0{8}

50

|Bias|(θ̂) 10.0 9.0 8.0 13.0 7.0 1.0 4.0 11.0 2.0 3.0 14.0 15.0 6.0 12.0 5.0
|Bias|(λ̂) 2.0 6.0 11.0 7.0 9.0 13.0 3.0 12.0 1.0 4.0 15.0 14.0 8.0 5.0 10.0
|Bias|(ω̂) 4.0 2.0 6.0 10.0 7.0 14.0 1.0 9.0 5.0 3.0 13.0 15.0 12.0 8.0 11.0
MSE (θ̂) 11.0 9.0 8.0 13.0 7.0 1.0 4.0 10.0 2.0 3.0 14.0 15.0 6.0 12.0 5.0
MSE (λ̂) 10.0 5.0 12.0 8.0 9.0 11.0 2.0 14.0 1.0 6.0 15.0 13.0 3.0 7.0 4.0
MSE (ω̂) 6.0 4.0 5.0 12.0 7.0 14.0 2.0 8.0 1.0 3.0 13.0 15.0 11.0 9.0 10.0
MRE (θ̂) 10.0 9.0 8.0 13.0 7.0 1.0 4.0 11.0 2.0 3.0 14.0 15.0 6.0 12.0 5.0
MRE (λ̂) 2.0 6.0 11.0 7.0 9.0 13.0 3.0 12.0 1.0 4.0 15.0 14.0 8.0 5.0 10.0
MRE (ω̂) 4.0 2.0 6.0 10.0 7.0 14.0 1.0 9.0 5.0 3.0 13.0 15.0 12.0 8.0 11.0

Dabs 1.0 2.0 6.0 4.0 7.0 14.0 3.0 5.0 11.0 8.0 10.0 15.0 12.0 9.0 13.0
Dmax 2.0 1.0 7.0 4.0 6.0 14.0 3.0 5.0 10.0 9.0 11.0 15.0 12.0 8.0 13.0∑
Ranks 62.0{5} 55.0{4} 88.0{7} 101.0{11} 82.0{6} 110.0{13} 30.0{1} 106.0{12} 41.0{2} 49.0{3} 147.0{14} 161.0{15} 96.0{9} 95.0{8} 97.0{10}

120

|Bias|(θ̂) 8.0 5.0 6.0 10.0 7.0 1.0 4.0 11.0 2.0 3.0 14.0 15.0 13.0 9.0 12.0
|Bias|(λ̂) 5.0 6.0 10.0 4.0 9.0 13.0 7.0 12.0 1.0 2.0 15.0 14.0 8.0 3.0 11.0
|Bias|(ω̂) 1.0 3.0 5.0 4.0 6.0 14.0 2.0 10.0 9.0 8.0 13.0 15.0 11.0 7.0 12.0
MSE (θ̂) 8.0 7.0 4.0 10.0 3.0 1.0 5.0 11.0 2.0 6.0 14.0 15.0 13.0 9.0 12.0
MSE (λ̂) 3.0 6.0 11.0 4.0 9.0 13.0 7.0 12.0 1.0 2.0 15.0 14.0 8.0 5.0 10.0
MSE (ω̂) 3.0 2.0 6.0 9.0 7.0 14.0 1.0 10.0 4.0 5.0 13.0 15.0 11.0 8.0 12.0
MRE (θ̂) 8.0 5.0 6.0 10.0 7.0 1.0 4.0 11.0 2.0 3.0 14.0 15.0 13.0 9.0 12.0
MRE (λ̂) 5.0 6.0 10.0 4.0 9.0 13.0 7.0 12.0 1.0 2.0 15.0 14.0 8.0 3.0 11.0
MRE (ω̂) 1.0 3.0 5.0 4.0 6.0 14.0 2.0 10.0 9.0 8.0 13.0 15.0 11.0 7.0 12.0

Dabs 2.0 4.0 6.0 1.0 8.0 14.0 5.0 7.0 10.0 9.0 11.0 15.0 13.0 3.0 12.0
Dmax 2.0 3.0 6.0 1.0 7.0 14.0 4.0 8.0 10.0 9.0 13.0 15.0 11.0 5.0 12.0∑
Ranks 46.0{1} 50.0{3} 75.0{8} 61.0{6} 78.0{9} 112.0{10} 48.0{2} 114.0{11} 51.0{4} 57.0{5} 150.0{14} 162.0{15} 120.0{12} 68.0{7} 128.0{13}

180

|Bias|(θ̂) 2.0 6.0 11.0 3.0 10.0 1.0 7.0 9.0 4.0 8.0 14.0 15.0 13.0 5.0 12.0
|Bias|(λ̂) 2.0 6.0 11.0 1.0 10.0 13.0 7.0 12.0 3.0 5.0 15.0 14.0 8.0 4.0 9.0
|Bias|(ω̂) 1.0 2.0 7.0 3.0 8.0 14.0 4.0 9.0 10.0 6.0 13.0 15.0 11.0 5.0 12.0
MSE (θ̂) 2.0 5.0 11.0 3.0 10.0 1.0 6.0 9.0 4.0 8.0 14.0 15.0 13.0 7.0 12.0
MSE (λ̂) 3.0 6.0 11.0 1.0 10.0 13.0 7.0 12.0 4.0 5.0 15.0 14.0 8.0 2.0 9.0
MSE (ω̂) 1.0 2.0 10.0 3.0 9.0 14.0 4.0 5.0 7.0 8.0 13.0 15.0 11.0 6.0 12.0
MRE (θ̂) 2.0 6.0 11.0 3.0 10.0 1.0 7.0 9.0 4.0 8.0 14.0 15.0 13.0 5.0 12.0
MRE (λ̂) 2.0 6.0 11.0 1.0 10.0 13.0 7.0 12.0 3.0 5.0 15.0 14.0 8.0 4.0 9.0
MRE (ω̂) 1.0 2.0 7.0 3.0 8.0 14.0 4.0 9.0 10.0 6.0 13.0 15.0 11.0 5.0 12.0

Dabs 1.0 3.0 7.0 4.0 6.0 14.0 2.0 8.0 11.0 9.0 10.0 15.0 13.0 5.0 12.0
Dmax 2.0 3.0 7.0 4.0 6.0 14.0 1.0 8.0 10.0 9.0 13.0 15.0 12.0 5.0 11.0∑
Ranks 19.0{1} 47.0{3} 104.0{10} 29.0{2} 97.0{8} 112.0{11} 56.0{5} 102.0{9} 70.0{6} 77.0{7} 149.0{14} 162.0{15} 121.0{12} 53.0{4} 122.0{13}

250

|Bias|(θ̂) 3.0 5.0 8.0 4.0 9.0 1.0 6.0 12.0 2.0 7.0 14.0 15.0 10.0 13.0 11.0
|Bias|(λ̂) 2.0 6.0 11.0 3.0 10.0 13.0 7.0 12.0 1.0 4.0 15.0 14.0 8.0 5.0 9.0
|Bias|(ω̂) 1.0 4.0 8.0 2.0 7.0 14.0 3.0 6.0 5.0 9.0 13.0 15.0 12.0 10.0 11.0
MSE (θ̂) 3.0 5.0 8.0 4.0 9.0 1.0 6.0 10.0 2.0 7.0 14.0 15.0 11.0 13.0 12.0
MSE (λ̂) 2.0 5.0 11.0 3.0 10.0 13.0 6.0 12.0 1.0 4.0 15.0 14.0 8.0 7.0 9.0
MSE (ω̂) 1.0 3.0 8.0 4.0 7.0 14.0 2.0 6.0 5.0 9.0 13.0 15.0 11.0 12.0 10.0
MRE (θ̂) 3.0 5.0 8.0 4.0 9.0 1.0 6.0 12.0 2.0 7.0 14.0 15.0 10.0 13.0 11.0
MRE (λ̂) 2.0 6.0 11.0 3.0 10.0 13.0 7.0 12.0 1.0 4.0 15.0 14.0 8.0 5.0 9.0
MRE (ω̂) 1.0 4.0 8.0 2.0 7.0 14.0 3.0 6.0 5.0 9.0 13.0 15.0 12.0 10.0 11.0

Dabs 1.0 4.0 5.0 2.0 7.0 14.0 3.0 6.0 10.0 9.0 11.0 15.0 12.0 8.0 13.0
Dmax 2.0 4.0 6.0 1.0 5.0 14.0 3.0 7.0 10.0 9.0 13.0 15.0 11.0 8.0 12.0∑
Ranks 21.0{1} 51.0{4} 92.0{8} 32.0{2} 90.0{7} 112.0{11} 52.0{5} 101.0{9} 44.0{3} 78.0{6} 150.0{14} 162.0{15} 113.0{12} 104.0{10} 118.0{13}

350

|Bias|(θ̂) 2.0 8.0 11.0 3.0 12.0 1.0 5.0 13.0 4.0 7.0 14.0 15.0 10.0 6.0 9.0
|Bias|(λ̂) 1.0 7.0 10.0 2.0 11.0 13.0 6.0 12.0 4.0 5.0 15.0 14.0 8.0 3.0 9.0
|Bias|(ω̂) 1.0 3.0 8.0 2.0 10.0 14.0 5.0 7.0 9.0 6.0 13.0 15.0 12.0 4.0 11.0
MSE (θ̂) 2.0 4.0 11.0 3.0 13.0 1.0 6.0 12.0 5.0 7.0 14.0 15.0 9.0 8.0 10.0
MSE (λ̂) 2.0 6.0 11.0 1.0 10.0 13.0 5.0 12.0 4.0 7.0 15.0 14.0 8.0 3.0 9.0
MSE (ω̂) 1.0 3.0 9.0 2.0 10.0 14.0 4.0 7.0 8.0 6.0 13.0 15.0 12.0 5.0 11.0
MRE (θ̂) 2.0 8.0 11.0 3.0 12.0 1.0 5.0 13.0 4.0 7.0 14.0 15.0 10.0 6.0 9.0
MRE (λ̂) 1.0 7.0 10.0 2.0 11.0 13.0 6.0 12.0 4.0 5.0 15.0 14.0 8.0 3.0 9.0
MRE (ω̂) 1.0 3.0 8.0 2.0 10.0 14.0 5.0 7.0 9.0 6.0 13.0 15.0 12.0 4.0 11.0

Dabs 1.0 3.0 5.0 2.0 8.0 14.0 4.0 6.0 10.0 9.0 11.0 15.0 12.0 7.0 13.0
Dmax 1.0 3.0 6.0 2.0 8.0 14.0 4.0 9.0 10.0 7.0 13.0 15.0 12.0 5.0 11.0∑
Ranks 15.0{1} 55.0{4} 100.0{8} 24.0{2} 115.0{13} 112.0{10} 55.0{4} 110.0{9} 71.0{6} 72.0{7} 150.0{14} 162.0{15} 113.0{12} 54.0{3} 112.0{10}
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Table VII contains numerical results from the simulation study of the ARS-W model, for parameters θ = 0.25, λ = 1.75,
and ω = 0.5, show a general trend of improving estimator performance as the sample size (n) increases from 15 to
350, evidenced by decreasing values for most metrics. The MSADE and the MSALDE consistently rank among the best
methods for small sample sizes (n = 15), with MSADE having the lowest overall cumulative rank. However, as the sample
size increases, the MLE emerges as the overall superior method, achieving the best cumulative rank for n = 180, n = 250,
and n = 350. This suggests that for large samples, the MLE’s theoretical efficiency is realized. The RTADE is the best
individual estimator for the θ parameter, consistently achieving rank 1 for its absolute bias and MSE across all sample
sizes. However, its extremely poor performance in estimating the other parameters and for the overall distance metrics
(Dabs and Dmax) results in it having a poor overall rank, particularly at larger sample sizes. The MPSE and the WLSE
also perform very well, with the MPSE being the second best overall at n = 180 and n = 250, and the WLSE being the
best overall at n = 50 and the second best at n = 120. Conversely, the ADSOE and the KE are consistently the worst
performers across all metrics and sample sizes, demonstrating the highest bias, MSE, and MRE values, and the largest
overall distance measures. Their overall ranks are consistently 14 and 15. The difference between the best and worst
methods is substantial, particularly for the θ parameter and for the overall MSE metric.
Table VIII displays the partial and overall ranks for sixteen different estimation methods of the ARS-W model across
several sample sizes (n), where rank 1 indicates the best performance. The MSADE is the best overall method for the
smallest sample size (n = 15), followed closely by the MSALDE. As the sample size increases to n = 120 and beyond,
the MLE becomes the superior method, achieving the best overall cumulative rank at n = 120, n = 180, n = 250, and
n = 350. The MPSE is a very strong competitor to the MLE, securing the second-best overall rank for the larger sample
sizes. The WLSE is also highly effective, particularly at n = 50 and n = 120, where it ranks first and second overall,
respectively. The RTADE consistently shows the best performance for the θ̂ parameter estimate across all sample sizes,
but its high rank in other metrics results in a low overall rank, typically in the range of 8 to 11. Conversely, the ADSOE
and the KE consistently rank as the two worst methods, performing poorly for almost all metrics across all sample sizes.
In general, the performance of the best estimators improves relative to the others as the sample size increases, confirming
the desirable asymptotic properties of the most effective methods. Figures 13, 15, 14 and 16 are plots for the Bias, MSE,
MRE, Dabs and Dmax which support the results in Table VII.

7. APPLICATIONS

In this section, we apply the ARS-W model to three datasets so as to determine its potential to fit real-life data. The first
data, here referred to as Data-I contained in Table (IX) represent the values of the survival times given in days of guinea
pigs infected with virulent tubercle bacilli obtained by Bjerkedal [74] and analyzed in Shama et al. [75].

TABLE IX. Data-I
0.1 0.74 1 1.08 1.16 1.3 1.53 1.71 1.97 2.3 2.54 3.47
0.33 0.77 1.02 1.08 1.2 1.34 1.59 1.72 2.02 2.31 2.54 3.61
0.44 0.92 1.05 1.09 1.21 1.36 1.6 1.76 2.13 2.4 2.78 4.02
0.56 0.93 1.07 1.12 1.22 1.39 1.63 1.83 2.15 2.45 2.93 4.32
0.59 0.96 1.07 1.13 1.22 1.44 1.63 1.95 2.16 2.51 3.27 4.58
0.72 1 1.08 1.15 1.24 1.46 1.68 1.96 2.22 2.53 3.42 5.55

Data-II represent the active repair times (hours) for an airborne communication transceiver studied by Yousof et al. [76]
and El-Saeed, Obulezi, and Abd El-Raouf [77]. This data is presented in Table (X).

TABLE X. Data-II
0.2 0.3 0.5 0.5 0.5 0.5 0.6 0.6 0.7 0.7 0.7 0.8 0.8 1.0 1.0 1.0
1.0 1.1 1.3 1.5 1.5 1.5 1.5 2.0 2.0 2.2 2.5 2.7 3.0 3.0 3.3 3.3
4.0 4.0 4.5 4.7 5.0 5.4 5.4 7.0 7.5 8.8 9.0 10.3 22.0 24

Table (XI) shows 40 observations representing time to failure (103h) of the turbocharger from one type of engine studied
by Xu et al. [78]. This data is referred subsequently as Data-III.

TABLE XI. Data-III
7 1.6 7.7 6.5 2.0 7.1 8.3 2.6 8.1 3.0 6.7 8.4 7.8 3.5

7.9 8.4 8.5 3.9 8.7 4.5 8.8 4.6 9.0 6.0 4.8 8.0 5.0 7.3
5.1 7.3 5.3 7.3 5.4 6.1 5.6 6.0 5.8 6.3 7.0 6.5
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TABLE XII. Summmary Statistics for Data-I, Data-II and Data-III

Statistics Data-I Data-II Data-III

n 72 46 40
Q1 1.08 0.8 5.075
Q3 2.24 4.375 7.825
IQR 1.16 3.575 2.75
Outliers 4.02, 4.43, 4.58, 5.55 10.3, 22, 24 –
Mean 1.768194 3.595652 6.2350
Median 1.495 1.75 6.50
Variance 1.070291 23.9862 3.784385
Std. Dev. 1.034549 4.897571 1.945349
Range 5.45 23.8 7.40
Skewness 1.341869 2.856083 -0.66488
Kurtosis 4.991056 11.58927 2.66488

The summary statistics of Data-I, Data-II, and Data-III presented in Table (XII) reveal distinctive characteristics for each
dataset. Data-I with 72 observations is very compact with a mean of 1.768 and median of 1.495, revealing a weak positive
skewness as revealed by the measure of skewness being 1.341869. Its 1.16 interquartile range (IQR) is lowest of the three,
and it has a standard deviation of 1.034549, suggesting less spread than in the other datasets but with the suggestion of
the existence of outliers at 4.02, 4.43, 4.58, and 5.55 that some of the higher values are skewing the distribution. The
kurtosis of 4.991056 suggests a reasonably heavy-tailed distribution compared to a normal distribution. Data-II, with 46
observations, has a much greater spread as evidenced from its range of 23.8 and a much greater standard deviation of
4.897571 and variance of 23.9862. Its mean of 3.595652 is quite different from its median of 1.75, which, combined with
a large skewness of 2.856083, strongly proves to be a heavy right (positive) skew. This positive skew is once more pointed
out by the presence of the extreme values of 10.3, 22, and 24, which are several times greater than the third quartile (Q3)
of 4.375. The very high kurtosis of 11.58927 reflects a highly peaked distribution with very heavy tails, likely the result
of these extreme values. Data-III with 40 data points follows a different trend. Its mean is 6.2350 and median is 6.50, very
close to each other, but the negative skewness of -0.66488 indicates a slightly left (negative) skew, meaning the tail of the
distribution leans more towards lower values. There being no listed outliers means that the dataset is more bounded within
its assumed range. Its spread is between Data-I and Data-II, with an IQR of 2.75 and standard deviation of 1.945349. The
kurtosis of 2.66488 is below 3, the Platykurtic point, hence a platykurtic distribution indicating it is less peaked and has
lighter tails as compared to a normal distribution. In general, however, Data-I and Data-II both have positive skewness
and the presence of outliers, Data-II is characterized by the extreme spread and high positive skewness, whereas Data-III
shows comparatively more symmetric, or slightly negatively skewed, distribution without the presence of extreme outliers.

Some well-known distributions were chosen to compare with the ARS-W distribution and demonstrate its goodness
of fit. These distributions are the flexible Weibull (FW) distribution by [79], Gumbel distribution by [80], Burr XII
distribution by [81], Gamma distribution, Lognormal distribution, Weibull (W) distribution by [51], the logistic cotangent
Weibull (LCW) distribution by [82]. We evaluate the performance of each fitted distribution using several metrics: log-
likelihood (LL), Akaike Information Criterion (AIC), Consistent AIC (CAIC), Bayesian Information Criterion (BIC), and
Hannan–Quinn Information Criterion (HQIC). To assess goodness-of-fit, we also look at the Cramér–von Mises statistic
(W), Anderson–Darling statistic (A), Kolmogorov–Smirnov (K-S) statistic, and their corresponding p-value.
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TABLE XIII. Model Comparison and Adequacy for Data-I, Data-II and Data-III

Data Distr. LL AIC CAIC BIC HQIC W A KS p-value

Data-I

ARS-W -93.08 192.1446 192.4976 198.9746 194.8637 0.0633 0.4034 0.0769 0.7878
FW -102.43 208.867 209.0409 213.4204 210.6797 0.2583 1.6149 0.1464 0.0912
Gumbel -93.51 191.0245 191.1984 195.5778 192.8371 0.0954 0.5397 0.0901 0.6030
Gamma -94.23 192.4582 192.6321 197.0115 194.2709 0.0971 0.5985 0.0907 0.5946
Lognormal -97.52 199.0443 199.2182 203.5976 200.857 0.1074 0.7713 0.1104 0.3435
Burr XII -98.42 200.8386 201.0125 205.392 202.6513 0.1193 0.8992 0.1294 0.1791
Weibull -95.79 195.5796 195.7535 200.1329 197.3923 0.1649 0.9710 0.1048 0.4075
LCW -115.7 235.3935 235.5674 239.9468 237.2062 0.6273 3.5739 0.2354 0.0007

Data-II

ARS-W -100.8209 207.6118 208.1832 213.0977 209.6669 0.0702 0.4401 0.0923 0.8277
FW -101.43 206.855 207.1341 210.5123 208.225 0.0544 0.4964 0.1507 0.2468
Gumbel -117.9 239.7992 240.0783 243.4563 241.1693 0.3716 2.3233 0.1985 0.0533
Gamma -104.8 213.5998 213.8789 217.2571 214.9698 0.1425 0.9888 0.1454 0.2849
Lognormal -99.95 203.9054 204.1844 207.5627 205.2754 0.0523 0.3315 0.0946 0.8052
Burr XII -101.06 206.1213 206.4004 209.7786 207.4913 0.0759 0.4496 0.0937 0.8139
Weibull -104.36 212.7174 212.9964 216.3746 214.0874 0.1295 0.8984 0.1200 0.5222
LCW -106.97 217.9489 218.2280 221.6062 219.3189 0.1056 0.9039 0.2693 0.0025

Data-III

ARS-W -81.2836 168.3729 169.0395 173.4395 170.2048 0.0411 0.3316 0.0724 0.9848
FW -83.77 171.5468 171.8711 174.9246 172.7681 0.1100 0.7895 0.1291 0.5180
Gumbel -88.78 181.5556 181.8799 184.9334 182.7769 0.2307 1.4998 0.1496 0.3323
Gamma -87.18 178.3696 178.6939 181.7473 179.5909 0.2008 1.3286 0.1306 0.5028
Lognormal -90.61 185.2176 185.5419 188.5953 186.4389 0.3010 1.8898 0.1523 0.3118
Burr XII -133.29 270.5844 270.9087 273.9621 271.8056 0.5206 3.0382 0.4236 1.169 × 10−6

Weibull -82.28 168.5596 168.8839 171.9374 169.7809 0.0694 0.5268 0.1028 0.7922
LCW -85.57 175.1477 175.472 178.5255 176.369 0.1086 0.7758 0.2727 0.0052

Table (XIII) provides a comprehensive comparison of various probability distributions that have been fit to Data-I, Data-
II, and Data-III, comparing their fit on the basis of log-likelihood, information criteria, and goodness-of-fit tests. For
Data-I, the best among all is the Gumbel distribution with the best log-likelihood (-93.51) and the lowest values across
all information criteria (AIC, CAIC, BIC, HQIC). Critically, with a KS p-value of 0.6030 at 0.6030 far beyond typical
significance levels, the fit is good to the data. The ARS-W distribution also has very high p-value performance at 0.7878
but the information criteria are slightly poorer than Gumbel. By comparison, LCW distribution clearly does not work
well with Data-I, as shown by its very low log-likelihood value, high information criteria, and very low p-value of 0.0007
strongly rejecting its fitness. Moving to Data-II, the best fitted model is the Lognormal distribution. It has the optimum log-
likelihood value of -99.95 and also the lowest for AIC, CAIC, BIC, and HQIC, indicating the best balance between model
fit and parsimony. Besides, its KS p-value of 0.8052 strongly supports its fitness in modeling Data-II. ARS-W and Burr
XII distributions also show good fits with good p-values (0.8277 and 0.8139, respectively), but their information criteria
are slightly less optimal than the Log-normal. Gumbel distribution, on the other hand, is evident to be not a good model
for Data-II by its very low log-likelihood, high information criteria, and marginal KS p-value of 0.0533, which makes
it doubtful for this data. Lastly, in Data-III, ARS-W distribution exhibits the best fit. It has the highest log-likelihood of
-81.2836 and lowest information criteria values compared to all considered models. Most significantly, its extremely high
KS p-value of 0.9848 provides strong evidence that Data-III closely follows the ARS-W distribution. Weibull distribution
also provides a good fit with comparable information criteria and an extremely large p-value of 0.7922 and is thus a very
strong alternative, albeit not quite as good as ARS-W. The Burr XII distribution, though, is firmly not appropriate for
Data-III, which is defined by its extremely low log-likelihood, excessively large information criteria, and a very small p-
value of 1.169 × 10−6, indicating a bad fit. Briefly, employing joint evaluation of log-likelihood, information criteria, and
goodness-of-fit p-values, the Gumbel distribution would be most suitable for Data-I, the Log-normal distribution would
be best suited for Data-II, and the ARS-W distribution would be most well-fitted to Data-III.
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TABLE XIV. Maximum Likelihood Estimates and (Standard Errors) for Data-I, Data-II, and Data-III

Data Distr. θ̂ λ̂ ω̂

Data-I

ARS-W 0.1207(0.1019) 0.0111(0.0095) 2.7805(0.3041)
FW 0.3824(0.0367) 1.4381(0.1781) –
Gumbel 1.3229(0.0911) 0.7368(0.0693) –
Gamma 3.0836(0.4887) 1.7439(0.3001) –
Lognormal 0.3991(0.0741) 0.6291(0.0524) –
Burr XII 3.8127(0.5439) 0.4783(0.0792) –
Weibull 1.9959(0.1363) 1.8252(0.1587) –
LCW 0.4250(0.0519) 1.1629(0.0678) –

Data-II

ARS-W 0.0522(0.0430) 0.0063(0.0050) 1.4848(0.1672)
FW 0.0717(0.0113) 1.1307(0.1822) –
Gumbel 1.9199(0.3512) 2.3135(0.3031) –
Gamma 0.9359(0.1708) 0.2602(0.0619) –
Lognormal 0.6580(0.1623) 1.1007(0.1147) –
Burr XII 2.0749(0.3581) 0.5099(0.1029) –
Weibull 3.3871(0.5886) 0.9009(0.0961) –
LCW 0.2517(0.0356) 0.7625(0.0477) –

Data-III

ARS-W 8.0254(4.2209) 0.0052(0.0021) 2.7564(0.1765)
FW 0.2593(0.0333) 11.8110(1.7957) –
Gumbel 5.2202(0.3494) 2.0769(0.2336) –
Gamma 7.7716(1.7018) 1.2465(0.2820) –
Lognormal 1.7645(0.0631) 0.3993(0.0446) –
Burr XII 22.6115(59.8990) 0.0251(0.0663) –
Weibull 6.8994(0.2936) 3.8762(0.5168) –
LCW 0.0180(0.0067) 2.2340(0.1791) –

Table (XIV) presents the maximum likelihood estimates (MLE) and the corresponding standard errors for the parameters
of various distributions that have been fitted to Data-I, Data-II, and Data-III. These estimated parameters are used to define
the specific form of each fitted distribution. For Data-I, the Gumbel distribution, which was a good fit in the previous
analysis, has parameter estimates θ̂ = 1.3229 with standard error 0.0911 and λ̂ = 0.7368 with standard error 0.0693.
The relatively low standard errors confirm that the Gumbel distribution parameter estimates are very close to their true
values. These other distributions, such as the FW, Gamma, Lognormal, and Weibull, also have reasonably good estimates
with very small standard errors relative to their corresponding parameter values. The three-parameter ARS-W distribution
has an estimated ω̂ = 2.7805 with standard error 0.3041, along with its other two parameters. In Data II, for which the
Lognormal distribution was the best appropriate, its parameters are estimated as θ̂ = 0.6580 with standard error 0.1623 and
λ̂ = 1.1007 with standard error 0.1147. Such standard errors are very small, reflecting exact parameter estimates for the
Log-normal distribution in the case of Data-II. The FW distribution also provides quite exact estimates of its parameters.
On the other hand, the Gumbel distribution to which Data-II did not have a good fit has greater standard errors than its
estimates (e.g., for θ̂ = 1.9199 with standard error equal to 0.3512) and thus conveys less confidence in these parameter
estimates, in line with its lower model adequacy. In Data-III, the best-fit model is the ARS-W distribution with estimated
parameter θ̂ = 8.0254 and large standard error of 4.2209, λ̂ = 0.0052 and standard error of 0.0021, and ω̂ = 2.7564
with standard error of 0.1765. Although θ̂ has a large standard error, the other two parameters are better estimated.
The Weibull distribution, being an appropriate model for Data-III as well, gives us estimates θ̂ = 6.8994 (standard error
0.2936) and λ̂ = 3.8762 (standard error 0.5168) which are fairly accurate parameter estimations. Surprisingly, the Burr XII
distribution that lacked a satisfactory fit to Data-III has extremely large standard errors for its parameters (e.g. θ̂ = 22.6115
with a standard error of 59.8990 and λ̂ = 0.0251 with a standard error of 0.0663), which indicate the unreliability of its
parameter estimates due to the poor fit. Overall, the goodness of the parameter estimates will generally be consistent with
the goodness of the individual distributions to the individual datasets, where more accurate models will generally have
more accurate parameter values.
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Data−I Data−II Data−III

Fig. 17. Boxplot superimposed on Violin plot for the Datasets

Figure (17) vividly illustrate the distinct distributional characteristics of Data-I, Data-II, and Data-III. Data-I presents a
distribution that is somewhat right-skewed, indicated by the longer upper tail of its violin shape and the median line being
slightly closer to the bottom of the box, though it maintains a relatively symmetrical central body. Data-II, in stark contrast,
exhibits a highly right-skewed distribution with a much wider spread, particularly evident in its elongated upper tail and
the boxplot’s median positioned significantly lower within the box, reflecting the presence of higher values and greater
variability. Conversely, Data-III displays a distribution that is left-skewed and notably more concentrated, as shown by its
narrower, more compact violin shape and the median line positioned higher within the box, indicating a clustering of data
points towards the higher end of its range and a less dispersed nature compared to the other two datasets.

Data−I
0 1 2 3 4 5 6

Data−II
0 5 10 15 20 25

Data−III
2 4 6 8

Fig. 18. Density plot superimposed on Histogram for the Datasets

Figure (18) offer a visual confirmation of the distributional characteristics previously discussed for Data-I, Data-II, and
Data-III. Data-I clearly exhibits a right-skewed distribution, with the majority of observations clustered at lower values
and a tail extending towards higher values, as indicated by both the histogram bars and the fitted red density curve. Data-II
presents an even more pronounced right-skewness, with a very high frequency at the lowest values and a long, sparse tail,
underscoring its extreme variability. In contrast, Data-III demonstrates a left-skewed distribution, with the bulk of the data
concentrated at higher values and a tail extending towards lower values, further confirming its more compact and tightly
grouped nature.
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Fig. 19. TTT plots for the Datasets

The TTT plots of Data-I, Data-II, and Data-III in Figure (19) give valuable visual clues regarding their underlying hazard
rate behaviors. For Data-I, the curve is largely above the diagonal, particularly after the initial portion, and appears to be
concave, a strong suggestion of an increasing hazard rate over the majority of its range. Conversely, the TTT plot of Data-
II, in which the curve is consistently below the diagonal and convex in nature, clearly suggests a decreasing hazard rate,
i.e., the probability of an event occurring diminishes as time passes. In the meantime, the TTT plot of Data-III is a curve
that is also mostly above the diagonal and is prominently concave, especially in its early to mid-stages, which indicates
an increasing hazard rate, meaning that the chance of an event is growing over time. These different visual patterns in the
TTT plots give a qualitative analysis of the underlying hazard functions of each dataset.
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Fig. 20. Empirical versus theoretical CDF plots for the Datasets

The empirical versus theoretical CDF plots in Figure (20) provide a visual assessment of how well a theoretical distribution
fits the observed data for Data-I, Data-II, and Data-III. For Data-I, the empirical CDF (black points) closely follows the
theoretical CDF (red line), particularly in the central portion of the distribution, suggesting a good overall fit. Similarly,
Data-II also shows a strong alignment between its empirical and theoretical CDFs, indicating that the chosen theoretical
distribution effectively captures the cumulative probabilities of this dataset, despite its wider spread. Data-III, too, demon-
strates a close correspondence between its empirical and theoretical CDFs, with the black points generally hugging the
red curve, which implies a satisfactory fit of the theoretical model to the observed data’s cumulative distribution. Overall,
these plots visually reinforce the adequacy of the theoretical models in representing the cumulative probability patterns
across all three datasets.
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Fig. 21. Empirical versus theoretical survival function plots for the Datasets

The empirical versus theoretical survival function plots for Data-I, Data-II, and Data-III in Figure (21) offer a visual
assessment of how well the theoretical distribution models the survival probabilities of the observed data. For Data-I,
the empirical survival function (black stepped line) closely tracks the theoretical survival function (red smooth curve),
particularly across the range where most events occur, indicating a good fit of the theoretical model to the observed
survival patterns. Similarly, Data-II demonstrates a strong concordance between its empirical and theoretical survival
functions, with the red curve accurately mirroring the stepped black line, suggesting that the model effectively captures
the survival probabilities for this dataset, even with its extended tail. Data-III also shows a close alignment, where the
empirical survival function generally follows the theoretical curve, reinforcing the conclusion that the theoretical model
provides a satisfactory representation of the survival characteristics for all three datasets.
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Fig. 22. P-P plots for the Datasets

The P-P (Probability-Probability) plots of Data-I, Data-II, and Data-III in Figure (22) present a graphical analysis of the
goodness of fit of the probabilities of a given theoretical distribution with empirical probabilities of observed data. In
Data-I, the plot well captures the red line, representing the empirical probabilities, closely tracking the diagonal black
line. This high level of correspondence indicates an excellent fit, suggesting that the theoretical distribution extremely
well captures the observed probability distribution of Data-I. In contrast, Data-II’s P-P plot is more skewed. Empirical
probabilities track down the diagonal overall, but the red line is unmistakably shifted into an S-shape, veering away from
the diagonal in the middle range before again falling back to it at the extremes. This suggests that the theoretical model,
as fine as it is, likely fails to exactly capture Data-II’s probability structure, so there is marginally less perfect fit than for
Data-I. In Data-III, the P-P plot demonstrates a mostly close consensus between theoretical and empirical probabilities.
The red line is mostly close to the ideal line, which validates the conclusion that the theoretical distribution produces a
good but not an ideal fit to the probability characteristics of this data, with some oscillations around the ideal line. In
general, the P-P plots provide a visual confirmation of the differential levels of adequacy of the chosen theoretical model
in explaining the probability distributions among the three alternative datasets.
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Fig. 23. Q-Q plots for the Datasets

The Q-Q (Quantile-Quantile) plots of Data-I, Data-II, and Data-III in Figure (23) provide a qualitative assessment of
the goodness of fit between the theoretical quantiles of the ARS-W distribution and the empirical quantiles of the three
datasets. For Data-I, the red dots, i.e., the quantiles of data, mostly occur very close to the black reference line of 45
degrees, indicating a high consistency of the empirical distribution of Data-I with the theoretical distribution ARS-W. It
suggests a good fit for most of the range of the data. However, in the case of Data-II, though the quantiles of the data trace
the reference line in most of the distribution, there is a dramatic deviation in the upper tail. The red points clearly stray
from the diagonal for larger empirical quantile values, which signifies that the ARS-W distribution does not describe the
behavior of extreme values of Data-II. It signifies a poorer fit for Data-II, particularly in the right tail. On the other hand,
Data-III’s Q-Q plot reveals a very close correspondence between its empirical and theoretical quantiles with the red dots
hugging the diagonal line throughout. This level of correspondence confirms the conclusion that the ARS-W distribution
is a very good and highly satisfactory fit with the quantile performance of the observed data for Data-III. Cumulatively,
these plots offer pictorial evidence of the ARS-W model’s strong adequacy to Data-I and Data-III, but also record its
deficiency in proper characterization of the upper tail of Data-II.
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Fig. 26. Likelihood Profile for the Data-III

The likelihood profile plots for Data-I, Data-II, and Data-III in Figures (24-26) provide a visual representation of how
sensitive the likelihood function is to changes in each parameter, with the black star indicating the Maximum Likelihood
Estimate (MLE). For Data-I, the profiles for all three parameters (θ, λ, and ω) show well-defined, unimodal peaks,
suggesting that the MLEs are unique and the likelihood function is well-behaved around these optimal points. Similarly,
Data-II’s likelihood profiles also exhibit distinct peaks, although the curves appear somewhat narrower, implying that
the likelihood function is more sharply peaked around the MLEs for this dataset. Data-III’s profiles, particularly for θ
and λ, display very sharp and narrow peaks, indicating a high degree of precision in the estimation of these parameters,
which aligns with the low variability observed in Data-III. Across all datasets, the consistent presence of clear peaks in
the likelihood profiles supports the robustness of the parameter estimation process for the fitted distribution.

8. FINAL REMARKS AND FUTURE WORK

This paper introduces the ARS family of distributions, with a specific focus on the ARS-W distribution—a new trigono-
metric model with superior data adaptability. We explore the family’s structural features to demonstrate its practical
benefits.To evaluate the model’s parameter precision and robustness, we conducted a Monte Carlo simulation using
seven traditional estimation methods: maximum likelihood (ML), maximum product of spacing (MPS), least squares
(LS), weighted least squares (WLS), Cramér-von Mises (CVM), Anderson-Darling (AD), and right-tail Anderson-Darling
(RTAD). We further validated its effectiveness by applying it to complex lifetime datasets namely survival times of guinea
pigs infected with virulent tubercle bacilli, active repair times for an airborne communication transceiver and time to
failure of turbocharger from one type of engine. The results show the ARS-W model to be a powerful and reliable tool
for complex tasks in multiple disciplines. However, its flexibility is reduced when the underlying data exhibits unimodal,
bathtub, or reversed bathtub shapes.
The large bias values for the parameter ω in the estimation tables are a significant concern, as they indicate a substantial
and systematic deviation between the estimated values and the true parameter value. This suggests the estimators are
not performing well, and their accuracy is questionable. A primary reason for this, especially with Maximum Likelihood
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Estimation (MLE) and Maximum Product Spacing (MPS), is a flat likelihood function with respect to ω. When the
likelihood function is flat, small changes in the data can lead to large, unstable changes in the estimated parameter.
This typically happens with parameters that have a less direct impact on the distribution’s overall shape. While the bias
decreases as the sample size increases, suggesting the estimators are still consistent, potential remedies include using
Bayesian methods with informative priors to regularize the estimation or employing constrained optimization to ensure
the parameter stays within its valid range, thus improving the stability and reliability of the results.

DATA AND CODE AVAILABILITY STATEMENT

Data are included in this manuscript and the R codes are accessed via https://github.com/obulezi12345-svg/R-codes-for-
Arcsine-ratio-sine-generalized-family-of-distribution

Competing Interest

The authors declare that they have no competing interests.

Funding Statement

This work was supported and funded by the Deanship of Scientific Research at Imam Mohammad Ibn Saud Islamic
University (IMSIU) (grant number IMSIU-DDRSP2501).

Acknowledgment

The author acknowledges the support and resources provided by the institution in facilitating the execution of this study.

REFERENCES
[1] M Shrahili, I Elbatal, and Mohammed Elgarhy. “Sine Half-Logistic Inverse Rayleigh Distribution: Properties, Estimation, and Applications in

Biomedical Data”. In: Journal of Mathematics 2021.1 (2021), page 4220479. url: https://doi.org/10.1155/2021/4220479.

[2] Anwar Hassan, Murtiza Ali Lone, Ishfaq Hassain Dar, and Peer Bilal Ahmad. “A new continuous probability model based on a trigonometric
function: Theory and applications”. In: Reliability: Theory & Applications 17.3 (69) (2022), pages 261–272. url: https://cyberleninka.
ru/article/n/a-new-continuous-probability-model-based-on-a-trigonometric-function-theory-and-applications.

[3] Luciano Souza, Wilson Junior, Cicero De Brito, Christophe Chesneau, Tiago Ferreira, and Lucas Soares. “On the Sin-G class of distributions:
theory, model and application”. In: Journal of Mathematical Modeling 7.3 (2019), pages 357–379. url: https://doi.org/10.22124/jmm.
2019.13502.1278.

[4] Zafar Mahmood, Christophe Chesneau, and Muhammad Hussain Tahir. “A new sine-G family of distributions: properties and applications”. In:
Bull. Comput. Appl. Math. 7.1 (2019), pages 53–81. url: https://hal.science/hal-03580871/.

[5] Abdisalam Hassan Muse, Amani Almohaimeed, Hana N Alqifari, and Christophe Chesneau. “Sine-G family of distributions in Bayesian survival
modeling: A baseline hazard approach for proportional hazard regression with application to right-censored oncology datasets using R and
STAN”. In: PloS one 20.3 (2025), e0307410.

[6] Laxmi Prasad Sapkota, Pankaj Kumar, and Vijay Kumar. “A New Class of Sin-G Family of Distributions with Applications to Medical Data”.
In: Reliability: Theory & Applications 18.3 (74) (2023), pages 734–750. url: https://cyberleninka.ru/article/n/a-new-class-of-
sin-g-family-of-distributions-with-applications-to-medical-data.

[7] Omalsad Hamood Odhah, Huda M Alshanbari, Zubair Ahmad, Faridoon Khan, and Abd al-Aziz Hosni El-Bagoury. “A new family of distribu-
tions using a trigonometric function: Properties and applications in the healthcare sector”. In: Heliyon 10.9 (2024). url: https://doi.org/
10.1016/j.heliyon.2024.e29861.

[8] Aijaz Ahmad, Aafaq A Rather, Ahmed M Gemeay, M Nagy, Laxmi Prasad Sapkota, and AH Mansi. “Novel sin-G class of distributions with an
illustration of Lomax distribution: Properties and data analysis”. In: AIP Advances 14.3 (2024). url: https://doi.org/10.1063/5.0180263.

[9] AM Isa, SI Doguwa, BB Alhaji, and HG Dikko. “Sine-Topp-Leone exponentiated-G Family of Distribution: Properties, Survival Regression and
Application”. In: Reliability: Theory & Applications 19.3 (79) (2024), pages 157–172. url: https://cyberleninka.ru/article/n/sine-
topp-leone-exponentiated-g-family-of-distributions-properties-survival-regression-and-application.

[10] Laxmi Prasad Sapkota, Pankaj Kumar, Vijay Kumar, Yusra A Tashkandy, ME Bakr, Oluwafemi Samson Balogun, Getachew Tekle Mekiso,
and Ahmed M Gemeay. “Sine π-power odd-G family of distributions with applications”. In: Scientific Reports 14.1 (2024), page 19481. url:
https://doi.org/10.1038/s41598-024-69567-1.

[11] Yusra A Tashkandy, M Nagy, Muhammad Akbar, Zafar Mahmood, Ahmed M Gemeay, Md Moyazzem Hossain, and Abdisalam Hassan Muse.
“The exponentiated cotangent generalized distributions: Characteristics and applications patients of chemotherapy treatments data”. In: IEEE
Access 11 (2023), pages 35697–35709. url: https://doi.org/10.1109/ACCESS.2023.3256525.

[12] Mohammed Ahmed Alomair, Zubair Ahmad, Gadde Srinivasa Rao, Hazem Al-Mofleh, Saima Khan Khosa, and Abdulaziz Saud Al Naim. “A
new trigonometric modification of the Weibull distribution: Control chart and applications in quality control”. In: Plos one 18.7 (2023), e0286593.
url: https://doi.org/10.1371/journal.pone.0286593.

https://github.com/obulezi12345-svg/R-codes-for-Arcsine-ratio-sine-generalized-family-of-distribution
https://github.com/obulezi12345-svg/R-codes-for-Arcsine-ratio-sine-generalized-family-of-distribution
https://doi.org/10.1155/2021/4220479
https://cyberleninka.ru/article/n/a-new-continuous-probability-model-based-on-a-trigonometric-function-theory-and-applications
https://cyberleninka.ru/article/n/a-new-continuous-probability-model-based-on-a-trigonometric-function-theory-and-applications
https://doi.org/10.22124/jmm.2019.13502.1278
https://doi.org/10.22124/jmm.2019.13502.1278
https://hal.science/hal-03580871/
https://cyberleninka.ru/article/n/a-new-class-of-sin-g-family-of-distributions-with-applications-to-medical-data
https://cyberleninka.ru/article/n/a-new-class-of-sin-g-family-of-distributions-with-applications-to-medical-data
https://doi.org/10.1016/j.heliyon.2024.e29861
https://doi.org/10.1016/j.heliyon.2024.e29861
https://doi.org/10.1063/5.0180263
https://cyberleninka.ru/article/n/sine-topp-leone-exponentiated-g-family-of-distributions-properties-survival-regression-and-application
https://cyberleninka.ru/article/n/sine-topp-leone-exponentiated-g-family-of-distributions-properties-survival-regression-and-application
https://doi.org/10.1038/s41598-024-69567-1
https://doi.org/10.1109/ACCESS.2023.3256525
https://doi.org/10.1371/journal.pone.0286593


1266 Anyiam et al., Mesopotamian Journal of Cybersecurity Vol.5, No.3, 1218-1271

[13] Aijaz Ahmad, Aafaq A Rather, Ohud A Alqasem, ME Bakr, Getachew Tekle Mekiso, Oluwafemi Samson Balogun, Eslam Hussam, and Ahmed
M Gemeay. “Introducing novel arc cosine-class of distribution with theory and data evaluation related to coronavirus”. In: Scientific Reports 15.1
(2025), page 13069.

[14] Pankaj Kumar, Laxmi Prasad Sapkota, and Vijay Kumar. “A NEW CLASS OF COS-G FAMILY OF DISTRIBUTIONS WITH APPLICA-
TIONS”. In: Reliability: Theory & Applications 20.1 (82) (2025), pages 105–123.

[15] Christophe Chesneau. “A Proposal of New Extended Symmetric Cosine Distribution”. In: European Journal of Mathematical Analysis 5 (2025),
pages 7–7.

[16] Christophe Chesneau, Hassan S Bakouch, and Tassaddaq Hussain. “A new class of probability distributions via cosine and sine functions with
applications”. In: Communications in Statistics-Simulation and Computation 48.8 (2019), pages 2287–2300. url: https://doi.org/10.
1080/03610918.2018.1440303.

[17] Mustapha Muhammad, Rashad AR Bantan, Lixia Liu, Christophe Chesneau, Muhammad H Tahir, Farrukh Jamal, and Mohammed Elgarhy. “A
new extended cosine—G distributions for lifetime studies”. In: Mathematics 9.21 (2021), page 2758. url: https://doi.org/10.3390/
math9212758.

[18] Zafar Mahmood, Taghreed M Jawa, Neveen Sayed-Ahmed, EM Khalil, Abdisalam Hassan Muse, and Ahlam H Tolba. “An extended cosine
generalized family of distributions for reliability modeling: Characteristics and applications with simulation study”. In: Mathematical Problems
in Engineering 2022.1 (2022), page 3634698. url: https://doi.org/10.1155/2022/3634698.

[19] Pankaj Kumar, Laxmi Prasad Sapkota, Vijay Kumar, Yusra A Tashkandy, ME Bakr, Oluwafemi Samson Balogun, and Ahmed M Gemeay. “A
new class of cosine trigonometric lifetime distribution with applications”. In: Alexandria Engineering Journal 106 (2024), pages 664–674. url:
https://doi.org/10.1016/j.aej.2024.08.016.

[20] Luciano Souza, Wilson Rosa de O Junior, Cicero Carlos R de Brito, Tiago AE Ferreira, Lucas GM Soares, et al. “General properties for the
Cos-G class of distributions with applications”. In: Eurasian Bulletin of Mathematics (ISSN: 2687-5632) (2019), pages 63–79.

[21] Meshayil Meshal Alsolmi. “A New Logarithmic Tangent-U Family of Distributions with Reliability Analysis in Engineering Data”. In: Compu-
tational Journal of Mathematical and Statistical Sciences 4.1 (2025), pages 258–282.

[22] Luciano Souza. “New trigonometric classes of probabilistic distributions”. In: Estado de Pernambuco-Brasil (2015). url: https://bdtd.
ibict.br/vufind/Record/URPE_3c337e66b50908ba430301de7ec47be2.

[23] Luciano Souza, Wilson Rosa de O Júnior, Cícero Carlos R de Brito, Christophe Chesneau, Renan L Fernandes, and Tiago AE Ferreira. “Tan-G
class of trigonometric distributions and its applications”. In: Cubo (Temuco) 23.1 (2021), pages 1–20. url: http://dx.doi.org/10.4067/
S0719-06462021000100001.

[24] WA Hassanein and TA Elhaddad. “Simulating phenomena with exponentiated trigonometric distributions: a comparative study of estimation
methods and real-world applications”. In: Stochastic Environmental Research and Risk Assessment 38.2 (2024), pages 777–792. url: https:
//doi.org/10.1007/s00477-023-02601-2.

[25] Laxmi Prasad Sapkota, Arwa M Alsahangiti, Vijay Kumar, Ahmed M Gemeay, Mahmoud E Bakr, Oluwafemi Samson Balogun, and Abdisalam
Hassan Muse. “Arc-tangent exponential distribution with applications to weather and chemical data under classical and Bayesian approach”. In:
IEEE Access (2023). url: https://doi.org/10.1109/ACCESS.2023.3324293.

[26] Simon A Ogumeyo, Festus C Opone, Abdul Ghaniyyu Abubakari, and Jacob C Ehiwario. “A Bounded Lifetime Distribution Specified by a
Trigonometric Function: Properties, Regression Model, and Applications”. In: International Journal of Mathematics and Mathematical Sciences
2024.1 (2024), page 5583105. url: https://doi.org/10.1155/2024/5583105.

[27] Mahmoud M Elsehetry, Ahmed W Shawki, Mohamed G Khalil, and Tamer S Helal. “On Fitting Renewable Energy Sources Data: Using a
New Trigonometric Statistical Model”. In: Computational Journal of Mathematical and Statistical Sciences 3.2 (2024), pages 389–417. url:
https://doi.org/10.21608/cjmss.2024.297407.1056.

[28] Omalsad Hamood Odhah, Olayan Albalawi, and Huda M Alshanbari. “A new trigonometric-oriented distributional method: Model, theory, and
practical applications”. In: Alexandria Engineering Journal 120 (2025), pages 1–12.

[29] Wenjing He, Zubair Ahmad, Ahmed Z Afify, and Hafida Goual. “The Arcsine Exponentiated-X Family: Validation and Insurance Application”.
In: Complexity 2020.1 (2020), page 8394815. url: https://doi.org/10.1155/2020/8394815.

[30] Aijaz Ahmad, Najwan Alsadat, Mintode^ Nicodeme Atchade, S Qurat ul Ain, Ahmed M Gemeay, Mohammed Amine Meraou, Ehab M
Almetwally, Md Moyazzem Hossain, and Eslam Hussam. “New hyperbolic sine-generator with an example of Rayleigh distribution: Simulation
and data analysis in industry”. In: Alexandria Engineering Journal 73 (2023), pages 415–426. url: https://doi.org/10.1016/j.aej.
2023.04.048.

[31] Aijaz Ahmad, Fatimah M Alghamdi, Afaq Ahmad, Olayan Albalawi, Abdullah A Zaagan, Mohammed Zakarya, Ehab M Almetwally, and
Getachew Tekle Mekiso. “New Arctan-generator family of distributions with an example of Frechet distribution: Simulation and analysis to
strength of glass and carbon fiber data”. In: Alexandria Engineering Journal 100 (2024), pages 42–52. url: https://doi.org/10.1016/j.
aej.2024.05.021.

[32] Chinyere P Okechukwu, Emmanuel Chibuogu Asogwa, Obioma Chukwudi Aguwa, Okechukwu J Obulezi, and Mohamed R Ezzeldin. “Predic-
tion of gender power dynamics and political representation in Nigeria using machine learning models”. In: Innovation in Computer and Data
Sciences 1.1 (2025), pages 1–18. doi: ttps://doi.org/10.64389/icds.2025.01122.

[33] Emmanuel Chibuogu Asogwa, Mmesoma P Nwankwo, Emmanuel E Oguadimma, Chinyere P Okechukwu, and Ahmad Abubakar Suleiman.
“Hybrid LSTM-CNN deep learning framework for stock price prediction with google stock and reddit sentiment data”. In: Innovation in
Computer and Data Sciences 1.1 (2025), pages 32–50. doi: https://doi.org/10.64389/icds.2025.01126.

[34] Chrisogonus K Onyekwere, Chinedu K Nwankwo, John Abonongo, Emmanuel Chibuogu Asogwa, and Anum Shafiq. “Economic growth
dynamics: a machine learning-augmented nonlinear autoregressive distributed lag model of asymmetric effect”. In: Innovation in Computer
and Data Sciences 1.1 (2025), pages 19–31. doi: https://doi.org/10.64389/icds.2025.01125.

https://doi.org/10.1080/03610918.2018.1440303
https://doi.org/10.1080/03610918.2018.1440303
https://doi.org/10.3390/math9212758
https://doi.org/10.3390/math9212758
https://doi.org/10.1155/2022/3634698
https://doi.org/10.1016/j.aej.2024.08.016
https://bdtd.ibict.br/vufind/Record/URPE_3c337e66b50908ba430301de7ec47be2
https://bdtd.ibict.br/vufind/Record/URPE_3c337e66b50908ba430301de7ec47be2
http://dx.doi.org/10.4067/S0719-06462021000100001
http://dx.doi.org/10.4067/S0719-06462021000100001
https://doi.org/10.1007/s00477-023-02601-2
https://doi.org/10.1007/s00477-023-02601-2
https://doi.org/10.1109/ACCESS.2023.3324293
https://doi.org/10.1155/2024/5583105
https://doi.org/10.21608/cjmss.2024.297407.1056
https://doi.org/10.1155/2020/8394815
https://doi.org/10.1016/j.aej.2023.04.048
https://doi.org/10.1016/j.aej.2023.04.048
https://doi.org/10.1016/j.aej.2024.05.021
https://doi.org/10.1016/j.aej.2024.05.021
https://doi.org/ttps://doi.org/10.64389/icds.2025.01122
https://doi.org/https://doi.org/10.64389/icds.2025.01126
https://doi.org/https://doi.org/10.64389/icds.2025.01125


1267 Anyiam et al., Mesopotamian Journal of Cybersecurity Vol.5, No.3, 1218-1271

[35] Kingsley Nnaekwe, Eucharia Ani, Victory Obieke, Chinyere Okechukwu, Abdullahi Usman, and Mahmod Othman. “Forecasting seasonal
rainfall with time series, machine learning and deep learning”. In: Innovation in Computer and Data Sciences 1.1 (2025), pages 51–65. doi:
https://doi.org/10.64389/icds.2025.01127.

[36] Gideon Ugbor, Farrukh Jamal, Sadaf Khan, and Ahmed W Shawki. “Generative AI for drug discovery: Accelerating molecular design with deep
learning using Nigerian local content”. In: Innovation in Computer and Data Sciences 1.1 (2025), pages 66–77. doi: https://doi.org/10.
64389/icds.2025.01128.

[37] J.J. Swain, S. Venkatraman, and J.R. Wilson. “Least-squares estimation of distribution functions in Johnson’s translation system”. In: Journal of
Statistical Computation and Simulation 29.4 (1988), pages 271–297.

[38] H.R. Varian. “A Bayesian approach to real estate assessment”. In: Studies in Bayesian econometrics and statistics in honor of Leonard J. Savage.
North-Holland, 1975.

[39] M. Doostparast, M.G. Akbari, and N. Balakrishna. “Bayesian analysis for the two-parameter Pareto distribution based on record values and
times”. In: Journal of Statistical Computation and Simulation 81.11 (2011), pages 1393–1403.

[40] R. Calabria and G. Pulcini. “Point estimation under asymmetric loss functions for left-truncated exponential samples”. In: Communications in
Statistics-Theory and Methods 25.3 (1996), pages 585–600.

[41] S. Brooks. “Markov chain Monte Carlo method and its application”. In: Journal of the royal statistical society: series D (the Statistician) 47.1
(1998), pages 69–100.

[42] Christophe Chesneau. “Theory on a new bivariate trigonometric Gaussian distribution”. In: Innovation in Statistics and Probability 1.2 (2025),
pages 1–17. doi: 10.64389/isp.2025.01223.

[43] Moustafa N. Mousa, M. E. Moshref, N. Youns, and M. M. M. Mansour. “Inference under Hybrid Censoring for the Quadratic Hazard Rate
Model: Simulation and Applications to COVID-19 Mortality”. In: Modern Journal of Statistics 2.1 (2025), pages 1–31. doi: 10.64389/mjs.
2026.02113.

[44] Ibrahim Ragab and Mohammed Elgarhy. “Type II half logistic Ailamujia distribution with numerical illustrations to medical data”. In: Compu-
tational Journal of Mathematical and Statistical Sciences 4.2 (2025), pages 379–406. issn: 2974-3435. doi: 10.21608/cjmss.2025.346849.
1095.

[45] Gabriel O. Orji, Harrison O. Etaga, Ehab M. Almetwally, Chinyere P. Igbokwe, Obioma Chukwudi Aguwa, and Okechukwu J. Obulezi. “A New
Odd Reparameterized Exponential Transformed-X Family of Distributions with Applications to Public Health Data”. In: Innovation in Statistics
and Probability 1.1 (2025), pages 88–118. doi: 10.64389/isp.2025.01107.

[46] Ahmed M. Gemeay, Thatayaone Moakofi, Oluwafemi Samson Balogun, Egemen Ozkan, and Md. Moyazzem Hossain. “Analyzing Real Data
by a New Heavy-Tailed Statistical Model”. In: Modern Journal of Statistics 1.1 (2025), pages 1–24. doi: 10.64389/mjs.2025.01108. url:
https://sphinxsp.org/journal/index.php/mjs/article/view/8.

[47] Amal Hassan, Diaa S. Metwally, Mohammed Elgarhy, and Ahmed M. Gemeay. “A new probability continuous distribution with different
estimation methods and application”. In: Computational Journal of Mathematical and Statistical Sciences 4.2 (2025), pages 512–532. issn:
2974-3435.

[48] Okechukwu Jeremiah Obulezi. “Obulezi distribution: a novel one-parameter distribution for lifetime data modeling”. In: Modern Journal of
Statistics 2.1 (2026), pages 32–74. doi: https://doi.org/10.64389/mjs.2026.02140.

[49] Ayman Alzaatreh, Carl Lee, and Felix Famoye. “A new method for generating families of continuous distributions”. In: Metron 71.1 (2013),
pages 63–79. doi: https://doi.org/10.1007/s40300-013-0007-y.

[50] Izrail S Gradshteyn, Iosif M Ryzhik, and Robert H Romer. Tables of integrals, series, and products. 1988. url: https://doi.org/10.1119/
1.15756.

[51] Waloddi Weibull. “A statistical distribution function of wide applicability”. In: J. Appl. Mech. (1951).

[52] Chin-Diew Lai, DN Murthy, and Min Xie. “Weibull distributions and their applications”. In: Springer Handbooks. Springer, 2006, pages 63–78.
url: https://doi.org/10.1007/978-1-84628-288-1_3.

[53] Ashis SenGupta, Hemangi V Kulkarni, and Uttam D Hubale. “Prediction intervals for environmental events based on Weibull distribution”. In:
Environmental and Ecological Statistics 22.1 (2015), pages 87–104. url: https://doi.org/10.1007/s10651-014-0286-3.

[54] Qila Sa, Xingji Jin, Timo Pukkala, and Fengri Li. “Developing Weibull-based diameter distributions for the major coniferous species in Hei-
longjiang Province, China”. In: Journal of Forestry Research 34.6 (2023), pages 1803–1815. url: https://doi.org/10.1007/s11676-023-
01610-9.

[55] Jinbo Du, Haowei Zhang, Han Wang, Yapeng Yang, Yuedong Xie, and Yunbo Bi. “Weibull distribution-based prediction model for compression
after impact (CAI) strength of CFRP laminates”. In: Materials Today Communications 35 (2023), page 105756. url: https://doi.org/10.
1016/j.mtcomm.2023.105756.

[56] Yolanda M Gómez, Diego I Gallardo, Carolina Marchant, Luis Sánchez, and Marcelo Bourguignon. “An in-depth review of the Weibull model
with a focus on various parameterizations”. In: Mathematics 12.1 (2023), page 56. url: https://doi.org/10.3390/math12010056.

[57] Ze Li, Weihong Zhou, Fatimah A Almulhim, Jin-Taek Seong, Manahil Sid Ahmed Mustafa, and Hassan M Aljohani. “The implications of
LinkedIn medium and Weibull-based probability model in the financial sector”. In: Alexandria Engineering Journal 95 (2024), pages 174–188.
url: https://doi.org/10.1016/j.aej.2024.03.073.

[58] Ronald A Fisher. “On an absolute criterion for fitting frequency curves”. In: Messenger of mathematics 41 (1912), pages 155–156.

[59] Ronald A Fisher. “On the mathematical foundations of theoretical statistics”. In: Philosophical transactions of the Royal Society of London.
Series A, containing papers of a mathematical or physical character 222.594-604 (1922), pages 309–368. doi: https://doi.org/10.1098/
rsta.1922.0009.

https://doi.org/https://doi.org/10.64389/icds.2025.01127
https://doi.org/https://doi.org/10.64389/icds.2025.01128
https://doi.org/https://doi.org/10.64389/icds.2025.01128
https://doi.org/10.64389/isp.2025.01223
https://doi.org/10.64389/mjs.2026.02113
https://doi.org/10.64389/mjs.2026.02113
https://doi.org/10.21608/cjmss.2025.346849.1095
https://doi.org/10.21608/cjmss.2025.346849.1095
https://doi.org/10.64389/isp.2025.01107
https://doi.org/10.64389/mjs.2025.01108
https://sphinxsp.org/journal/index.php/mjs/article/view/8
https://doi.org/https://doi.org/10.64389/mjs.2026.02140
https://doi.org/https://doi.org/10.1007/s40300-013-0007-y
https://doi.org/10.1119/1.15756
https://doi.org/10.1119/1.15756
https://doi.org/10.1007/978-1-84628-288-1_3
https://doi.org/10.1007/s10651-014-0286-3
https://doi.org/10.1007/s11676-023-01610-9
https://doi.org/10.1007/s11676-023-01610-9
https://doi.org/10.1016/j.mtcomm.2023.105756
https://doi.org/10.1016/j.mtcomm.2023.105756
https://doi.org/10.3390/math12010056
https://doi.org/10.1016/j.aej.2024.03.073
https://doi.org/https://doi.org/10.1098/rsta.1922.0009
https://doi.org/https://doi.org/10.1098/rsta.1922.0009


1268 Anyiam et al., Mesopotamian Journal of Cybersecurity Vol.5, No.3, 1218-1271

[60] Theodore W Anderson and Donald A Darling. “Asymptotic theory of certain" goodness of fit" criteria based on stochastic processes”. In: The
annals of mathematical statistics (1952), pages 193–212. url: https://www.jstor.org/stable/2236446.

[61] Theodore W Anderson and Donald A Darling. “A test of goodness of fit”. In: Journal of the American statistical association 49.268 (1954),
pages 765–769. doi: https://doi.org/10.1080/01621459.1954.10501232.

[62] K. Choi and W. G. Bulgren. “An estimation procedure for mixtures of distributions”. In: Journal of the Royal Statistical Society: Series B
(Methodological) 30.3 (1968), pages 444–460. doi: https://doi.org/10.1111/j.2517-6161.1968.tb00743.x.

[63] Abdus Saboor, Farrukh Jamal, Shakaiba Shafq, and Rabia Mumtaz. “On the Versatility of the Unit Logistic Exponential Distribution: Capturing-
Bathtub, Upside-Down Bathtub, and Monotonic Hazard Rates”. In: Innovation in Statistics and Probability 1.1 (June 2025), pages 28–46. doi:
10.64389/isp.2025.01102. url: https://sphinxsp.org/journal/index.php/isp/article/view/2.

[64] Potluri S S Swetha and Vasili Nagarjuna. “Topp-Leone modified Kies-G family of distributions: Properties, actuarial measures, inference and
applications”. In: Computational Journal of Mathematical and Statistical Sciences 4.2 (2025), pages 697–737. issn: 2974-3435. doi: 10.21608/
cjmss.2025.418412.1253.

[65] James J Swain, Sekhar Venkatraman, and James R Wilson. “Least-squares estimation of distribution functions in Johnson’s translation system”.
In: Journal of Statistical Computation and Simulation 29.4 (1988), pages 271–297. url: https://doi.org/10.1080/00949658808811068.

[66] Chrisogonus K. Onyekwere, Obioma Chukwudi Aguwa, and Okechukwu J. Obulezi. “An Updated Lindley Distribution: Properties, Estimation,
Acceptance Sampling, Actuarial Risk Assessment and Applications”. In: Innovation in Statistics and Probability 1.1 (June 2025), pages 1–27.
doi: 10.64389/isp.2025.01103. url: https://sphinxsp.org/journal/index.php/isp/article/view/3.

[67] Ahmed M. Gemeay, Thatayaone Moakofi, Oluwafemi Samson Balogun, Egemen Ozkan, and Md. Moyazzem Hossain. “Analyzing Real Data by
a New Heavy-Tailed Statistical Model”. In: Modern Journal of Statistics 1.1 (July 2025), pages 1–24. doi: 10.64389/mjs.2025.01108. url:
https://sphinxsp.org/journal/index.php/mjs/article/view/8.

[68] M. S. Mukhtar, M. El-Morshedy, M. S. Eliwa, and H. M. Yousof. “Expanded Fréchet model: mathematical properties, copula, different estimation
methods, applications and validation testing”. In: Mathematics 8.11 (2020), page 1949. doi: https://doi.org/10.3390/math8111949.

[69] Guilherme AS Aguilar, Fernando A Moala, and Gauss M Cordeiro. “Zero-truncated poisson exponentiated gamma distribution: Application and
estimation methods”. In: Journal of Statistical Theory and Practice 13 (2019), pages 1–20. doi: https://doi.org/10.1007/s42519-019-
0059-2.

[70] Amal Hassan, Diaa S. Metwally, Mohammed Elgarhy, and Ahmed M. Gemeay. “A new probability continuous distribution with different estima-
tion methods and application”. In: Computational Journal of Mathematical and Statistical Sciences 4.2 (2025), pages 512–532. issn: 2974-3435.
doi: 10.21608/cjmss.2025.375970.1157. eprint: https://cjmss.journals.ekb.eg/article_434409_b631ee537803c0d71beb999e63e69d20.
pdf. url: https://cjmss.journals.ekb.eg/article_434409.html.

[71] J. H. K. Kao. “Computer methods for estimating Weibull parameters in reliability studies”. In: IRE Transactions on Reliability and Quality
Control (1958), pages 15–22. doi: https://doi.org/10.1109/IRE-PGRQC.1958.5007164.

[72] Nooruldeen A. Noori, Kamal Najim Abdullah, and Mundher A. khaleel. “Development and Applications of a New Hybrid Weibull-Inverse
Weibull Distribution”. In: Modern Journal of Statistics 1.1 (July 2025), pages 80–103. doi: 10.64389/mjs.2025.01112. url: https:
//sphinxsp.org/journal/index.php/mjs/article/view/12.

[73] H. Torabi. “A general method for estimating and hypotheses testing using spacings”. In: Journal of Statistical Theory and Applications 8.2
(2008), pages 163–168.

[74] Tor Bjerkedal. “Acquisition of Resistance in Guinea Pies infected with Different Doses of Virulent Tubercle Bacilli.” In: American Journal of
Hygiene 72.1 (1960). url: https://www.cabidigitallibrary.org/doi/full/10.5555/19612700619.

[75] Mustafa S Shama, Amirah Saeed Alharthi, Fatimah A Almulhim, Ahmed M Gemeay, Mohammed Amine Meraou, Manahil SidAhmed Mustafa,
Eslam Hussam, and Hassan M Aljohani. “Modified generalized Weibull distribution: theory and applications”. In: Scientific Reports 13.1 (2023),
page 12828. url: https://doi.org/10.1038/s41598-023-38942-9.

[76] Haitham M Yousof, Ahmed Z Afify, Saralees Nadarajah, Gholamhossein Hamedani, and Gokarna Raj Aryal. “The Marshall-Olkin generalized-
G family of distributions with Applications”. In: Statistica 78.3 (2018), pages 273–295. doi: https://doi.org/10.6092/issn.1973-
2201/7662.

[77] Ahmed R El-Saeed, Okechukwu J Obulezi, and MM Abd El-Raouf. “Type II heavy tailed family with applications to engineering, radiation
biology and aviation data”. In: Journal of Radiation Research and Applied Sciences 18.3 (2025), page 101547. doi: https://doi.org/10.
1016/j.jrras.2025.101547.

[78] Kai Xu, Min Xie, Loon Ching Tang, and Siu Lau Ho. “Application of neural networks in forecasting engine systems reliability”. In: Applied Soft
Computing 2.4 (2003), pages 255–268. doi: https://doi.org/10.1016/S1568-4946(02)00059-5.
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APPENDIX

A. PROOF OF IDENTIFIABILITY

Theorem 2 (Identifiability). A family of distributions is identifiable if different parameter values produce distinct distri-
butions. For the ARS distribution, this means if F(x, θ1, ζ) = F(x, θ2, ζ) for all x in the support of the random variable,
then it necessarily implies θ1 = θ2.

Proof. Let’s assume that for two parameter values, θ1 and θ2, the CDFs are identical for all x in the domain of the
distribution. That is, F(x, θ1, ζ) = F(x, θ2, ζ) for all x ∈ R.
Let S (x; ζ) = sin

(
π
2G(x; ζ)

)
. As x varies over the support of the baseline distribution, G(x; ζ) ranges from 0 to 1, and thus

π
2G(x; ζ) ranges from 0 to π2 . Consequently, S (x; ζ) can take on a continuum of values within [0, 1].
From the definition of the ARS CDF, we have:

1 −
θ1(1 − S (x; ζ))
θ1 + (2 − θ1)S (x; ζ)

= 1 −
θ2(1 − S (x; ζ))
θ2 + (2 − θ2)S (x; ζ)

Subtracting 1 from both sides and multiplying by -1, we get:

θ1(1 − S (x; ζ))
θ1 + (2 − θ1)S (x; ζ)

=
θ2(1 − S (x; ζ))
θ2 + (2 − θ2)S (x; ζ)

Let S = S (x; ζ) for brevity.
θ1(1 − S )
θ1 + (2 − θ1)S

=
θ2(1 − S )
θ2 + (2 − θ2)S

We need to consider two cases for (1 − S ):

1. If 1 − S , 0: (i.e., S , 1, which means G(x; ζ) , 1) In this case, we can divide both sides by (1 − S ):

θ1
θ1 + (2 − θ1)S

=
θ2

θ2 + (2 − θ2)S

Cross-multiplying gives:
θ1(θ2 + (2 − θ2)S ) = θ2(θ1 + (2 − θ1)S )

θ1θ2 + θ1(2 − θ2)S = θ2θ1 + θ2(2 − θ1)S

Subtracting θ1θ2 from both sides:
θ1(2 − θ2)S = θ2(2 − θ1)S

Since this equality must hold for all x (meaning S can take on a continuum of values in [0, 1)), we can choose an x
such that S , 0 (e.g., any x for which G(x; ζ) > 0). Assuming S , 0:

θ1(2 − θ2) = θ2(2 − θ1)

2θ1 − θ1θ2 = 2θ2 − θ2θ1

Adding θ1θ2 to both sides:
2θ1 = 2θ2

θ1 = θ2

2. If 1 − S = 0: (i.e., S = 1, which means G(x; ζ) = 1) In this case, the original equation becomes F(x, θ1, ζ) = 1
and F(x, θ2, ζ) = 1. This means both CDFs are 1 at values of x where the baseline CDF reaches 1. This condition
is satisfied for any θ1, θ2 and does not provide information to distinguish them. However, since the previous case
(S , 1) covers almost all x in the domain (except potentially a single point at the end of the support where
G(x; ζ) = 1), and the identity θ1 = θ2 was derived for that broad range, the identifiability holds.

Specifically, the function H(S ) = θ(1−S )
θ+(2−θ)S must be the same for all S ∈ [0, 1]. We have shown that if H(S ) is the

same for S ∈ [0, 1), then θ1 = θ2. The fact that H(1) = 0 for any θ is consistent with this.

Since the equality F(x, θ1, ζ) = F(x, θ2, ζ) must hold for all x in the support of the random variable, and this implies that
the function θ(1−S )

θ+(2−θ)S must be identical for all valid values of S , including a continuum of values where S , 0 and S , 1.
The derived algebraic manipulation demonstrates that this is only possible if θ1 = θ2. Therefore, the ARS distribution
family is identifiable with respect to its shape parameter θ. This completes the proof.
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B. LINEAR EXPANSION OF THE ARS FAMILY
For clarity, let

(1 + y)−n =

∞∑
i=0

(−1)i
(
n + i − 1

i

)
yi;

cos(z) =
∞∑
j=0

(−1) j (z)2 j

(2 j)!
;

sin(z) =
∞∑

k=0

(−1)k (z)2k+1

(2k + 1)!
.

(15)

 ∞∑
v=0

bvyv

s

=

∞∑
v=0

dv,syv (16)

where d0,s = bs
0 and for v ≥ 1, the coefficients dv,s are recursively defined as: dv,s = (vb0)−1 ∑v

p=1[s(p − 1) − v]bpdv−p,s.

B.1 Derivation of the Linear Expansion for the ARS family PDF

Proof. The PDF of the ARS family is given by (2). Let G = G(x; ζ) be the baseline CDF and Z = π
2G. We rewrite the

PDF as:

f (x; θ, ζ) =
πθg(x; ζ) cos(Z)

(θ + (2 − θ) sin(Z))2 =
π

θ
g(x; ζ) cos(Z)

[
1 +

2 − θ
θ

sin(Z)
]−2

We apply the series expansions as follows:

1. Inverse square term expansion: Using (1 + y)−n from (15) with n = 2 and y = 2−θ
θ

sin(Z):

[1 +
2 − θ
θ

sin(Z)]−2 =

∞∑
i=0

(−1)i(i + 1)
(

2 − θ
θ

)i

(sin(Z))i

2. Trigonometric function expansions: From (15), with Z = π2G:

cos(Z) =
∞∑
j=0

(−1) j( π2 )2 j

(2 j)!
G2 j

sin(Z) =
∞∑

k=0

(−1)k( π2 )2k+1

(2k + 1)!
G2k+1

Let a j =
(−1) j( π2 )2 j

(2 j)! and ck =
(−1)k( π2 )2k+1

(2k+1)! . So, cos(Z) =
∑∞

j=0 a jG2 j and sin(Z) =
∑∞

k=0 ckG2k+1.

3. Power series of sin(Z): The term (sin(Z))i =
(∑∞

k=0 ckG2k+1
)i

is a power series in G. To apply (16), we can write
sin(Z) = G

∑∞
k=0 ck(G2)k. Let S ∗(Y) =

∑∞
k=0 ckYk, where Y = G2. The coefficient c0 =

π
2 is non-zero.

Then (sin(Z))i = Gi
(
S ∗(G2)

)i
. Applying (16) to (S ∗(G2))i, we get

(
S ∗(G2)

)i
=

∑∞
v=0 d∗v,i(G

2)v =
∑∞

v=0 d∗v,iG
2v, where

d∗v,i are the coefficients from the power series expansion. Therefore, (sin(Z))i =
∑∞

v=0 d∗v,iG
2v+i.

Substituting these expansions back into the PDF formula yields:

f (x; θ, ζ) =
π

θ
g(x; ζ)

 ∞∑
j=0

a jG2 j


 ∞∑

i=0

(−1)i(i + 1)
(

2 − θ
θ

)i  ∞∑
v=0

d∗v,iG
2v+i


Multiplying these series and collecting terms with the same power of G(x; ζ), the PDF can be expressed as a linear
combination of the powers of the baseline CDF multiplied by its PDF:

f (x; θ, ζ) =
∞∑

m=0

Ψmg(x; ζ)G(x; ζ)m

where Ψm are constants derived from the combined coefficients a j, ck, d∗v,i, and terms from (−1)i(i + 1)
(

2−θ
θ

)i
, for all

combinations of indices j, i, v such that 2 j + 2v + i = m. The explicit form of Ψm is complex and involves multiple
summations.
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B.2 Derivation of the Linear Expansion for the ARS family CDF

Proof. The CDF of the ARS family is given by (1). Let G = G(x; ζ) and Z = π2G. We rewrite the CDF as:

F(x; θ, ζ) = 1 −
θ(1 − sin(Z))
θ + (2 − θ) sin(Z)

= 1 − (1 − sin(Z))
[
1 +

2 − θ
θ

sin(Z)
]−1

We apply the series expansions:

1. Inverse term expansion: Using (1 + y)−n from (15) with n = 1 and y = 2−θ
θ

sin(Z):[
1 +

2 − θ
θ

sin(Z)
]−1

=

∞∑
p=0

(−1)p
(

2 − θ
θ

)p

(sin(Z))p

2. Substitute sin(Z) power series: As derived for the PDF, (sin(Z))p =
∑∞

v=0 d∗v,pG2v+p.

Substituting these into the CDF formula:

F(x; θ, ζ) = 1 −

1 − ∞∑
k=0

ckG2k+1


 ∞∑

p=0

(−1)p
(

2 − θ
θ

)p ∞∑
v=0

d∗v,pG2v+p


Expanding the product of these series and collecting terms with the same power of G(x; ζ), the CDF can be expressed as
a linear combination of powers of the baseline CDF:

F(x; θ, ζ) =
∞∑

m=0

ΦmG(x; ζ)m

where Φm are constants derived from the combined coefficients ck, d∗v,p, and terms from (−1)p
(

2−θ
θ

)p
, for all combinations

of indices k, p, v such that 2k + 1 and 2v + p contribute to the overall power m.

B.3 ARS family Order Statistics

The PDF of the r-th order statistic, X(r), from a sample of size n drawn from the ARS-G distribution, is given by:

f(r)(x) =
n!

(r − 1)!(n − r)!
[F(x; θ, ζ)]r−1[1 − F(x; θ, ζ)]n−r f (x; θ, ζ)

To derive its linear expansion, we substitute the series expansions of F(x; θ, ζ) and f (x; θ, ζ) derived above. Let F(x) =∑∞
m=0ΦmG(x)m and f (x) =

∑∞
k=0Ψkg(x)G(x)k.

1. Expand [F(x)]r−1: Using (16), [F(x)]r−1 =
(∑∞

m=0ΦmG(x)m
)r−1
=

∑∞
j=0 u j,r−1G(x) j, where u j,r−1 are coefficients

derived recursively from Φm.

2. Expand [1 − F(x)]n−r: Using the binomial theorem, [1 − F(x)]n−r =
∑n−r

p=0(−1)p
(

n−r
p

)
[F(x)]p.

For each term [F(x)]p, we apply (16): [F(x)]p =
(∑∞

m=0ΦmG(x)m
)p
=

∑∞
q=0 vq,pG(x)q. Thus, [1 − F(x)]n−r =∑n−r

p=0(−1)p
(

n−r
p

)∑∞
q=0 vq,pG(x)q =

∑∞
q=0 wq,n−rG(x)q, where wq,n−r are the combined coefficients.

Substituting these expanded forms back into the formula for f(r)(x):

f(r)(x) =
n!

(r − 1)!(n − r)!

 ∞∑
j=0

u j,r−1G(x) j


 ∞∑

q=0

wq,n−rG(x)q


 ∞∑

k=0

Ψkg(x)G(x)k


Multiplying these three series and collecting terms with the same power of G(x), the PDF of the r-th order statistic can be
expressed as a simple linear combination:

f(r)(x) =
∞∑

s=0

Ξsg(x; ζ)G(x; ζ)s

where Ξs are the overall constants, dependent on n, r, and the combined coefficients u j,r−1,wq,n−r,Ψk, for all combinations
of indices j, q, k such that j + q + k = s.
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